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INTRODUCTION 

1, Incorrectly formulated (strongly unstable) problems can be usually reduced to the determination of 
x from the equation 

A x =  ~r (1) 

where x and y a re  elements of the metr ic  spaces X and Y, whereas  A :X- -Y  is a -mapping of X into Y, with 
no continuous dependence of x on y. In most cases ,  X arid Y are  endowed with a ' l inear  str 'acture and a num-  
ber  of othe.r assumpt ions  (such as  completeness and the proper ty  of being tIilbert spaces) are  madei the op-. 
e ra tor  A is assumed to be linear and continuous, etc. 

In recent years  it was shown that in many cases  it i s p o s s i b l e  to replace continuity by closure [1-4]: 
a number of proposit ions,  formulated at f irst  for l inear equations, were  found to be valid also for nonlinear 
equations [5, 6]. An ever--greater  role is being played by weak topology, which is nonmetrizable in non- 
separable spaces.  

These  results  show that it would be useful to consider  Eq. (1) under the most general ass.umptions, by 
minimizing the requirements  towards  the spaces X and Y, and the opera tor  A. This is precise ly  what we 
are  t~;ing to do in this paper.  Let us also note that incorrect ly  formulated problems in topological spaces 
were considered by Gorbunov [7, 8] under a different aspect.  

2. Our problem can be formulated as follows. Let X :xnd Y be topological t tausdorff spaces,  and A:X 
~ Y  a mapping with a cIosed graph. For  a Y0EY (the exac~ value of the right-hand side) there eMsts a 
unique p re - image  x~ E X. Let {Vh} be a filter of neighborhoods of the point Y0- To each neighborhood V 6 
it is required to assign a point x 6 f X  such that the general ized sequence [x5} converges to .~. 

In w 1 we analyze the concept of a ~correct w problem. Already the first r igorous approach to the 
solving of. incorrect Iy  formulated problems (Til'~onov [9]) was based on a tcpological lemma, according to 
which a continuous 0no-to-one mapping of a bieompact space into a separable space is a homeonmmphism. 
In w 2 we e~end this lemma to mappings with a cIosed graph (Theorems 3 and 5). A par t icular  case of such 
an ex-tensiori is e.xamined in [11. In w 3 we present a general ized abstract  analog of the method of quasi-  
solutions [10]. This-generalization. is new also for metr ic  spaces.  

The resul ts  of w 4 can be regarded as an abstract  analog of variational methods of solution of incor -  
rect ly formulated problems. [11, 12, 61. 

In  the following we shall assume throughout that X and Y are Hausdorff spaces and that the image AX 
of the space X is a set,  dense in Y. 

| I .  C o r r e c t  a n d  I n c o r r e c t  ( U n s t a b l e )  P r o b l e m s  

3. Let A :X- -Y be a mapping of the t tausdorff  space X into a Hausdorff space Y. We shall consider  
Eq. (1) at the point y = Y0- t ladamard ' s  well-known cor rec tness  conditions,applied to Eq. (i) in local in te r -  
proration, can be formulated as follows. For  a given point }'o the solution :~: 1) exists,  2)is unique, and 3)de-  
pends continuously on y. 

Condition 3 will be called the stability of the solution. Let us note that Conditions 1 and 2 a re  not r e -  
Iated to the topologies in X and Y; only Condition 3 is of topological charac ter .  
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Let us sharpen the concept of c o r r e c t n e s s  in relat ion to Eq, (1). 

Let {V6} be a f i l ter  of neighborhotxts of the point Y0. From the denseness  of the AX in the space  Y it 
follows that any neighborhood V 6 ( i r r e spec t ive  of the e.,dstenee of a solution of Eq. (1) at the point Y0 has a 
nonempty complete  p r e - l m a g e  A ' IV5 in X. I te re  5 a re  subsc r ip t s ,  belonging to a par t i a l ly  o rdered  set  A 

Definition 1. Let {Vs} be a f i l ter  of neighborhoods of Y0- We shall say that the p rob lem of solving 
Eq. (1} f o r y  ~ y0has  been cor rec t ly . fo rmula tod  if: 

1) the in tersec t ion  N A-IV5 of complete  p r e - i m a g e s  contains only one point ~ ;  
6 

2) a f i l t e r  in X, gene ra t edby the to t a l i t y  of complete  p r e - i m a g e  A-~Vs, converges  in ~ .  

