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I n t r o d u c t i o n  a n d  N o t a t i o n  

In the s tudy of nonl inear  t r a n s f o r m a t i o n s  of s t a t i ona ry  Gauss ian  p r o c e s s e s  a cons ide rab l e  space  is given 
to I t6 ' s  mul t iple  in tegra l s  (In. i.) (cf. [1-4, 15]). One of the fundamenta l  methods  of s tudying this ques t ion is the 
method of m o m e n t s  o r  s e m i i nva r i a n t s  [3, 4, 10, 11], s ince  it is diff icult  to apply the method  of c h a r a c t e r i s t i c  
funct ions due to the absence  of the a s s u m p t i o n  of suff ic ient ly  weak dependence  in the o r ig ina l  Gauss ian  p r o c e s s .  
In the p re sen t  paper  we shal l  give s o m e  f o r m u l a s  f o r  ca lcu la t ing  m o m e n t s  and s e m i i a v a r i a n t s  of It6 m . i .  F r o m  
exact  f o r m u l a s  o r  f r o m  the in t e rmed ia t e  equat ions obtained in proving  them in the p r e sen t  paper ,  one gets  e s t i -  
m a t e s  of the s eml inva r i an t s  of the m.  i. of such  a f o r m  that  one could apply the r e su l t s  of [5, 8, 13] and get, as  
a consequence ,  some  p rope r t i e s  of the d i s t r ibu t ions  of It6 m.  i., the cen t r a l  l imi t  t h e o r e m ,  the ra te  of c o n v e r -  
gence  to a Gauss ian  law. The ques t ion  of l a rge  devia t ions  in such  a fo rmu la t i on  is cons ide red  in [9, 10]. We 
note a l so  that  the fundamenta l  r e su l t s  of the p re sen t  paper  a r e  f o r m u l a t e d  without proofs  in [12]. 

By I(m)(g0), fol lowing [1, 2], we denote the m - f o l d  in tegra l  with r e s p e c t  to We in t roduce s o m e  notation.  
the r andom Gauss ian  m e a s u r e  

(~) = f .  f ~ (xl . . . . .  xm) ~ (dZl) . . .  ~ (dXm). i (m) 

Here  ft is a complex  Gauss ian  o r thogona l  m e a s u r e  on the l ine with the usual  p r o p e r t i e s  

1) Eft(A) = 0; 

2) ft(A) = ft(-A); 

3) E ~ (A1) ~ (A~) = r (A1 n A~); 

A, A1, A 2 a r e  m e a s u r a b l e  se t s  on the line, F is the s p e c t r a l  m e a s u r e  of the m e a s u r e  ft. F u r t h e r ,  it will  be 
a s s u m e d  that  the m e a s u r e  F is cont inuous and F(R l) = 1. We note tha t  the f in i teness  of the m e a s u r e  F is not 
used  in L e m m a  1, and some  o ther  r e su l t s  can be obtained in a m o r e  gene ra l  fo rmula t ion .  With r e s p e c t  to the 
in tegrand ~p it will be a s s u m e d  that  it belongs to the space  

m 

Rm j=l  

Let  Aj, j = +1, :~2 . . . . .  be s o m e  s y m m e t r i c  with r e s p e c t  to the point 0, f inite par t i t ion  of the l ine R i and - A j  = 
A_j. F o r  s impl ic i ty ,  it will be a s s u m e d  that  As~- [0, oo) f o r  j > 0 and As= ( -  oo, 0] f o r  j < 0. We define the space  

S (m) of s t ep- func t ions  of the fol lowing f o r m :  

al,.  �9 if (~1, X~)eAl, Ajm and 
(Xi, �9 X~) = ,m' . . . . . . .  �9 "' Jk +J, for k ~: 1, 

0 otherwise. 

By Fk{~} and F{~ 1 . . . . .  ~k} we denote the k - t h  s e m i i n v a r i a n t  of the r . v .  ~ and the s imple  s e m i i n v a r i a n t  of the 
r andom v e c t o r  (~1 . . . . .  ~k), r e spec t ive ly .  

