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ALGORITHMIC DIMENSION OF NILPOTENT GROUPS

S. S. Goncharov and B. N. Drobotun UDC 517.15

The concept of algorithmic dimension was introduced in [1] for algebraic systems % .
In the present article, we investigate the connection between the algorithmic dimension
(dim,.¥) and the algebraic properties of the system 4.

It is well known [2, 3] that constructible Abelian groups of infinite rank (Priifer) are
of infinite algorithmic rank. Thus, for torsion-free constructible Abelian groups, we have
the following correlation between algorithmic and algebraic properties [3]: a group G is
self-stable if and only if it has finite rank. The results that follow (Theorems 1-3) will
show that for constructibel torsion-free nilpotent groups, this correlation already takes
on a more complicated character. In Secs. 2 and 3 we will construct examples to illustrate
this; in Sec. 3 we give some sufficient conditions for nilpotent groups to be self-stable.

§1. All the necessary notation and definitions used in this article have been intro-
duced in [4-6]. Let us recall some of them.

A countable algebraic system ¥ is said to be constructible if there exists an enumera-
tion v: N— {¥] of the underlying set of the system, relative to which the fundamental pre-
dicates and functions of the system become recursive. In this situation, the enumeration is
called a constructivization and the pair (G, v) is said to be a constructive algebraic sys-
tem. Two constructivizations v and p of an algebraic system % are said to be auto-equivalent
if there exists a recursive isomorphism ¢ of the constructive system (¥, v} onto (&, f); i.e.,
¢ is an automorphism of the system %, such that

(Yn=N)(gv(n)=pf(n)),

where f is a general recursive function. The maximal number of nonequivalent constructiviza-
tions of a system 9 is called its algorithmic dimension (dim.%).

Suppose that a group G is given by generators X = {*/;_y} and defining relations {%/ien).
We will say that G is locally finitely presented if for every finite subset{x%,xﬁ,...,xh} of
X the subgroup G' of G generated by the elements of this subset can be presented in the form

G = (@i, Tijy oy Tis &, (Zigs Tijs + o os Ty hsoe,s g, (@i, Tips - s i)} (1.1)
The functions ¢=3§(io, i1, ..., &), fr =0r{i0, i1, ..., &) (r=1, 2, .., t) are called defining functions of
the group G.

Proposition 1.1. If the group G = {{*/ien}; {¥/;cn]) is locally finitely presented, with

every finitely generated subgroup of G residually finite, and the defining functions of G
are general recursive, then the word problem is solvable in G.

Proof. We will indicate an algorithm to decide the condition Gt:j(m%,xﬁ,...,x%)==e,
where f(x%,xh,...,x%) is an arbitrary word in the generators {*/ _.}. When we apply the hypo-

theses to the sequence <iy, i;,...,i}> we obtain a subgroup G' of G of the form (1.1). Ob-
serve first of all that

G F(Fip Ty ooy T3y) = e G = (T, i N

We now proceed to define two processes.
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I. By hypothesis, the relations
80 e By (1.2)

among the generators Ty Tis - o0 Tiy CAN be found effectively. If @ }==f(xio, Tig oons itik), then, by
enumerating the consequences of the system of defining relations (1.2), we get to the word
j(zio, Tiyon x%) after a finite number of steps.

IT. There can be at most countably many finite groups with generators Kigs EigseoesXip-
Let G; (i=N) be some Gidel enumeration of the groups of this set.

If the relation G’l:f(xio, Ti s . o Ty ) FE applies, then, in light of G' being residually
finite, there exists a homomorphism ¢ of the group G' onto some group Gg in the set %/ :enl,
such that G i= f(z;, @i, ..., #i,) e, where zj, =9 (z;) (=0, 1, ..., k).

The essence of the second process is in our finding a homomcrphism g of the group G
or,lto the group G, in the clas’s {%/,enl, such that @, = g (:cio, xél, . x;h) =¢, Gy = f (x,fo, xafl,
xih);ée (r=0,1,...,%, where Ti= 9 (%) (j=0,1, ..., k).

By implementing the processes I and II in parallel, we can determine after a finite
number steps whether or not the relation G j(.r,-o, Tiy eons zy)=e applies.

We will need the following result [6, Theorem 32.21].

THEOREM 1.1. Every finitely generated torsion-free nilpotent group is residually a fi-
nite p-group for every prime p.

We will say that a group G is X-generated (Xc@)' over G if G = <G, X> and XnGg=9.
If X is finite, we say that G is finitely generated over G; if X is infinite, then G is in-
finitely generated over G.

