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1. I N T R O D U C T I O N  

Many c l a s s i ca l  p rob l ems  in the theory  of probabi l i t ies  and ma themat i ca l  s t a t i s t i c s  r educe  to the study of 
the asympto t ic  behavior  of the probabi l i ty  dis tr ibut ion,  depending on the infinite growth of the p a r a m e t e r .  
T h e r e f o r e ,  henceforward  we set  F{A) = F A {A}; in addition F A {A} converges  weakly to an unbounded divisible 
law G as A - -  ~ .  H e r e  A is a ]3orel set.  

We shall  look for  an approach  to the genera l  p rob lem of cons t ruc t ing  the asympto t ic  K r a m e r - t y p e  expan-  
sion for FA{A}, by means  of two impor tan t  spec ia l  ca ses ,  when the l imit ing laws are  no rma l  and Poisson .  Fol -  
lowing K r a m e r ,  we introduce the conjugate r an dom var iab le  }h with dis t r ibut ion Fh{dX } (see [4, P a r t  II]). 
F r o m  [4, P a r t  II] we have  the fo rm a l  equation 

F{A}=R(h)[  f e-h~Q{dx}+ f e-h~'(Fh-Q){dx}], 
A A 

connecting the dis t r ibut ions  FA{dx} and Fh{dX } (see [6, P a r t  II]). Henceforward ,  instead of FA{A } we shall  
use  the notation F{A}. 

The conditions we adopt below ensure  that  the in tegra ls  in (1) converge.  We f i r s t  r equ i r e  that  

(1) 

0<R(h)= : ehXF{dx}<~ (Kh 0) 

for  lhl < h 0. However ,  the convergence  of the in tegra l  R(h) is not a sufficient  condition for  tile cons t ruc t ion  of 
asympto t ic  K r a m e r - t y p e  fo rmulas  for FA{dx } as A --~ ~ .  

In fact ,  for smal l  values  of the p a r a m e t e r  X, the Po i s son  dis tr ibut ion and the no rma l  dis t r ibut ion with 
p a r a m e t e r s  (m, if2) a re  essen t ia l ly  different ,  although they both sa t i s fy  condition (Kh0), i .e. ,  

~o I (u-m) ~ ~ h  �9 

RN(h) ~ f -h~ 2 o, ~h+-- 
-r 

and 

c~ 

;~ke-X Rp(h)= ~ e k~ - - = e  z<'h-I) kl 
k = O  

We shall  fo rmula te  conditions under which we shall  study F{A} = P { ~ e A } .  

In both ca se s ,  when G is e i ther  the Po i s son  or the no rma l  law, we shall  a s sume  that  ~ has  all finite mo-  
ments ,  i .e. ,  M I ~ I k < ~ for k = 2, 3 . . . . .  and has  posi t ive  d i spe r s ion  a 2. 
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In the n o r m a l  approx ima t ion  we shal l  r e q u i r e  tha t  the s e m i v a r i a n t s  Zk  of the r a n d o m  va r i ab l e  ~ sa t i s fy  
the condi t ion of V. Sta tu lyavichus  

H(A)k!ak k=3 ,  4 . . . . .  (S) [Xkl ~ Ak-2 , 

H e r e  H (A) is some  posi t ive  and bounded funct ion for  0 < A < ~ .  

If  the l imi t  law G is the P o i s s o n  law, we shal l  suppose  that  the f ac to r i a l  s e m i v a r i a n t s  3: k, k = 1, 2 . . . . .  
of the r a n d o m  va r i ab l e  ~ sa t i s fy  the inequal i ty  

(~x) kt "c~ k = 2, 3 . . . . .  ]Ykl ~ Ak-~ , 

and T1 > 0. H e r e  7r (A) is some  pos i t ive  and bounded function for  0 < A < ~ .  We shal l  define the funct ions  
H (A) and 7r {A) below in m o r e  detail .  