1 .  S e m i i n v a r i a n t s  I (2 ) (q~)  

We shal l  p rove  one s imple  aux i l i a ry  propos i t ion .  
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LEMMA 1. Let%eL~(R% F), j = l  . . . . .  k ,  the number  k . m be even, r = k . m / 2 .  Then 

k r k 

1.; I-I* . . . . . .  FI < FI 
R r j - - I  s = l  ] = 1  

Here  the p roduc t  I f*is  taken over  co l lec t ions  of d i f ferent  indices  (h . . . .  Jm), 1 - Js -< r and each index Js is 
r epea t ed  in two d i f fe ren t  co l lec t ions .  

P r o o f .  We take f r o m  the p roduc t  I I*any  two funct ions  goi(hit . . . . .  h im),  ~oj(Xjl . . . . .  Xjm ). We c o n s i d e r  

the co l lec t ions  of indices  (i t . . . . .  i m) and (Jl . . . . .  Jm). Two c a s e s  a r e  poss ib le .  

1. T h e r e  a r e  no equal indices  in the indicated co l lec t ions .  

2. Some of the indices  coincide .  Without loss  of genera l i ty ,  we shal l  a s s u m e  in this  c a s e  that  the f i r s t  
s indices  coincide .  

We define the funct ion:  

/%.q% incase 1, 

~l(X's+l' . . . .  X'm' XJ'+I' . . . .  X & ) = / R f ~ ' % ~ = F ( d x ' ~ ) i n c a s e  2. 

We note that  by defini t ion of the produc t  I-I* the p roduc t  I-l* ~ is independent  o f  the v a r i a b l e s  with indices  
~ r  j 

i 1 . . . . .  i s in Case  2. It is e a s y  to v e r i f y  tha t  the funct ion ~1 is squa re  in tegrable  with r e s p e c t  to the c o r r e s p o n d -  
ing produc t  of the m e a s u r e s  of F 

m m 

R ~ ( m - ~ )  p = s + l  q = s + l  

s s m 

R ~ ( m - s )  Rs ~=1 R] v=l ~ = s + I  

Now we choose  ano the r  f a c t o r  ~ol(;~ll . . . . .  X/m), l :t: i, j and we define a funct ion ~2 by in tegra t ing  the p roduc t  

~0lr with r e s p e c t  to the v a r i a b l e s  whose  indices  a r e  conta ined in both co l lec t ions  (/t . . . . .  /m) and (is+l, . . . .  im, 
Js+l . . . . .  Jm). If in the indicated co l lec t ions  t he re  a r e  no equal indices ,  then we se t  ~0 2 = (Pl~ 1. F u r t h e r  ana lo -  
gous ly  we see  that  

II +~ II < [1 ~ [[ [I +~ I', < II 9~ II I[ ~ ]l I1% 1[. 

Continuing the indicated p rocedu re ,  we get  the a s s e r t i o n  of the l emma .  

LEMMA 2. Le t  veL2 (R ", F) be s y m m e t r i c .  Then 

P~ { I (2) (q~) } = 2 k -~ (k  - 1)! f q~ (X~, - X2) ~ (X2, - Za) . .  �9 q~ (X~_~, - Xk) 
R k 

k 
d /  

xq)(?~k, - ) h ) [ I  F ( d X ~ ) = 2 k - l ( k - 1 ) ! m k ( ~ ) '  k=2 ,  3 . . . .  

P r o o f .  F i r s t  we prove  the a s s e r t i o n  of the l e m m a  fo r  q~eS (~). Using e l e m e n t a r y  p rope r t i e s  of s e m i -  
invar ian t s  (cf., e . g . ,  [9]), we have 

J~,J t  

= Z aAh a; , j , . . ,  a~,~_~ & P { ~ (AA) ~ (Ah) . . . . .  ~ (A&~_~) ~ (A&) }. (1) 

F o r  ca lcu la t ing  the las t  s emi inva r i an t ,  we shal l  use f o rmu la  IV.d of [9]. Since the r . v .  fl(X) is Gauss ian ,  the 
indicated s e m i i n v a r i a n t  will  be e x p r e s s i b l e  in t e r m s  of a c e r t a i n  sum of p roduc t s  of second  s e m i i n v a r i a n t s .  
We note that  the s e m i i n v a r i a n t  F{ . . . . . . .  } f r o m  (1) can be nonze ro  only when the co l lec t ion  of indices  (Jr . . . . .  
J~k) sa t i s f i e s  the fol lowing condi t ions :  

1) fo r  any index jp one can find an index jq such  that  jp = - j q ;  
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2) the product  aj lJ 2 " ' "  aj 2k-lJ 2k cannot  be divided into two par t s ,  having no indices which a r e  equal in 
modulus .  