§2. Let F=F(z,4,¥Y,Y2 -y Yny..») (nEN) be a free group in the variety of two-step
nilpotent groups, freely generated by X, ¥, ¥is Vase«.s¥pns--- . We define H to be the minimal
normal subgroup in F generated by the relations

Wilr, gl =e (i=1,2,...,m,...), (2.1}
[y, yl=e (G, j=1,2,...,m ..., (2.2)
[z, yl=e¢ (i=12,..,mn,..), (2.3}
[y, yl=e (i=1,2,...,1n ..), (2.4)

where p; is the i-th prime. Put
G"’:F/H. (*)
LEMMA 2.1. Every element of the group G is uniquely representable in the form
DA Lol P
g =y ylyz .y (s, yl",
where gy, e, lie N,O<slLi<p; (i=14,2,..., n).
Proof. According to [6, Theorem 31.52],
g= Bly%yil'y;z o Yme, ce|6, Gl (2.5)

It follows from the relations (2.1)-(2.4) that [G, G] is an infinite cyclic group generated
by [x, yl; i.e., in (2.5), ¢ = [x, y]? for some [eN. As a result of (2.1}, we may assume
in (2.5) that 0<<L<p; (i=1,2,... n).

Suppose now that
x%y%yily? . yi” [z, y]l = e. (2 . 6)

Consider the homomorphism ¢ from G into the group

G=20Z% ZIZ(pi),

that extends the homomorphism
o(z)=(1,0,0,...,0),
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¢()=(0, 1,0, ..., 0),
9y)=(0,0, ..., 1(mod p), ..., 0) (i=1,2,..,n).
{The homomorphism ¢, extending ?p, exists since @(z), ¢(y), ¢(y:;) obviously satisfy relations
(2.1)-(2.4), and generate G'.]
By applying the map ¢ to both sides of (2.6), we obtain
(e1, €2, 11 (mod py), Le(mod ps), ..., L(modp,))=0. (2.7)

In light of the structure of the group G', we deduce from (2.7) that e&; =0, ea=0, ;= 0(modp)
(i=1, 2,...,n). Since 0<l<p;, we have &; =0 (i =1, 2,...,n). By (2.6), we then arrive
at the equation [x, yl% = e, which can only be valid if ¢ = 0, the group [G, Gl being torsion
free, as pointed out earlier.

COROLLARY 2.1. The group G is torsion free.
LEMMA 2.2. Let t=G; then f= y‘zi[x, y}®, where 8;+op,=1, if and only if tPi = [x, yl.

Proof. Let §; = yfi [z, y)% and §; + oip;=1. Then t’;i = yfiﬁi [z, y]°®i. By formula (2. 1), tli)i =

8:4-G 04 . .
[z, y] ’Wlm:[x, yl- Suppose now that feG and tPi = [x, yl. By Lemma 2.1, = xely%yily;ﬁ...y;" [z,

y1%. Then
{97 e x81piyggpiyilpi . y;np«z [z, y)PioP =[x, y]-

In view of the equality yéi”i"z [z, y]'i, it follows from this that

n
xelpiyezpi ];—éI y;jpi [z, y]’i"'pi(l—el%)—l =e
7=
whence, by Lemma 2.1, &p1=0, epp2=0, Iip;=0(mod p;} (i), L+p(l—eies)—1=0,i.e., g,=0, 2=
0, ,=0{(mod p;), Li+ pi(l —e82)= 1. In light of the inequalities 0<1;<p;, we conclude that
;=0. Therefore, t=75z, yI’P% where 8:=1, 0:=1—eea.

LEMMA 2.3. The map Ep?(x)=x, (E(y)=y, E(yi)= yPi [z, y1%, where §;+aopi=1 (i=14, 2, ....n), ex-
tends to an automorphism ¢ of the group G.