In (1) h is any number  in the in te rva l  ( -h0 ,  h0). In the second  pa r t  (in the " smooth ing  inequal i t ies  ~) we 
chose  h = h (a) to be the solut ion of the equat ion 

d a = ~ In R (h), (2) 

whe re  a = i n f { y : y e A }  f o r A e  (0, oo) and a = s u p { y : y e A }  for  Ae ( -oo,  0). 

F u r t h e r  s tudy showed that  h could  be defined d i f fe ren t ly ;  viz . ,  in the n o r m a l  app rox ima t ion  

a - m  
h = hN = r 

where  m = M~, and in the app rox ima t ion  F{A} to the P o i s s o n  d is t r ibut ion ,  h = hp  is defined by the equat ion 

"1,1 ehP = a ,  

i .e. ,  h N is the solut ion of Eq. (2), when we subs t i tu te  the in tegra l  R N (h) for  R (h), and h p  is the solut ion of (2) 
when the sum R p  (h) r e p l a c e s  R (h). 

Such a choice  of h s impl i f i e s  many  ca lcu la t ions ;  e .g . ,  in the n o r m a l  approx ima t ion  we obtain the K r a m e r  
s e r i e s  k(t) f r o m  the equat ion 

: a- , ,  ~,_1_. (hN))~ l n R ( h ~ ) - m h N ' l  k r ] 2 ( aa+m--m I a - - m  

but we r equ i r e  a m o r e  p r e c i s e  e s t ima te  of  the in t eg ra l  

,f -h x e N ( F h N _ Q ) { d x }  " 
A 

Here m (h) = (d/dh) In R(h) and a 2 (h) = (d2/dh 2) InR (h). 

So in the normal approximation we choose h = h (a) to be the solution of Eq. (2), and in the Poisson ap- 

proximation h = hp is the solution of the equation Tie h = a. 

Furthermore, the question arises as to a suitable selection of a generalized measure Q{A} in (I). It fol- 

lows from the lemmas of Part II that we must choose Q{A} such that the integral 

�9 f g (x) ( fh-  Q) { dz } 
~ c o '  

for  Bore l  funct ions g(x),  belonging to s o m e  c l a s s ,  is smal l .  For  Q{A} we may  choose  a sympto t i c  expans ions  
of  a c l a s s i c a l  type,  of the conjugate  d i s t r ibu t ion  Fh{A }. Fo r  example ,  the a sympto t i c  expans ions  of  Chebyshev  
and K r a m e r  [6, p. 173], V. P .  Zo lo to r ev  [12], and Gr ige l ionis  and F ranken  [13, 14] can  be used .  
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2.  T H E  F O R M A L  C O N S T R U C T I O N  O F  E X P A N S I O N S .  

N O R M A L  A P P R O X I M A T I O N  

We continue our study of the asymptot ic  expansion of F{A} using the c h a r a c t e r i s t i c s  of the no rmaI  law, 
s t a r t ed  in the f i r s t  pa r t  of th is  work.  It r e m a i n s  to cons ider  the c a s e s  when F{A} is a la t t iced probabi l i ty  d is -  
t r ibut ion,  and when A belongs to some  c l a s s  of Bore l  se ts .  

Much is known about approximat ion  to s tep probabi l i ty  dis t r ibut ions (see [15, 16]). We shall  take the fol-  
of view: we app rox ima te  the step function Fh{dX}, with jumps at the points c + dr,  where  d > 0 lowing point 

and v = O, �9 1, �9 2 . . . .  by sums  of the f o r m  

q(c+dv). 
c+dveA 

To some extent the mul t id imensional  l imi t  t h e o r e m s  of [17] just ify this approach.  

Suppose we have  the f o r m a I  C h e b y s h e v - K r a m e r  asympto t ic  expansions:  

If F{A} is a nonlat t iced distr ibut ion,  

cr 

F h { A } =  1 1 ( y-__m(h) l [y -re(h) I dy. 
j = 0  A 

(3) 

If, however ,  ~ takes  values  in the a r i thmet ic  p rog re s s ion  {c + dr}, where  d is the max imal  step in the 
dis t r ibut ion,  then 

c~ 
! ( c+d~:,,, (h)_] ~+d~-,,, (h) 

j = 0  c2.dvsA 
(s,) 

H e r e  m(h) = M~h, if2 (h) = D~h, and 

J " i ( •  ]k,. 
qjh (x) = ~ * H i + 2~ (x) 1"I -~-,~. \ (m qf2~. ~mTU(h) ] 

m = I 
(4) 

for  j = 1, 2 . . . . .  q0h = 1, ~0(x) = (1/2~-~)e-X2/2, Hm (x) is the C h e b y s h e v - H e r m i t e  polynomial ,  and 2* is the sum 
defined in P a r t  I of this work.  