Now, using the s y m m e t r y  of the hmct ion  go and the evenness  of the m e a s u r e  F, we get  f r o m  (1) 2k-l(k - 1)1 
ident ical  in tegral  sums .  It r ema ins  to see  the val idi ty  of the l e m m a  fo r  any s y m m e t r i c  funct ion go f r o m  
L20~ 2, F).  We c o m p a r e  the funct ion go with a fundamenta l  sequence  {gon} f r o m  S(2), which c o n v e r g e s  to go 

in L 2 (R 2, F). This means  that  I (2) (9n) n~~ in mean  square .  Using L e m m a  1, we have 

I rk { 1 (2) (9 .)  - 1(2) (gin) } L = I Fk ( I (2) ( 9 . - -  9z )  } [ ~< 2~-~ (k - 1)! II 9 . -  9m iI k, k = 2, 3 . . . .  

This  is equivalent  to 

E[I(~)(9,)-I(2)(gm)I~<CILg,-%.Nk, k=2 ,  3 . . . . .  C=C(k)>O.  

Whence it follows that  E(I(a)(gon)) k ~ E(I(2)(go)) k, n ~ ~, i . e . ,  Fk{I(2)(gon )} ~ r k { I ( 2 ) ( ~ 0 ) } ,  n --- ~. Noting that  
mk(gon) ~ ink(go), n ~ oo also,  we conclude that  the l emma  is proved.  

A s y m m e t r i c  and a l m o s t  e v e r y w h e r e  with r e spec t  to the m e a s u r e  F nonzero  funct ion go f rom L2(R 2, F) 
defines by the equation 

+~(.)= f +2(z2)gt., ~2)F(aZ~), +2(.)eL~(R', r), 
a~t 

a se l f - ad jo in t  o p e r a t o r  f r o m  L2(R 1, F) to L2(l~ l, F), having nonzero  e igenvalues  ~ j ) .  If { $ j ) a r e  e igenfunct ions  
c o r r e s p o n d i n g  to these  e igenvalues ,  then it is known that one has the following decompos i t ion :  

1 

Using this  decomposi t ion ,  it is ea sy  to ve r i fy  that  

J 

Thus,  L e m m a  2 a s s u m e s  the fol lowing fo rm.  

LEMMA 2' .  Under the hypotheses  of L e m m a  2 one has 

r~{~(~)(9)}=2~-,(k-1)! ~ ~, k=2 ,  3 . . . .  
i 

F r o m  L e m m a s  1 and 2 we get  the following c o r o l l a r y .  

COROLLARY 1. Let  9eL2 (RL F) be s y m m e t r i c .  Then 

Ir~{I(2)(9)}l,.<2k-~(k-1)!lI~ll~, k=2 ,  3 . . . .  

The equal i ty  s ign is achieved for  go = const .  

This  e s t ima te  in us ing the C a r l e m a n  tes t  of the m o m e n t  p rob lem al lows one to a s s e r t  that  the d i s t r i b u -  
t ion I(2)(go) is comple te ly  de t e rmined  by its m o m e n t s .  Whence we deduce the fol lowing proposi t ion .  

LEMMA 3.* Let  9eL2 (R ~, F) be s y m m e t r i c .  The r andom va r i ab le  I(2)(go) is d i s t r ibu ted  just  like 

~ ( X ~ -  1), where  Xj a r e  independent s t andard  Gauss ian  va r i ab l e s .  
1 

To prove L e m m a  3 it suff ices  to see  the equal i ty  of all  m o m e n t s  o r  s emi inva r i an t s  of the r . v .  I(2)(~0) and 

the r . v .  ~ ~ ( X  2 -  1). F r o m  L e m m a  3 it follows that  the c h a r a c t e r i s t i c  funct ion h(t) of the r . v .  I(2)(~p) has  the 
J 

f o r m  

h ( 0 = l ~  ( 1 - 2 i ~ 0 - 1 1 2 e - " %  i = V - - 1 .  
k 

We give a fo rmula  for  ca lcu la t ing  the momen t s  of I(2)(go). 