It folltm's f rom Condition 1 t h ~  the totali ty of se ts  A-zV5 is a bas i s  of the f i l te r  (A- IVs} .  Condition 
1 of Definition 1 signifies the e :dstence and uniqueness of  the solution of Eq. (1) for y = Y0, whe reas  Condi-  
tion 2 amounts to the requ i rement  that the solution be continuously dependent on the lnitial-d./ta. 

i n t h e  definition of c o r r e c t n e s s  it ctmld be assumed that Y is an a b s t r a c t  se t ,  by supposing that t o -  
ge ther  with a topolo~,-v irl Y we a re  given a f i l ter  (Vs} with the following p roper ty :  the in tersect ion of all se t s  
V 6 cons is t s  only of one point Y0 Yr we shall a ssume Y to be a tcpo!ogical  space.  

Let us note that our definition of c o r r e c t n e s s  is weaker  than the ordinary  definition even in the case  of 
topological spaces  (see [8]), differing in two respec t s :  

1) It has local cha rac t e r .  

2) We do not requi re  that y~ be an in te r ior  point of the domain of values of the mapping A. The re fo re ,  
we can have, as c losely as des i red  to Y0, points y which do not have p r ' e - images  in x .  For  such y, Eq. (2) has 
no solutions. 

4. In solving incor rec t ly  formulated p robIems ,  the exis tence  and uniqueness of the solution a r e  a s s u m -  
ed known in most  cases  (in the absence  of uniqueness We usually seek a ' n o r m a l  solution" in the sense  of 
Tikhonov). Of basic  s ignif icance in such prO)Ictus is usually the cons/ ruct ion of an approximate  solution x5 
on the bas i s  of an approx imate  r ight-hand side YS- According to T ikhono~' [10], and appro.xzimate solution is 
an eIement  ~ E X, e~ . s t ruc t ed  by cer ta in  rules  f rom the a p p r o x i m a t e  r ight-hand side YS, such that  x5 - -x0  
for  YS"Y~). It is not required that x 5 sa t is fy  condition (1) for y = Y6" 

Ddveloping this idea, we shalI extend the concept of appro .~mate  solution of the r ight-hand side.  More 
p rec i se ly ,  an appro .~mate  ass ignment  of Y0 is understoo~ in the sense  of assig~dng a neighborhood V 5 of the 
point Y0- This  can be done on the bas i s  of the following considerat ion.  If Y is a me t r i c  space  and a point of 
this space  is ass igned with an accuracy  5 > 0, this will signify that we do not distinguish between points which 
a r e  less  than a dis tance 6 apar t .  This means that instead of a ' p o i n t , '  we always have a set  of smal l  d i a m -  
e te r .  In the following we shall a s sume  that Condition 1 of Definition t a lways holds, i .e . ,  for y = Y0 Eq: (1) has 
a unique solution ~ (~ X. Our problem is as follc~vs. 

P rob l em Suppose that under a mapping A :X --Y the point Y0 E Y has tn X a unique p r e - i m a g e  .-Q. To each e le -  
ment  V 5 of a f i l ter  of neighborhoods of the point y~ it is required to assign ~ point x5 E X such that x 6 - - x  0. Any x 5, 
possess ing  this p roper ty ,  will be called an approximate  solution of Eq. (1), cor responding  to a neighborhood 
V 6 of the point Y0- 

5. The p rob lem,  formulated in Subsection 4, is easy  to solve if it is c o r r e c t ,  i .e . ,  in addition to Con-  
dition 1 of Definition 1 we sa t i s fy  a lso  Condition 2 of s tabi l i ty .  As x 6 we c~'m take any point belonging to a 
complete  p r e - i m a g e  A-1V6 of a neighborhood V 5. The above  condition of comple teness  of the domain of va l -  
ues R(A) of the mapping A into Y ensures  the exis tence of such x 6. Such a method requ i res  the determinat ion 
of x f rom the condition Ax EV5, which in the case  of met r ic  space  s reduces  to the solving of inequal i t ies .  