v

Proof. We will show that the elements z, ¥, ti=y‘?[x_, yI° (i =1, 2,...,n) generate the
group G. To this end, we express y; in terms of the elements x, y, t; (i =1, 2,...,n,...)
Observe that the condition §; + ojpj = 1 implies the equality (8;, pj) = 1; i.e., there exist

u, v;eZ such that ujé; + vip; = 1. So fli=yy "Pi[z, yI*™. Since, by (2.1), yli=Iz,y], it
follows that f]t=y,[z, yI’™7 %, From this we deduce that y, =1z, y]"" % (i =1, 2, ..., n).
Also observe that the elements x, y, tj obviously satisfy the relations (2.1)-(2.4);
i.e., the map 6 extends to a homomorphism ¢ . We will now show that kerg={e}.
Let g=aylyiyl. .. yrlz, yl'.  Then

o(g) = xelyazyilﬁl [z, y]llai yé2'52 [z, ¥] B ., y:l”‘sn [z, y]lncrn [z, y]l = xelyEZyi1ﬁiy;z5z . y;n% [z, y] H-Ziliqi =e,

with
0<L<p, (8, p)=1 (i=1,2,..,n). (2.8)
By Lemma 2.1, g =¢g,=0, L8;=0(modp), Z+Zlicri=0,‘ In light of (2.8), we get that &y =0
(i =1, 2,...,n). It then follows from l+2l;:ri=0 that I=90.

LEMMA 2.4. The group G is constructible.

Proof. According to the definition of the system of relations (2.1)-(2.4), G is locally
finitely presented. Moreover, by Theorem 1.1, every finitely generated subgroup of G is
residually finite. By Proposition 1.1, the word problem is solvable in G, i.e., G is con-
structible.

LEMMA 2.5. The group G is self-stable.

Procf. Let v be some fixed constructivization and v(m)=y: (i=N), v(so)=¢, v(s;)=ux,
v(s2)=1py. Let uy be any constructivization of the group G, and pf{i)=-¢, u(h)==z, u(tz) =y. For
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every i, we choose mj in accordance with the condition (M(mi))?il"[}b(tl),u(tz)] {(isN). By

virtue of Lemmas 2.2, 2.3, the map ¢(z)=z, o(y)=1, @(y:)=pu(m:) is extendable to an automor-
phism ¢ of the group G. We define a general recursive function £, satisfying ovin)=pf(n),
as follows:

&)=t (i=0,1,2), f(n)j=m.

k T
Furthermore, if v(n) =[] (z**) ]I y;” , then we put
i=0 i=1

k € e T Li;
f(r) = p~t (Hﬂ(u(tl)) () ;[II(H (m) ™
i= =
THEOREM Z2.1. There exists a constructible two-step torsion-free nilpotent group G such
that G/[G, G] is of infinite rank, [G, G] is of finite rank and dimpG = 1.

Proof. Let G be the group defined by (*). According to Lemma 2.1, [G, G] is a group
of rank 1. By Corollary 2.1, G is torsion free. It is easy to see that the elements yi@G, @]
(ieN) of the quotient G/[G, G] are linearly independent (Lemma 2.1); i.e., G/{G, G] is of
infinite rank. By Lemma 2.4, the group of G is constructible; according to Lemma 2.5 it is
self-stable.

Note that G/[G, G] is a torsion-free Abelian group; i.e., dim«(G/[G, G}=, and G is
finitely generated over G/[G, G}; so, we have

THEOREM 2.2, There exist groups G and G such that

a) G and G are torsion free,

b) G is Abelian and dim, G = ,

¢) G is two-step nilpotent and finitely generated over G,
d) dim, G =1.

§3. Let F = F({*/ien], {¥/;en]) be a free group of the generators z, y; (i, j=N) in the
variety of two-step nilpotent groups, let H be the minimal normal subgroup of F determined
by the relations

[Za, yul =€ (n¥*m; n, m=N), (3.1)
220, Z2a1] =1{y2n, Yonisl=a (nEN), (3.2)
[@2ns1, 2012l = [Y2us1s Yomsel =0  (n=N). (3.3)

Put G = F/H.

LEMMA 3.1. Each element g of the group G can be uniquely represented in the form g =
Ry .

kg
ijiHy?ic, where ce][G, Gl.
i=Q i=g

Proof. The proof is similar to that of Lemma 2.1.

LEMMA 3.2. The commutator subgroup [G, G] of G is torsion free.

Proof. It follows from (3.1)-(3.3) that the group [G, Gl is freely generated by the
elements [Ct‘fn, yn} (nEN)$ a, b7 [‘Z?} y}] (}>7’+1}9 {yb yk} (k>l+1)

COROLLARY 3.1. The group [G, G] is Abelian of infinite rank.
COROLLARY 3.2. The group G is torsion free.
LEMMA 3.3. Let #;,=G (ieN,j={1, 2}). Then

(a) tu =2Zns1Cn1, em (G, G] if and only if

[t'nh yﬂ] = 3,
a, if n is even, (3.4)
[, tna] = {b, if  p is odd;
(b) b2 = Yni1Cozy Ca2 €1G, G] if and only if
2 y Inf =6,
[tag, 2n] (395)

a, if n is even,

|[¥n: Enal = {b, if n is odd.
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Proof. Because of the symmetry, we will only carry out the proof of (a).