Consequently,  it is appropora te  to choose 

Q{A}=Q~,,{A} =l 

T(~I ~ ~1 f qjh \ ~ ( h )  Y-m(h)  l (? ( Y - m ( h )  t (h) ] i n  t h e  n o n l a t t i c e d  c a s e ,  

j = O  A 

s 

j=O c+d'oeA 

The genera l i zed  m e a s u r e  Qsh{A} depends on the auxi l iary  p a r a m e t e r  h, i .e. ,  on the solution h = h[(a - m ) /  
aA] of Eq.  (2). 

If  condition (S) is sa t i s f ied ,  

(5)  

co 

~ - m =  ~ ~,h'-~ (6) 
l=2 

and for  I ( a - m ) / a l  <SH A 

a--m a--m l-1 

1=l  

(7) 
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w h e r e  a l ,  l = 1, 2 . . . . .  a r e  d e f i n e d  in  P a r t  I by f o r m u l a  (20). The  s e r i e s  (7) c o n v e r g e s  for  l(a - m)/~{ < ~H A, 

w h e r e  ~H is  a s  in  L e m m a  1. 

U s i n g  (7), we e x p a n d  the  s e m i v a r i a n t s  ~r (h), m = 1, 2 . . . .  , in  a s e r i e s  in  (a - m ) / ~ A :  

oo 

l a - m  ~' x~(h)=~,+  ~ p ~  \ =zx /' ~ = t ,  2 . . . . .  (8) 
l={ 

w h e r e  

j = l  

C o n s e q u e n t l y ,  

( ~ (a--m)" y--m (a~_Am_)r+l  ta--m ~r+2 y-Tm(h}  ~ 2 = ( y - m  ]2.t_( v-n_1_)2 C, - ~ - -  - - 2 -  ~ Cr q- ~ Cr \ <rA / 

r=  1 r=O r=O 

(9) 

and  

h (y-  a)= - ( ~ ) 2 +  (y-m)(a-m> (-a -m- tt 
~, - I - ( y - a )  ~ at , . A  1" 

1=2 

(1o) 

H e r  e 

�9 k m 
"Pro2 

c.= ~..* (-1) ' / !  17 -k~,T ' 
m=l  

l = k l + k ~ +  . . .  +k, .  

M o r e o v e r ,  

R (h) exp { - ah - h (y - a) - 2 ~ [ y-nm(h)(h) /~' ][ = 

o~ =exp{ 
r = l  

x exp y - m  cr exp - cr �9 
o / ~ S - /  

r~ l  r = l  

(11) 

S i n c e  

oo 

exp - - ~  Z c. = 1 +  ~ ( ~ ) '  ~* rI r,, 
j = l  I= l  

exp 

oo 
( a n , ~ , + l [  = 1  c,(Z~-),  /,~/ ! 

, 1 {  } 
j = l  1=1 

w h e r e c  l = c 0  = 0 a n d c  1 = c  l _ 1  for  I = 2 , 3  . . . . .  and  

exp 

uo {z [a--m ~r+2 ' '{ 
+ S  S * l q ~  - 

j=l l~l 

w h e r e c l  = 0  for  l = 1 , 2  a n d c l  = c l - 2 f ~  t = 3 ,  4 . . . . .  t h e n  
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] a - -m  z z a - - m X  1 m 

R(h) exp - a h - h  ( y - a ) -  ~ = a~m 
r = l  

(12) 

where  

r ,  , , {  }k, 

j = 0  k = 0  l = 0  

j - k  r - j  
* 1 1 

1 = 0  l = 0  

From (3), I m 
j = 0  A 

R (h) e -ah ; e -h (y-a) Q~h { dy } = in the nonlatticed case, 
�9 ao 

d 1 ~-, -~(h) ~ ~7 ~--a R(hle-ah-h(c+d~-'~)9/c+d"--'n(h)'l e ( h ) - - - )  qa'~,/c+dv-mff',7(h, ) 
j = O  y + d , ~ A  

in the latticed case. 