With our definition of c o r r e c t n e s s ,  a p rob lem will be incor rec t  at a point Y0 if it s a t i s f i e s  none of the 
conditions of c o r r e c t n e s s .  We confine ourse lves  he re  to a stud), of i nco r r ec t  p rob l ems  that do not sa t i s fy  
Condition 2 of Definition 1. Fo r  these p rob lems  we requi re  the fulfillment of the conditions of e ~ s t e n c e  and 
uniqueness of the solution of Eq. (1), but we do not requi re  stabil i ty.  This  means  that the set  of  comple te  
p r e - i m a g e  A-iV6 of neighborhoods of Y0 has as its in tersec t ion  a single point x0, and hence it is a bas is  of the 
f i l t e r  (A ' IV6} ,  though the convergence of this f i l ter  to the point ~ is not required.  Such p rob l ems  will be 
cal led unstable p rob lems .  
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For  solving unstable p r o b l e m s  (in the sense  of Subsection 2) it is not poss ib le  to use di rect ly  the 
method of Subsection 4. One poss ib i l i ty  of solution is to res t r i c t  the mapping A t o n  btcompact  set  M of the 
apace X, which under additional assumpt ions  makes  it poss ible  to use the method of Subsection 4. We shall 
shc~' that this can be done on the  assumpt ion  that A is a mapping with a closed graph.  

| 2. Mappings with a Closed Graph 

6. As is well known, a set 

G = {x, Ax,: x ~ X} (la) 

in the topological product  X • is cal led a graph of the mapping A. In considering Eq. (1), we shall a s -  
sume hencefor th  that A is a mapping with a closed g raph .  F o r  the sake of genera l i ty ,  it will be assumed in 
Definition 2 that the domain of definition D(A) of the mapping A may not co inc ide  with X. For  a mapping with 
a c losed graph it is pos s ib l e  to give two equivalent definitions. 

Definition 2, A mapping A : X ~ Y  is s~id to be a mapping with a closed graph if: 

A) the graph G of the mapping A is a closed set  in X•  or  

B) f r o m  the fact that the f i l ter  {Ea} on D(A) converges  in X to x E X, and a f i l ter ,  generated by the 
se~s A E ~ Y ,  conve rges  to y E Y ,  it follows that x~D(A),  y = A.7~. 

" In (B) we can use  genera l ized  sequences  instead of f i l ters .  

THEOREM 1. P a r t s  A and B of Definition 2 a r e  equivalent. 

The equivalence of A and B can be proved in the same way as the equivMence of the two definitions 
of a closed ope ra to r  in the theory  of normed l inear  spaces;  it is only n e c e s s a r y  to rep lace  denumerable  
sequences  by f i l te rs  (see a lso  p. 27 in [3]). 

It is well known that the graph of a continuous mapping is closed ([14], p. 84); the re fo re  closed map-  
pings a r e  a genera l iza t ion of continuous mappings.  

7. Everywhere  in the following, A will denote a mapping with a closed graph whose domain of defini-  
tion D(A) coincides with X. 

TItEOREM 2 .  tn a mapping with a closed graph A:X- -Y the image of a bicompact  set is closed.  

P r o o f .  Let M b e a b i c o m p a c t  set  in X, let N = A M b e i t s  image i n Y ,  and ~ -t l imit  point of N. Then 
there  exis ts  on N a f i l ter  {Fct}, convergent  to ~. The totali ty of complete  p r e - i m a g e s  A'1Fa forms a Uasis 
of the f i t ter  {A-~Fa} on M. 

Let (Ut~} be an u l t r a f i l t e r  on 5I that contains (A-IF~}.  Owing to the b icompactness  of M, the u l t r a -  
f i l ter  ~Ua} wilt converge  to a point ~EM. The image (AUa} of the ul t rnf i l ter  {Ua} is a f i l ter  that major izes  
the f i l t e r  (Fc~ }; the re fo re  AUt~ ~ ~. Since the graph of the mapping A is closed,  we then have bydef ini t ion 
2~ = Ax, and s ince ~ M ,  it follows that yEN.  

A direct  consequence of this theorem is the  following: 

THEOREM 3. Let A: M ~ Y  be a one- to-one  mapping of the bieompact  space  5I into a Hausdorff  space 
Y that has a closed graph.  Then the inverse  mapping will be continuous on the image N = AM. 