It is obvious that if t = xp4,c and c={G, G], then t satisfies (3.4). We will now show
that every solution of (3.4) is of the form xp4ic, with c={G, G]. Suppose that t=G and t
satisfies (3.4). By Lemma 3.1,

kl’ h2
t=T] 51 sc (c=I6, 6.

i=0 @ im0
It follows from this that
By R .
ity yul = I (i, gl " T [Ws 9] =2 (3.6)
i=0 i=g

By (3.6), taking into account the relations (3.1)-(3.3) and Corollary 3.1, &.,=0,8=20
(i#*ni=s{0,1,...,k}). Thus,

By
g: 0
t = [ afiy;re.
i, n

By substituting this expression for t into the second equation of the system (3.4), we may
write

1 [Z2ns Tanta], if  n=2k,
— l l : 8,
[x’ﬂ, t] - 2 [xny xi] El [xn1 yﬂ] "= {[‘1‘.2h+17 x2h+2]1‘ if . n= 2k 1 1_ (3 . 7)

By (3.7), taking into account the relations (3.1)-(3.3) and Corollary 3.1, we get g5 = 0
(i#*n+1), 6,=0, ego.a=1. Thus, t = x54,C.

LEMMA 3.4. The map c’[;(xo)=xo, E@(yo)=yo, E(xi)=zici1, Eﬁ(yz)'= Yyice (i=1, 2, ...) extends to an
automorphism ¢ of the group G.

Proof. The proof is analogous to the proof of Lemma 2.3.
LEMMA 3.5. Thegroup G is constructible.

Proof. The proof is analogous to that of Lemma 2.4.
LEMMA 3.6, The group G is self-stable.

Proof. Let v be some fixed constructivization of the group G, with wv(n)=z, v(m)=1y:
(ieN), v(so)=e¢, v(s1) = a, v(s2)=b, v(r1) = z0, v(r2) = Yo.

Let u be an arbitrary constructivization of the group G with p(s))=e, u(s;)=a, n(s;) =5,
p(r1)=z,, w(rs)=y, We will now show how one can effectively find the p-number of the elements

zacnt and YuCa2 (cn1, ce€[G, Gl, k=1, 2, ...). Suppose that p(n%):xicu, }L(m;)=yici2- Consider the
systems

£, w(m3)] = p(so),

/ e i (3.4')
[ ( ,) t] M(31)7 if { is even,
BURL = 0(sn), i i is oads
(1, u(ri)] = p (s0),
, p.(si), if i is even, (3.5")
[P(mi)a t] = ’ . .
}L(Sz), if { is cdd.
By Lemma 3,3, the solutions to these systems are of the form p.(né'+1)=xi+101+11, p(m;H):
YigCitrz (Ciant, €12 =[G, Gl). By Lemma 3.4 the map o(xo)=ao, 9(¥o)= 1Yo, ¢(z:)= zicut, P(ys)=Yicn (i=
1, 2,...) extends to an automorphism of the group G. We define a general recursive func-

tion f(x), satisfying the condition qv(n)=pf(n), by the rule fls)=s;i (i=0, 1,2), f(r)=r;(i=
s (Fog i g
1, 2), f(ng) = ni, f(my) = mi (i =1, 2,...). Furthermore, if v(n)zH(HzﬁliH yﬁii),, then
we put =1 V=0 * =0
3 hj sy ~Eix Y PR
1o = (T (I o i)™ I 1 (i) ).
J=1 \ie=Q i=

THEOREM 3.3. There exists a torsion-free two-step nilpotent group G such that G/[G, G]
and [G, G] are of infinite rank and dimy G = 1.
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Observe that the groups G/[G, G] and [G, G] are torsion free Abelian; i.e., dim, (G/[G,
G]) = o, dims {G, G]= =, and the group G is 1nf1n1tely generated over G/[G, G]. So, we have
the following theorem.

THEOREM 3.3'. There exist groups G and G such that

a) G and G are torsion free;

b) G is Abelian and dimy G =

c) G is a two-step nilpotent group, infinitely generated over G,
d) dimAé = 1.

§4. We will find some necessary conditions for constructible nilpotent groups to be self-
stable.