(13) 

Hence ,  and f r o m  [6, P a r t  II], i t  fol lows that  t h e r e  ex i s t  po l ynomi a l s  d'j[(a - m ) / a ,  ( y -  m ) / a ] ,  s a t i s fy ing  the 
fol lowing f o r m a l  equa t ions :  

I ( a - - m ~ a ) . ( a - - r n ~  oo 
- -  I FA{A}=e A ~ - - ~  ~W~ ~ ~ 

. q~ - dj r ' o dv in the nonlatdced case, 
A 

~- (p - - -  d} 7 , --g .. in the latticed case. 
c + d v ~ A  

(14) 

They  may  be c a l c u l a t e d  in two ways .  Let  x = ( a - m ) / a ,  

h (z x) = ~ ~, (: x)', 
l = l  

. X 
l = 1  

T h e n  h (x/&) = h and n m (h(x/&)) = n m (h). 

The  func t ion  

may  be f o r m a l l y  expanded in a M a c l a u r i n  s e r i e s  in powers  of a, 

Here 

:o 

~ j =  1 

(16) 

)" (Y-~ d; , x = ~ 0  o~ ~(h(ex)) ,z ~= (17) 

It is  v e r y  c o m p l i c a t e d  to c a l c u i a t e  the d e r i v a t i v e s  of the func t ion  OJ.o [ ( y -  a ) / ( ~ n ( e x ) ) ,  e]. T h e r e f o r e ,  u s i n g  th i s  
method  we only e s t i m a t e  the r e m a i n d e r  t e r m ,  and in o r d e r  to c a l c u l a t e  the  po l ynomi a l s  d~ [(y - m ) / ~ ,  x] we u s e  
the c l a s s i c a l  a s y m p t o t i c  C h e b y s h e v - K r a m e r  expans ion  of the  p r o b a b i l i t y  d i s t r i b u t i o n  FA~A}: 
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1 
Fa{A}= Z -A) 

1~0 

A 

d ( c + ~ - m )  ( ~ )  in the latticed case. 

c + d v e A  

(18) 

We s u b s t i t u t e  e for  I~A in E q s .  (14) and (18) and c o m p a r e  t h e i r  r i g h t - h a n d  s i d e s :  in the  n o n l a t t i c e d  c a s e  
we ob t a in  the  f o r m a l  equa t ion  

ac ~c 

j=O A j---O A 

and in the latticed case 

z 
j=f i  c+d,Je A j ~ O  c +d,~e A 

We now d i f f e r e n t i a t e  f o r m a l l y  with r e s p e c t  to c and ob ta in  

J 

a; (y, x) = ~] ?k (x) qj_, (y), 
k=O 

w h e r e  

k 

* 1 ( _  Am>..,+~x,~+~)k,. 

and X m + 2 i s  the  c o e f f i c i e n t  of  the  K r a m e r  s e r i e s  of o r d e r  m. 

3 .  S T U D Y  O F  T H E  R E M A I N D E R  T E R M S  

We t u r n  to the  e s t i m a t i o n  of the  r e m a i n d e r  t e r m s ,  when the  r a n d o m  v a r i a b l e  ~ has  bounded  d e n s i t y  and 

t ake  v a l u e s  in the  a r i t h m e t i c  p r o g r e s s i o n  c + du, w h e r e  v = 0, =~ 1, =~ 2, . . . .  