T h e o r e m  3 can be a lso  obtained f rom Exerc i ses  5 on p. 129 of [14]. This a sse r t ion  is made under 
s t ronge r  assumpt ions  a lso  in [1] (Theorem 2 on p. 834), where  it is used for the solving of incor rec t ly  fo r -  
mulated p rob lems .  By requir ing (instead of c losure)  the continuity of A, we obtain a well-known topological 
l emma  (p. 148 in [15]) that l ies  at the bas is  of the theory of incor rec t ly  formulated p rob lems  since the ap-  
pea rance  of Tikhonov~s pape r  [9]. 

THEOREM 4. If  the p r e - i m a g e  M of a bieompact  set  N c Y is not empty under a mapping with a 
ciosed graph A : X ~ Y ,  then M will be a closed set .  

The  scheme  of the proof  of this theorem is the s ame  as in T h e o r e m  2. 

8. In this subsect ion we shall  cons ider  a s t ronge r  vers ion of T h e o r e m  3, needed by us. 

787 



LEM M _AA. Let M be a bicompact  space ,  and rE6} a f i l ter  on M that has a unique tangency point .~. Then 

Remark_. If  the b icompac tness  of M i ,  not required by us,  the a s se r t i on  will be false.  Example:  a 
f i l te r  on the set  of real  numbers  whose bas i s  cons is t s  of the se ts  F n *{0}U (n, +,o), n = 1, 2 . . . .  ([161, p. 
x4) .  

Proof .  By A we shall denote a d i rec ted  set  ef :!ndiees 6. We shall a s s u m e  that x is the unique point 
of tangeney of the f i l ter  bas i s ,  but the f i l te r  does not converge  to it. This  means  that there  exis ts  a neigh-  
borho<xt U(.~) of the point ~ such that none of the se ts  E 6 is comple te ly  conta ined in U(~). Then the set  P6 
= E 6 U(~ is  not empty  for any dE &. The set  P6 cons is t s  of the b a s i s  of  a f i l te r .  Indeed, let c~ (~ & and ~ E A. 
Then E-~. = E a  n E  B belongs to the f i l te r  {Es} and P.;= E. v U(x 0) belongs to the in tersect ion PaN P3 .  T h e  
f i l t e r  {~'6}, defined on a bic6mpact  space  M, has a tangei~cy point {xt}. The f i l ter  {E6} i s  we~aker'than the 
f i l t e r  {P6}; t he re fo re  x I is a lso a tangency point of the f i l ter  {E6}, and in view of its uniqueness it coincide: 
with ~. But this is imposs ib le .  Since all the s e t s  P6 lie outside a neighborhood U(.~) of the point x. 

9. THEOREM 5. Let.A:M - -Y be a mapping, with a Closed graph,  of the b icompact  space  M into a 
Hausdorff  space  Y, and Y0 a point of Y that has in M a unique p r e - i m a g e  x 0. If  iV6} is a f i l ter  of ne ighbor-  
hoods of the pMnt Y0, the c o m p l ~ e  p r e . l m a g e s  E 6 = A'~V6 will fo rm the bas i s  of a f i l ter  that convelges  to the 
point x0o 

Proof .  It is easy  to check that the set E 6 fo rms  the basis  of a f i l ter  on M. Owing to the b ieompac t -  
ness  of M, the f i l ter  {E6} has on M a tangeney point. It suff ices to prove  that every  tangeney point .~ of the 
f i l ter  {E6} coincides with x0; by vir tue  of  the lemma it hence follows that E 6 ~.v, 0. 

Thus let i be a tangency point of the f i l ter  {E6}. There  exis ts  a f i l ter  {Q?.} that major izes  {E6} and 
converges  to .~. As a basis  of such a f i l ter  we can take the in tersect ion of the se ts  E 6 with the ne ighbor-  
hoods of.the point .~. The f i l ter  of the images  {AQT} major izes  the f i l te r  {Vs}; hence AQ 5 --  yo 

Thus Q7 --  "~, AQ? --Y0, and since A is a mapping with a closed graph,  it follows that A.~ = Y0- But 
y~ has in M .a unique p r e - i m a g e  x0; the re fo re .x  = x 0. 