*This resul t ,  apparent ly ,  is known to spec ia l i s t s ,  but the au thor  has not been able to find it in the l i t e r a tu re .  
Af te r  [12~ was in p r e s s ,  Dobrushin  and Ma jo r  I15] appeared ,  in which this a s s e r t i o n  is a l so  given. 
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LEMMA 4. 

w h e r e  mkj  

~ kl=k" 
j = l  

Le t  veL~ (R *, F) be s y m m e t r i c .  Then 

k q 

Z kj=k 
j=l  

-- mkj(~0), kj -~ 1, m 1 = O. The  inne r  s u m  is t aken  o v e r  a l l  p o s i t i v e  i n t e g r a l  so lu t i ons  of the  equa t ion  

The  p roo f  fo l lows  f r o m  L e m m a  2 and the  c onne c t i on  f o r m u l a s  be tween  m o m e n t s  and s e m i i n v a r i a n t s  [9]. 
One can  a l s o  d e r i v e  L e m m a  4 d i r e c t l y  fo r  func t ions  f r o m  S(2), a s  in L e m m a  2, but  th is  m e t h o d  is m o r e  c u m -  
b e r s o m e .  

2 .  S e m i i n v a r i a n t s  I ( m ) ( ( p ) ,  m = 2 ,  3 . . . .  

Suppose  we have  s o m e  s e t  of p a i r s  of i n d i c e s  of the  fo l lowing  f o r m :  

\(k, 1), (k, 2) . . . . .  (k, m ) /  

i . e . ,  the s e t  D has  m c o l u m n s  and k rows ,  and i ts  e l e m e n t s  a r e  p a i r s  (i, j), 1 - i - < k ,  1 - < j - < m .  A p a r t i t i o n  
of the  s e t  D=D' U D" wil l  be c a l l e d  a row p a r t i t i o n  if any  row f r o m  D be longs  e i t h e r  to D' o r  D".  F u r t h e r  we 
s h a l l  c o n s i d e r  only  such  s e t s  D when the n u m b e r  k .  m is even .  We w r i t e  r = k .  m / 2  and we i n t roduce  the f o l -  
lowing def in i t ion .  

r 

Def in i t ion .  A p a r t i t i o n  D =  ~J  D~ wi l l  be  c a l l e d  i n d e c o m p o s a b l e  if: 
l = l  

a) t h e r e  e x i s t s  no row p a r t i t i o n  D=D'U D" fo r  which any Dj be longs  e i t h e r  to D' o r  D";  

b) a l l  Dj con ta in  a t  l e a s t  two p a i r s  of i nd i c e s  f r o m  d i f f e r e n t  rows .  

We note tha t  in ou r  de f in i t i on  of i n d e c o m p o s a b l e  p a r t i t i o n ,  r e q u i r e m e n t  b) d i f f e r s  f r o m  the de f in i t ion  u sed  
in [9]. 

LEMMA 5. Le t  ~eL~ !R "~, F), m=2, 3 . . . .  Then,  if the  n u m b e r  k .  m is even  and r = k .  m / 2 ,  then  

k 

R r j ~ l  v = l  

k 

and  Fk{I(m)(r  = 0, if k . m  is  odd.  The  p roduc t -1 - ]  ~(;~s,1 . . . . .  ; ~ . , )  in (2) de f ines  an  i n d e c o m p o s a b l e  p a r t i t i o n  
. /=I  

r 

D =  U Dj a s  fo l lows :  if Dj = {(p, q), (s, t)}, then  one shou ld  se t  hp,  q = h j ,  As, t = - } . j .  The  sum $ * d e n o t e s  
j = l  

s u m m a t i o n  o v e r  a l l  i n d e c o m p o s a b l e  p a r t i t i o n s  of the  s e t  D. 