We w r i t e  

and 

H e r e  

{A}_e~({  -) " I 
i = 0  A 

j=O c+d'~r A 

If F{A} has  bounded dens i t y ,  then  by L e m m a  3, P a r t  II, 

x 

I ~,. (A, f)=l ~: ~ f [~ + (-~m-) d.; (z~- , X) _ ~R(h} ~ ~,/ y-m(h) ~ e  (h) ] qjh ~,(Y-m(h) ~ e-hY--d-~'(~)] (h) ] 

I~0 A 

(19) 

(20) 
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and 

x, f f)=~ [~- ,f~(,)-g,(,) 
-oo 

w h e r e  fh (t) i s  the  c h a r a c t e r i s t i c  func t ion  of the  r a n d o m  v a r i a b l e  ~h, 

1 (t(~(h)) exp - t=*'(/'--~) 

J 
* I xt+, (h) A t (iv) t+~ ~kt ",,(o)=X I-I ~,~( ~ : .  

I=I 

In the  l a t t i c e d  c a s e  we u s e  L e m m a  6, P a r t  II, and ob ta in  

~--x(~) 
p, (A, Z) ~< e A [Pt, (A, Z) + p~ (A, Z) 1. 

(21) 

(22) 

Here 

j=O c+dveA 

and 

Pz, (A, Z) = e 
/ ( ] x' dexp --2h c - a + d  ~ 

-Y[-- ~-~-_~-=-~ -- f [fh(t)-g-s(t)i  ~dt , 

d 

w h e r e  

g~,(t)= ~ e i'(c+d~) d ~ 1 [ c + d , a - m ( h ) ) q i a ( c + d v - m , h  , 

u = - - = ~  j=O 

(24) 

The  func t ions  gs it) and gs  it) a r e  c o n n e c t e d  by the equa t ion  

2r~iXc m 

(25) 

in fac t ,  

l c+du--m(h) c+d~-m(h )  ~ . c+dv 

j=O _~  
dt. i26) 

We m a k e  a change  of  v a r i a b l e  t = va (h) in the  i n t e g r a l .  We then  s p l i t  t he  i n t e r v a l  of  i n t e g r a t i o n  ( -~o,  ~)  into 
i n t e r v a l s  

[2}~1 2x+1 ) - - * : ,  ~ T - ~  , X=0, +_I, +2 . . . . .  

and ob ta in  
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2 k +  1 

Q, ( c+d,~-m(h) "d 

d 

e-iV (c+a~) gs (V) dr. 

Let  v = u + 21rk/d, and then 

a 
ze 2~r d 

( e + d v - m  (h)) d a 
Q; t ~(h) = ~  Z e ( e-i"(c+d~)g~ [ u +  27r~ ~ . 

�9 k ---~) au. 

d 

Hence  and f r o m  (25)-(26) it fol lows that  

,'r /r 

d e - i t  ( c + d ~ - m  d - - -  
2~-~ f ('))g~(t) e-i'm(a)dt = - ~  f e -''(~+d*) e a g~ t+ dr. 

_2. _ ~ x~-~ 

Equat ion (25) is proved.  

We f i r s t  cons ide r  the r e m a i n d e r s  Pls(A,  f )  and Pls(A,  ~).  It is eas i ly  seen that  the i r  a sympto t i c  behav-  
io r  as A ~ *~ depends on the r e m a i n d e r  

! 1 u~ uo 
U,',(x, u)=e 2 Z i3 ~?(u+x)dj(u+x, x ) -  ~-~n M e-~u~'~a, , ~ -  qjh ~(h) 

j = O  j = O  

for  sign u = s ignx .  H e r e  h = h (x/A) is the solut ion of Eq. (2), whe re  

u ~ m  X =  ; g =  y - - a  , 

We define the se t  X A of a r g u m e n t s  x for  which the e s t i m a t e s  for  UA(x , u) a r e  c o r r e c t  as fol lows:  

Xz,={ x : l < , x , < ~ )  A, where ~<[3rl }. 

H e r e  fi:-I is the r e a l  roo t  of the equat ion 6H6 = ( 1 - 6 )  3, H = H(A).  We note that  /3 H < 1. 

Denote by D . . .  ( . . . )  the po lynomia l s  whose  coef f ic ien ts  depend only on s, the indicated v a r i a b l e s  being in 
the b r a c k e t s .  