COROLLARY. On a bicompact  space ,  Condition 2 in the definition of c o r r e c t n e s s  (Defirfition i of 
Subsection 3) is a consequence of Condition I. 

w  E x t e n s i o n  o f  t h e  M e t h o d  o f  Q u a s i s o l u t i o n s  

10. In this section we cons ider  an e~ens ion  of the method of quasisolut ions [10] to  the p rob lem,  ex-  
amined in Subsection 2. We shall a s s um e  that f o r e  given y = Y0 the equation 

A x == ~, 

where  A is a mapping with a closed graph ' has a unique solution x0 that belongs to a given compact  set M 
~X.  For  any neighborhood V6, belonging to the bas is  of a f i l ter  of neighborhoods {V6} , it is required  to 
const ruct  an x6EX such that x 6 ~ x  0. 

Let us denote by E 6 a complete  p r e - i m a g e  of the set V 6 in 5I: 

E~ = .ll N A-'  V~. 

The se ts  E 6 a re  not empty;  each of them contains the point x0, and they f o r m t h e  bas i s  of a f i l ter  {E6} , which 
accord ing  to Theorem 5 converges  to the point x 0. [n each set E 6 let us select  a point x 6 By vir tue of 
the co ro l l a ry  of Theo rem  5 we then have x 6 - -xo ,  and the genera l ized  sequence {x5} is that sougfiL 

U .  Let us cons ider  the case  that X and Y a re  met r ic  spaces .  As the indices ~ we usually take pos i -  
t ive numbers  (0 < 8 -<60) ' and for  each 6 we assign a Y5 such that P(Y0, Y6) < 5 (the approx imate  value of Y0). 
The e lements  of the bas is  of a f i l ter  of neighborhoods of the point Y0 a re  taken in the form of spheres  

va = {y : p (y, v~) < 0}, (2) 

each of which contains Y0 and Y6" Usually,  the bieompact  set  M is l ikewise ass igned with the aid of a s y s -  
tem o f  inequali t ies.  Then the se lect ion of x 6 reduces  to the solving of a s y s t e m  of inequalit ies that ensure  
the fulfilment of the re la t ions  

x 6 M, Az 6 V~. (3) 

788 



In [I0] it is  proposed to take x 6 in the form of an x in 5t that minimizes lgAx, Y5). This x 5 satisfies 
inequalities (2), yet the inequalities (2) offer grea ter  possibili t ies for the selection of x 6. On the other hand 
the accuracy  of quasisolutions tn~he sense of order  of rnagnitudedoes not exceed the accuracy of the ele-  
ments ,  satisfying (2). 

For~ > O, let 

t~(rl;xo ) = supo~(z,z~) for z~  M, ~(Az.  Azo) ~ r t. 

' F r o m  Theorem 5 it fol|c~,s that 

limto(q,x~) = 0. 
t--*0 

If V 6 is  defined by (2) and x 6 is any element,  satisfying (3), it follows from the fact that Ax 5 and Y0 
belong to V6tha t  

p(Aa'o, y,) = p(Ax~,y~) + p(ya, y o ) <  25, 

hence 

p (x~, z~) < .  (25; Z0). (4) 

If Y6 has a p r e - image  x 5 in M, this .pre-image will be a quasisolution, since p(A.~5, y6) = 0. On the other 
hand, as can be seen from the de,finition of the quantity w(r/; x~), it may happen that 

p (~ ,  z0) = ~ (5; x~), (5) 

i .e. ,  we cannot guarantee that the quasisolution deviates from the exact solution by less than w(5; :%). The 
only advantage in using a quasisolution x5 instead of xs, satisfying (3), consists  in the coefficient 2 of 5, 
which does not affect the order  of the deviation for 6 -- 0. 

4 .  V a r i a t i o n a l  M e t h o d  

12. To topolog-ical spaces it is possible to ex~end a type of variational method [11, 12, 6] that was 
r igorously fo.rmulated for the first  t ime by A. N. Tikhenov. In Hilbert spaces and (as is shown in [17]) in 
Efimov-Stechkin spaces [18] this method is based on weak compactness.  We shall describe an abstract  
analog, of this method. 

Definition 3. In a space X l e t u s  define a nonnegative numerical  functional .O.(x) with the following prop-  
ex'ties: 1 ) F o r  any positive c the set 

M~ = {z: o (z) ~< c} 

is nonempty and bieompact;  

2) for any c -> 0 there exists a point xEX such that P.(x) = c. 