The  p roo f  of (2) is in p r i n c i p l e  a n a l o g o u s  to the  p roo f  of L e m m a  2, so we o m i t  i t .  

We denote  by Hm(x) = ( - 1 ) m e X 2 / 2 ( d m / d x m ) e  -x2 /2  the  H e r m i t e  p o l y n o m i a l  of d e g r e e  m.  F r o m  L e m m a  5, 

u s ing  L e m m a  1, it  is e a s y  to ge t  the  fo l lowing  e s t i m a t e .  

LEMMA 6. L e t  9eL~ iR m, F). Then  

[Fa{I(m)(~)}l<,M(k, m)][gll k, k=2, 3 . . . .  (3) 

H e r e  M(k, m) = rk{Hm(X)}, X is  a s t a n d a r d  G a u s s i a n  r . v .  The  e q u a l i t y  s ign  is a c h i e v e d  fo r  ~ = c o a s t .  

We note tha t  M(:k, m) is  the  n u m b e r  of [ n d e c o m p o s a b l e  p a r t i t i o n s  of the  s e t  D. We have  a l r e a d y  s e e n  
tha t  M(k,  2) = 2 k - l ( k  - 1)! Using  S t i r l i n g ' s  f o r m u l a  fo r  f a c t o r i a l s ,  one can  e s t i m a t e  the  cons t an t  M(k, m) f r o m  
above  so  tha t  the  e s t i m a t e  of the  s e m i i n v a r i a n t s  (3) a s s u m e s  a f o r m  a l l owing  the u se  of L e m m a  2.1 of [8]. We 
ge t  

IPk{I(")(q~)}l<(m"l,2H~iI)k(k!)"( 2, k = 2 ,  3 . . . .  (4) 
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Since 

~r'~ #f E(I(m) (9))2 = m! II 9 IP, 

it follows f r o m  (4) that  

r~ { L z(m,(9) } i ~< (~m)</e( ~ \ m [ 2  ~,~ e~ ) [(27zm)ltae_m1212_~ ( ~ )m12 

Now it r ema ins  to apply L e m m a  2.1 of [81. 

THEOREM 1. F o r  any 9eL~ (R% F ) o n e  has 

p{l(m)(9)>/~,,,x}<exp{ -x2 } H+AxZ_Sl m , x>O. 

In pa r t icula  r, 

Here  

exp ~ff- for x<~Am; 
P{I(m(9)>'a~x}~ exp~ -x~lm } 

for x>A~. 

H=H(m)=2(Tzm)_~/z( ~ ~\m/2 e ) , A=A(m)=2e(2rcrn) -1/zm, 
ml4-1 m m 

A=A(m)=(7~.m)-l/4241m-1~ 3 4~t-,~7 e~/2. 

T 

3 .  S e m i i n v a r i a n t s  f I ~ m ) ( 9 ) d t  

0 

We cons ide r  the s t a t iona ry  Gauss ian  p r o c e s s  

x ,=  f d'X~(dX), t~R 1. 
R1 

F u r t h e r  it will be a s s u m e d  that the p r o c e s s  X t has s p e c t r a l  densi ty  f(X), i . e . ,  F(dX) = f(X)/dX. By It(m)(~0) we 
shal l  denote the m- fo ld  It5 in tegra l  

1cm) (9)  = f . . -  fe" ~' + § ~m) 9 (Xl . . . . .  Xm) ~ ( a h )  �9 �9 �9 ~ (&~). 

We note that  Itm)(~o) is the resu l t  of applying the ope ra t ion  of t r ans l a t ion  gene ra ted  by the p r o c e s s  X t to the 

r . v .  1(m(9)~I('~)(9). In [10, 11] the probabi l i ty  is s tudied of l a rge  deviat ions  for  the quanti t ies 