LEMMA 1. Let  condi t ion (S) be sa t i s f ied .  Then 

u x  

( I - -g )  
u~(,:, u);<Dl~(!u,: V, L, h, VV~,:) x y ,  ~+~ ~ 7 r  e (27) 

for  xEX~ and s i g n u  = s ignx.  

H e r e  

8m v -  ~?" L = (g . -  g)-l, 
- (1-~)a , an ' 

P r o o f  of  L e m m a  1. By (S), 
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i •  (h) l<~ I~(m+2)!zm+z(h) (28) 
- A m  

for  m = 1, 2 , , . . ,  s .  

U s i n g  C a u c h y ' s  i nequa l i t y ,  we  h a v e  

h ( ~ . ) = x  1 (29 )  
~r 1+~-~ -~ ( l -~)  

fo r  x e X a ,  w h e r e  [| < 1. 

F o r  z e (0, l /A)  we  have  

d m h (zx)  <~ VL~.+I xl m+x , r e = O ,  l ,  . . . ,  

fo r  x e X z  and 5"< ~H" 

It  fo l lows  f r o m  the  de f in i t i on  of  the  p o l y n o m i a l s  d~(x + u, x) tha t  the  d e r i v a t i v e s  wi th  r e s p e c t  to e of o r -  
d e r s  ~ = 0 ,  1 , , . . ,  s of the  r e m a i n d e r  

x �9 

act r = c j  e uo uo e - ~ -  

at  the  po in t  a = 0 a r e  equa l  to  z e r o ,  i . e .  

dr t- r x)) ' ~ ~=o = 0 

fo r  ~ = O, 1 , , . . ,  s .  

C o n s e q u e a t l y ,  

~ '  x)) ' ~ (~+,) ,  de+~ ~ ,  ~(~;~-~,,)), ~ t,~=oo' o < o <  1. (31)  

L e t  

Then 

dcS+X cos ~- r  r = de-~W Y- (Ar h(zx)  = ~ (s+l)!d!a-jU+, . . . .  d t , ' l! (s+l- l )!  ( /+l -s)!  dz -W Gi h ( zx) ) ,  ( 3 2 )  
j~O 1=0  t=s+l-j 

w h e r e  

dh R 

l 
I ( I dm~h(r 

a n d R  = k l  +k2  + . . . + k  I .  

It i s  e a s i l y  s e e n  tha t  

(33) 
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R 

dh~ K Gj (h)= Z C~ .dhR_ , dh" -~(h) ~ ( ~(h) ) qjh ~ == 
p=O 

R 

= ~ C$ ( - U cr) R-p e-uoh dP A-J u6 

p=O 

Turn ing  to the s tudy of  the de r i va t i ve s  of the funct ions 

W s ( h ) = ~  q~ ~ -~  qss ~--~ , j = 0 ,  1 . . . . .  s, 

we e x p r e s s  t hem in t e r m s  of  F o u r i e r  in t eg ra l s  of the funct ions 

t',s' (h) j t '  o' lh) 

A-sPsa t~(h)) e = H ~ (m,+2)! e 
m | =  l 

i.e., 

e ~ A-'Psh (t(r(h)) dt. 

(34) 

(35) 

Hence, 

i "~ ( )) -dh--pdP Wj(h ) = ~1 .; e -t'ua C~ ~dP-q e7 dNdq A-JPjh te(h) dt. 
--~c q=O 

(36) 

Using m a t h e m a t i c a l  induct ion we shal l  show that  t he re  ex i s t s  a po lynomia l  Dlj (a (h) lw I, H) in lwl a (h) and 
H, whose  coef f ic ien ts  depend only on j and q, sa t i s fy ing  the inequal i ty  

(37) 

for  q =  0, 1 , . . ~  = 1 , 2 , . . . .  

It is known that  

l A-JPlh (t.off(h))=~ • co 3 

and 

j - - I  

(1+2)! + Z 
r = l  

(j-r) o~/+=-r 
j (j-- 2-- r)! 

for  j = 3, 4 . . . .  