Under these conditions, X = U M e. 
t~ 

Such a functional is said to be stabilizing. 

Example. Let X be a tiilbert space with a weak topology, -q(x) = I[xII. 

In applications it is often assumed tha tS  = U M c is the intrinsic part of the space X, but Condition 2 
C)-" . 

does not reduce the general i ty,  since the space X can be always taken m the form of the set S. 

Owing to P rope r ty  2 of Definition 3, there exists for any nonempty set E c X a point x E in X at which 
~(x) reaches  its e.,cact infimum on E: ~(x E) = inf ~(x), yet this point may not belong to E. We shall say that 

a function .q(x) has the proper ty  of minimality if  for sets  E whose closure E is bicompact we always have 
XE6E" - 

13. In this and the following subsections we shall assume that in Eq. (1) the quantity A is a mapping 

with a closed graph, and for y = Y0 this equation has in X a unique solution x 0. We shall show that in the 
presence of a stabilizing functional the assumption of existence of a solution and the condition i~(.~) > 0 are 
sufficient for solving the problem, posed in Subsection 2. In the present subsection we addition.'dly assume 
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that the min imiz ing  functional has  the p r o p e r t y  of  mlntrnal l ty,  In Subsect ion I4 we do not make any a d -  
di t ional  a s sumpt l cn~ .  

The cons t ruc t ion  of a ge ne ra l i z e d  sequence  {x6} , convergent  to ~ ,  i~ based  on the following r e a s o n -  
lag.  

Let t2(x~) = c~ and e~ > O. 

The eel: 

is  nonempty  and b i compac t .  As in Subsec t ion  10, t he re  e.,d.sts he re  a f i l t e r  {E6~ , convergen t  to  .,%, such that 
E 5 = M  0 fl A ' t V 6 ,  but the se l ec t ion  of  the e l e m e n t s  x 5 f r o m  each E 5 is m o r e  difficult  here.  in r iew of the fact 
that  the set  M 0 is not given,  si.nce the e l emen t  ,% is  unknown.  This  diff icul ty can be o r c r c o m e  by taldng x 6 
in the- f o r m  of an e lement '  that  :min imizes  .Q(X) on the c l o s u r e  E6 of the set  E 5. Then Q(x,s) ~ e~ and xa ~ .Mo. 

Th i s  idea is f o rmu la t ed  in the  fol lowing t h e o r e m .  

THEOREM. 6 .  Let  u s  a s s u m e  that in  Eq. ( I ) ,  A: X - - Y  is a mapping with a c losed  graph,  the point y~ 
has  in X a unique p r e - i m a g e  ~ ,  .q(x) is a s tab i l i z ing  funct~0rml, and the re  e.,dsts a point at which ~(x) r eaches  
its exact  in f imum u n d e r  the condit ion Ax ~ Vh, whe re  V 6 is an e lement  of the bas i s  of a f i l te r  of  ne ighbo r -  
hoods of the point Y0. If  G(x) has  the p r o p e r t y  of min imal i ty ,  then x 5 - -  x 0. 

P roo f .  Let M 0 be defined by- (6), and let E 6 = M 0 ~ A-~V6 be comple te  p r e - i m a g e  (in :da) of  e lements  
of the bas i s  of a f i l t e r  of ne ighborhoods  of the point Y0- By T h e o r e m  5 the se t s  E 5 fo rm the bas i s  of a f i l ter .  
conve rgen t  to .%. Since .Mo is r e gu l a r  in a r e l a t ive  topologD" (as a compac t  space) ,  i t  follc,,vs that a fil~er 
{E'5}, gene ra ted  by the c l o s u r e s  of the se t s  E6, will a l so  converge  to x 0. Each E5 is a c losed  subset  of a. 
b icompact  set  M0, be ing  t h e r e f o r e  b i compae t ,  too. By the p rope r ty  of min imal i ty  we have x 5 ( E 5  and t h e r e -  
fore  x6--x ,~ .  The min imal i ty  condi t ion for  O(x) can be re laxed ,  but with our  method it cannot be comple te ly  
droppcxt. This  can be seen f rom the. fol lowing example .  