T 

Y~m) = .f 1}")(9) dt, T> O. 
0 

The exponential  e x p r e s s i o n  for  these  probabi l i t ies  contain s emi inva r i an t s  of the quant i t ies  Y~F m), in t e r m s  of 
which one can exp re s s  the coeff ic ients  of the C r a m e r  s e r i e s .  Hence t he re  is in te res t  in exac t  f o r m u l a s  fo r  the 
s emi inva r i an t s  of the r . v .  y ( m ) .  These  f o r m u l a s  will have the f o r m  of s o m e  in tegra l  of the p roduc t  of two 

funct ions ,  one of which is independent of T, and the o ther  of q). We define the f i r s t  of them.  We take a func-  
r 

t ion 9eL~(R m, F) and we fix some  tndecomposable  par t i t ion  of the set  D=  U Dj, r = k.m[2. (We a s s u m e  that  
j = l  

the number  k .  m is even fo r  us.) We f o r m  the function 
k 

9 *  (x~ . . . . .  x ,)  = I - I  9 (x . ,~  . . . . .  x . ,  ~). 
n = l  

Here  on the r ight  side of the equation fo r  Dj = {(p, q), (s, t)} we se t  Xp, q = Xj, Xs, t = - X j .  We define a non-  
degene ra t e  t r a n s f o r m a t i o n  of va r i ab le s  of the f o r m  

rn 

),,.~=x,, n = l  . . . .  , k - l ,  

X j r  ~ -  X r . 
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The f i r s t  k - 1 equat ions a r e  l i nea r ly  independent  by v i r tue  of the indeeomposabi l i ty  of the par t i t ion  of the se t  
D. The r emain ing  r - k + 1 equat ions  we choose  in the s i m p l e s t  way and so that  the t r a n s f o r m a t i o n  will  be 
nondegenera te .  Now we take the funct ion 

r 

q~* (;~, . . . . .  X,) I-I f(X,) 
j = I  

and we make  the indicated change  of v a r i a b l e s .  We get  s o m e  funct ion ~01(x I . . . . .  x r) and f inal ly  we se t  

o , . ,  (x, . . . . .  x,_,) =,~, .  ., (x) = y.* f , ' t  (x, . . . . .  x,) dx, d x , + , . . ,  d~,; 
R r - k + x  

E ' d e n o t e s  s u m m a t i o n  over  all  indecomposab le  par t i t ions  of the se t  D. We wr i te  f u r t he r  

n+I  
I 

~cr~)(x)=2rc-"T-1 r-I xfIsin 2-Tx.i, 
j = l  

n 

x = ( x l  . . . . .  x . ) ,  x . + l = ~  x~, T>0,  n = l ,  2 . . . .  
. /=1 

The funct ion ~I'~l)(x) is usua l ly  ca l led  the F e j e r  kerne l .  The funct ions ~ ) ,  n > 2, we in t roduced by Bentkus in 

[6, 7]. T h e i r  m o s t  impor tan t  p r o p e r t i e s  were  inves t iga ted  t he re  too. 

LEMMA 7. Let  ~EL2 (R m, F). Then 

r ,  { Y(:) } = (2=),-, r f W -  ') (~) 0 , ,  ~ (z )  ax. k=  2. 3 . . . .  
R k - 1  

Proo f .  We se t  ? ~ S  (m), i . e . ,  

df df g 

()'1, �9 �9 ", )'ra) = I aj . . . .  Jm = aO)'andifjk r . . . .  for ' )~m)~AJ'k 4= l, x . . .  x Aim = Ao> 

/ 0 otherwise. 

Le t  (J)s (i~, .s = �9 �9 �9 Jm) denote  d i f ferent  co l lec t ions  of m d i f fe ren t  indices,  each of which v a r i e s  within c e r t a i n  
finite l imi t s  lijl -< N. Then 

m 

':m)(q~N)=X ao)f"'f e"(z'+'"+x')~(d;~')"'~(dX")=Xa',) I-'I f e"X~(dX) a:2 a~ I-I Y(t)" 
(j) A(/)  (j) n = l  Ajn (J) (J) 

Now it is e a s y  to ca lcu la te  that  

T k 

l",{f /}ml(?N)dt}= f X I"[ a('),F{ I-I Y(") ..... I-I Y(tk)}~, 
[0, T] k (Jh . . . .  (J)k s = l  (J)x (J)k 

= d q  . . .  dtk. 