Definition 4.1. Let G be nilpotent group, and G=G; >G> ...>G,> G, ={e} its lower
central series. We will say that G is strongly torsion free if G, G;/Gi4, (i = 1, 2,0..500)
are torsion-free groups.

LEMMA 4.1. Let G be a group satisfying the conditions of Definition 4.1. If the gquo-~
tient G,/G, is of finite rank, then so is every quotient G;/Gj4, (i = 2, 3,...,n).

Proof. The proof will be carried out by induction on the nilpotency degree n.

(a) n

In this case, the lower central series of G is of the form G > [G, G] > {el.
Let

glG, G, gdG, G, ..., glG, G} (4.1)

be a basis for G/[G, G]. We will show that the elements [gi, gj ] {i<jie{l, 2,...,8}) form
a basis for the group [G, G]. The group [G, G] is generated by the elements [z, y], 2z, y=G.

Since the elements displayed in (4.1) form a basis for G/{G, G], we have

(G, 6] = ghg’ ... (G, Gl, (4.2)
MG, Gl = ghighi ... g¥[G, Gl. (4.3)
whence
8 Giéj (
[2%, Y] = [z, yPn = _II lg. 81 (4.4)
,7=
Let g=|[G, G]. Then
§= ['7"1’ yx]rl [xzy yz]rz cee [ yt]rt- (4,5)
For each commutator {z, y] (1<I<¢) we find, as in (4.4), that
8
1,0
[z, g™ = ilﬂ e g, |7, (4.49)
=

Let m be the least common multiple of the number &m, ({<I<¢). When we raise both sides
of (4.5) to the power m and perform some obvious manipulations, we get

no T mij

g ];I{glv ] .
This equality shows that the set of elements [g4, gJ] (i <je {1, 2,...,8}) constitute a
basis for [G, GI].

(b) Suppose that for all groups of nilpotency degree less than n the lemma has been
proved, and let G be a group of nilpotency degree n, satisfying the conditions of the lemma.
Then G/G, is a nilpotent group of degree no greater than n — 1. The lower central series of
G/G, looks as follows:

G/Gn = Gl/Gn > G2/Gn >..> Gn—X/Gn > Gn/Gn = {e}-
Each quotient in this series is torsion free, since

(GifG)[(Gist/Ga) = GilGegy (i=1, 2, ..., n—1). (4.6)
The first of these factors is isomorphic to G,/G,, which, by hypothesis, is an Abelian group

of finite rank. Therefore, all the conditions of the lemma are met by the group G/G,, and
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it follows from the induction hypothesis that all its quotients are of finite rank. In light
of the isomorphisms (4.6), we conclude that the quotients

G2/Gs, G3/Gy, ..., Gao1/G,

are of finite rank. It only remains to note that the group Gy also has this property, which
can be proved in a similar way to part (a).

LEMMA 4.2. If a group G satisfies the conditions of Definition 4.1, and gﬂGf+h g:,.Gi41r e o
g“¥h+1is a basis for the group G;/Gj4, (i =1, 2,...,n), then for each element ge G we can

find a unique sequence

<l1, Tyas Tias o oen Tiss Ly Togs Tags v e vy Tosy Lns Tots Tnas o v oy rnsn>v, (4.7)
with

L o= pT115712 18y c. =G

£ =818 cee g1s1 22 2 27,
l Toy Tog T2s

¢ = gllg,¥ e gzszzcs, £y = Gy,

................. e e (4.8)
In_1_. sn—11,"n—12 Tn—1sp_ g

Cny = 81 8n1z v gn—1sn_1 Cny  Cn E G,

In _ ™1 n2 N sp

€a = Bn1 Ens "'gnsn’

Proof. According to Lemma 4.2, the system of equations (4.8) exists and is uniquely
defined; the sequence (4.7) is derived from this system.

THEOREM 4.1. If G is a constructible nilpotent group, with G,/G, of finite rank, and G
strongly torsion free, then G is self-stable.

Proof. Let v be some fixed constructivization of the group G, with v(nij) = gij (i =
2,..0n3 =1, 2,...,81), where guGiyy, giGity, ..., gis;Gizq 18 a basis for the group Gi/Gi+1
=1, 2,...,n).