Le t  X = Y = [0, 2] be a segment  of the number  in'~erval with a na tura l  topolc~g3,, and A an identity m a p -  
ping such that Eq. (1) has  the f o r m  

X ~ y .  

Let  us wr i t e  Y0 = 2; hence  ~j = 2 .  t t e re  the p r o b l e m  is even correct . .  

Let  us define the s tab i l i z ing  functionaI as  follows: ~(x) = 1 - x  for  0 ~ x  -<1; 9.(x) = . < / 2 -  {1/2} n for 
2 - (1/2) n-~ < x ~ 2 - (1/2)n,  n = 1, 2 , . . . ;  Q(2) = 1. 

f~(x) is a function,  cont inuous  f r o m  the leR. It is easy  to see  that the conditiot~s of Definit ion 2 a r e  
sa t i s f ied .  For  ne ighborhoods  V5 (y0) = [2 - 5, 2] and 6 = ( I /2)  n-~, n = 2, 3, we have inf .q(x) = 1 - ( I /2 i  n-I .  
But this  in f imum is r e a c h e d  a~ the point x 5 = (1 /2)n- I ,  and for  5 -  0 the conve rgence  x 5 - -  ~ does act occur .  

14. I t  is pos s ib l e  to give another  method of  cons t ruc t ion  of a s e q u e n c e  {xh} , convergen t  to x}, that 
is based  only" on the p r o p e r t i e s  of the s tab i l i z ing  functional Q(x), conta ined in Definit ion 2, without requ i r ing  
the fu l f i i lmentof  the min ima l i t y  p r o p e r t y .  

Let  A I be a se t  of ind ices ,  defining the bas i s  of  a f i l te r  of ne ighborhoods  {V6} of  the point yo. We shall  
a s s u m e  that on 2~ a pos i t ive  bounded n u m e r i c a l  function 77(5) (0 < ~(.5} -< 7/o) is def ined,  with the follmving 
p r o p e r t i e s :  

a) for  6~ ~ 6~ we a lways  have  ~?(6z) -< (61) (monotonici ty) ;  

b) lira r1(5) = 0. 

THEOREM 7. Let  us a s s u m e  that in Eq. (1), A : X - - Y  is a mapping with a c losed  graph ,  the point Y0 has 
in X a unique p r e - i m a g e  x0, and f2(x) is a s tab i l i z ing  functional.  Fo r  any 6 ~ Al let the e lement  x 6 be c o n -  
s t r u c t e d  such that Ax 6 EV 6 and it s a t i s f i e s  the inequal i ty  -y -< ~2(x6) < "v6 + T/6, where  ~6 = inf t2(x) for  AxEV 5. 
Hence x 6 --* x~ 

P r o o f .  F r o m  the def ini t ion o f  an exact  in f lmum follows that fo r  any ~E ~ there  ex is t  x6, sa t i s fy ing  (7). 

Le t  us i n t roduce  the se t  

M, = {z:fl(~) ~ ~ , +  no}. c , =  Q(z0.  
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This set is bicompact and xQ{~M I By Theorem 5 the sets E 5 ,, M! f}A'IV 6 form a basis of a filter on 
M I, convergent to r n .  

From the inequalities 

~nd inequMity (7) follows that x 5 (M 1. Since Ax ( V s ,  we conclude that x 6 ( E  5. But In this case  x~ --  • 
which completes  the proof of the theorern i':~'ith the use of this theorem, the determination of • for a g i v e n  
neighborhood V 5 of the point Y0 reduces to  the  determination of "~5 = inf ft(x) for Ax E V 6, and of x 5 from the 
relations 

~s in ~ 3, In the case of metric spaces this normally reduces to the solving of systems of simultaneous In- 
equa!~ties. 

C ONC LUSIONS 

15. According to the methods of ~ 3 and w 4, we are  considering the solution on a bicompact set M, 
taking as approximate solutions the elements  of this set'; i .e . ,  we res t r ic t  X to a bicompact space M. 

By vir tue of the coro l la ry  of Theorem 5, this re -es tab l i shes  the stability of the problem. Thus by 
using blcompact sets  and the related additional information about the solution, it is possibIe to go over  from 
an incor rec t  problem to a problem which is co r rec t  in the sense of Tik,honov (see [19], p. 4). 
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