(5) 

F u r t h e r ,  to conclude  the proof  of the l e m m a  it is n e c e s s a r y  to apply fo rmu la  IV.d of [9] and to in tegra te  with 
r e s p e c t  to dt. The va l id i ty  of the t e m m a  fo r  any peL2 (R", F) is p roved  ana logous ly  to the c o r r e s p o n d i n g  place 
in the proof  of L e m m a  2. 

4 .  E s t i m a t e s  o f  t h e  S e m i i n v a r i a n t s  o f  t h e  r . v .  y~?m) 

We denote by FI (t) = EXoX t the c o r r e l a t i o n  funct ion of ou r  or ig ina l  Gauss ian  p r o c e s s .  
e s t i m a t e  of the s e m i i n v a r i a n t s  of the r . v .  Y67 m).  trig 

LEMMA 8. Suppose one has 

ess sup i ? (;q . . . . .  Xm) I = A~ < oo. 

One has the fo l low-  

Then 

where  VT= f [R(t) J dt. 
i--T, T] 

iFk{y(Tm)}l<~A~M(k, re) T @  -2 f [ R ( t )  l zdt ,  
i--T, T] 
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and to e s t ima te  the r ema in ing  semi inva r i an t ,  which, as  we saw in the proof  of L e m m a  7, can be e x p r e s s e d  
th rough  the sum X* (sum over  indecomposab le  par t i t ions) ,  we e s t ima te  each  of the s u m m a n d s  and mul t ip ly  by 
the number  of s u m m a n d s  M (k, m). 

Let  O2m{T) = E(y~m)) 2. M a r u y a m a  in [2, 3], without proof  the re  is f o rmu la t ed  the cen t ra l  l imi t  t h e o r e m  

fo r  the r . v .  Z~ m)- = - -  --cr~(T)Y~ m). We prove  this t h e o r e m  under  s o m e  o the r  a s sumpt ions .  

THEOREM 2. Suppose one has  the fol lowing condi t ions :  

a) ess sup I q~ (~.1 . . . . .  ~,,,) j = A~ < ~o, 

b) f I R (t) 12 dt =AR < ~ ,  
R ~ 

c) the re  exis ts  a cons tan t  C i > 0 such that  

,~(T)~> C~T, v T > O .  

Then 

To prove  this  l e m m a  one can use  (5). F r o m  the r ight  s ide of (5) we take out A k ,  

P { z;m) < x } ~  e-y'12 #y = r (x), r - ~  oo. 
- - 0 0  

Proo f .  Since the hypotheses  of L e m m a  8 hold, one has 

,rk{Z(rm )}[<~ Ak~ARM(k, m) [ v T ~k-2 
Cf \ ~ ]  , k = 3 ,  4 . . . .  (6) 

It fol lows f r o m  (b) that  VT = o ( ~ ' ) ,  T ~ 0% Consequent ly ,  (6) g ives  the conve rgence  of al l  s emi inva r i a n t s ,  
s t a r t ing  with the th i rd  of the r . v .  z~Tm)~ to ze ro ,  which p roves  our  t h e o r e m .  

We note that  a) can be weakened,  but we shal l  not get  this  he re .  

Using the r e su l t s  of Saulis [ 1 4 l a n d  L e m m a  8, one can  get  a un i fo rm e s t ima te  of the ra te  of conve rg e n c e  
in the cen t r a l  l imi t  t h e o r e m  fo r  z~Tm~. 

THEOREM 3. Suppose one has  a) and c) of T h e o r e m  2 and the condit ion 

lim v r = C R < oo. 

Then 

sup [ P { Z~T m) < x } -- ~ (x) i <~ CT1/~ r 
x 

Here  C depends on C1, CR, Aq~ and it can be e s t ima ted  f r o m  above eas i ly .  

In conclus ion,  we add that  under  the hy0otheses  of T h e o r e m  3 one can get  the ra t ios  of l a rge  devia t ions  
for  the r . v .  z (m)  also.  Here  the hypo theses  of T h e o r e m  3 dif fer  f r o m  the hypo theses  under  which the ra t ios  

ment ioned  a r e  obtained in [10, 11]. 

1. 

2. 
3. 

4. 

5. 

6. 

7. 
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