Let p be any other constructivization of the group G, with u(mij) = gij (i =1, 2,...,n3
j=1, 2,...,8i). We define as follows a general recursive function f(x), satisfying the
condition @v(n)=pf(n), where ¢ is an automorphism of the group G. We put f(nij) = mij (i =
1, 2,...,n; 7 =1, 2,...,si). Let neN. According to Lemma 4.2, there is a unique sequence
of type (4.7) associated with the element v(n). Note that, in light of the existence and
uniqueness of the system of equations (4.8), this sequence can be found effectively in terms
of the number n of the element v(n) and the number nij of gij (i =1, 2,...,n5 j =1, 2,...,
si). Having defined the sequence of type (4.7) corresponding to v(n), we consider the system

(R (@) = () 1 () L (1 (s )25 1 (3,),
((22)'2 = (1 ()28 ( (mga))2 . .. (m (mzsz))rzsz B (25),

(1 (@n )" = () ™12 (p (o)1 (4.8
T (H(m”—lsn—l))rnﬁlsnﬂl W(Zn),

(1 (@)™ = (1 (mnn)) (1 ()72 - (o (220s)) o,

By Lemma 4.2, the elements p(z,), w(za—t), ..., w{zz), n(z) exist, and, since G is a torsion-

free nilpotent group, they are uniquely determined by (4.8'). From (4.8') we can effectively
find the p-number m of an element x. We then put f(n) = m.

COROLLARY 4.1. If G is a constructible full nilpotent group of degree 2, with G and
[G, G] torsion free and G/[G, G] of finite rank, then G is self-stable.

Proof. All the conditions of Theorem 4.1 will be fulfilled if we can establish that
G/[G, G] is torsion free. Let geG , g"€[G,G] (n>1), g"=|z, y, 11 [z, yal'2 ... (g, yrl™. If 24
satisfies the equation 2§ = x; (i = 1, 2, ..., k), then

g =2 y e, wl (3 e 1™ (4.9)
Since G is a torsion-free two-step nilpotent group, we deduce from (4.9) that

g = ([Zn 1/1]81 [2, .‘lz]g2 R £ yhleh)ns
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i.e., g=1[2, ¥, 102, yol°2 ... [2s, ys]®. This shows at the same time that if g" =G, G] then g=({G, G).
Thus, G/[G, G] is torsion free.
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PLESIOCOMPACT HOMOGENEOQOUS SPACES

V. V. Gorbatsevich UDC 519.4

One can consider this paper as a continuation of [1, 2]. Some results on the study of
compact homogeneous spaces with the help of the concept of decomposition of Lie groups {con-
sidered in detail in [1]) are given in [2, 3]. However the methods used turned out to be ap-
plicable also (after some refinement) to some classes of not necessarily compact homogeneous
spaces. One such class, the plesiocompact homogeneous spaces, is studied in this paper.

In particular, all compact homogeneous spaces and also all homogeneous spaces having a fi-
nite invariant measure are plesiocompact.

In Sec. 1 we introduce and study the concept of plesiocompact homogeneous space and also
the concept of plesiouniform subgroup of a Lie group which is connected with it. Some prop-
erties of subgroups equivalent with plesiouniformity and also properties of plesiocompact
homogeneous spaces are considered, approximating them with compact homogeneous spaces.

In Sec. 2 we consider regular transitive actions of Lie groups (an action of a Lie group
G on a homogeneous space M = G/H of it is called regular, if Ng(H,)S = G, where § is a Levy
subgroup of the Lie group GJ.

In Sec. 3 we consider some modifications of transitive actions of Lie groups, i.e.,
transitions to actions whose properties are in some sense simpler than the properties of the
original actions. The basic result of Sec. 3 is Theorem 3.3.

In the present paper we give only the foundations of the general theory of plesiccompact
homogeneous spaces. By analogy with the case of compact homogeneous spaces (for which, cf.,
e.g., [2, 3]) subsequent study of plesiocompact homogeneous spaces should contain, in par-
ticular, a construction of natural and structural fibrations, the isolation and study of
separate classes of plesiocompact homogeneous spaces,

We shall denote Lie groups by upper case Latin letters, their Lie algebras by the cor-
responding lower case German ones. If G is a Lie group, then G, is its connected component
of the identity, and m,(G) = (G/G,) is its group of connected components. We denote by Z(G)
the center of the Lie group G, by Z(G) (if G is connected) its linearizer (i.e., the smallest
normal subgroup for which the quotient group is linear), by Ng(H) the normalizer of the sub-
group H in the group G. The Levy decomposition of a connected Lie group G is usually written
as follows: G = SR, where R is the radical and S is the Levy subgroup (i.e., a maximal semi-
simple Lie subgroup of G). By M' » M > M" we denote a smooth locally trivial fibration of
the smooth manifold M over the base M" with fiber M'.
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