It is eas i ly  seen that  

• A-'P,h (o~z(h)) 

for  r = 0, 1, 2 , . . . ,  j .  

Since 

d �9 
• (h) = - ~ -  • (h), 

(3s) 

(39) 
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then  

A -1 d~ ( ) ~ -dV e~h o)~(h) = ~ ~+~,(h)~. 

H e n c e  and f r o m  (27) it fol lows that  

d ~ ',r '+a ~(h) (ir ' /.~). 

Le t  

fo r  r : 0, 1 , . . . ,  j - 1. We p rove  inequal i ty  (41) for  r = j. To  e s t i m a t e  the de r iva t ive  

A-J ~ (i+2)! 
j - - I  

§ ~ . (j-r)~j+~-r 
j(j--r--2)[ 

r=[ 

we use  inequal i t ies  (27) and (41) and obtain 

j - l  
"t- Z (J--')lr f H ( j - r + 3 ) ! ~ J - r + s ( h )  

j ( l -r  + 2)[ [ ~f=-,-+-i 
r~l 

A-~- Do~ (! ~ [ (~ (h), 

H(j-r+2)!~J-r+=(h) ~(h) ~ ' ffI) o(h} ffl). 
+ AJ -'+~ A' Dx, (i ~ i (~ (h), Dll = ~  (Io)j ~(h), 

Hence  inequal i ty  (41) holds  for  r = 0, 1, 2 . . . . .  j .  

Le t  the inequal i ty  

P,h (~o(h)) <~ A--/~- O~, o) cr(h), -~) 

h o l d f o r  a :  0, 1 , . . . , q - 1 .  We shal l  p rove  it for  a = q .  

Since 

(40) 

(41) 

(42) 

A_ ~ ~dq Pjh (~a(h)) • +q (h) o~ j+2 
(j+2)! 

+ Z (j--r) ~i-r+z d = 
�9 ] ( i + 2 - r ) !  C~y~+q . . . .  +~(h) ~ P,~ (~ (h )  , 

r =  l ~ =  0 

then by (27) and (42) 

, , - ,  ,,o , , .  r 
j--I ~ ]-r+~. (j-r)q!(Icaf~(h)) Dlr([e~[~(h). H) 

r= 1 cr 
~ ( h )  ( l ~ [ z ( h ) ,  H). --" ~j+q Dli 

Inequal i ty  (37) is p roved .  

We now c o n s i d e r  the de r iva t i ve  

~ - q  

dhP - q 

( i t~  (h))' e : (h) 
l e = ( p - - q ) !  e - -  ~ *  VIP-q -k~/ (itx)= x,,,+2m~! (h) /1%"" 

ma= | 
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It fol lows immed ia t e l y  f r o m  (27) tha t  

,, o, (h) t:~ ~:'h"'- �9 " + <hl 
d p - q  2 2 

dh p-~q 
* 1-] ~ r  (m~ + 1) (,,,~ + 2) H t ,, (/,) 

m 3 = 1 

for  p - q =  0, 1, . . . .  

We now r e t u r n  to in teg ra l  (36). It fol lows f r o m  (37) and (43) tha t  

p oo 

i o , +  :e"~ ( ) -dh-P" Wj (h) 2= ~ Cq (p - q)! A--T4-b- ~" D~ I t; ~ (h), ~I x 
q=O - ~  

x~,, I-I ~ (m3+l)(ma+2)./I !t ~(h) dt= A./+ , 

m~| 

Hence and f r o m  (34) we have 

R 
d R , ! ~-.-. a~ (h) <. ~,, cf~ ( u, ,,).-. ~-.o~ ~ Dj. (~). 

p=O 

F r o m  (29) s ign x = s ignh  (r  T h e r e f o r e ,  for s ign x : s ign u we have the inequali ty 

R 

ah~ G~. (h) j <, ~ C~ (: u ~)R-, c +~ - - -  D~, (/~). 
�9 , A j + p  

p=O 

Hence and f r o m  (29) and (39) it follows that  

! 

- -  R ' m,=l 1+ ~ (1--8) 

! 

R p=O 

Since IeA] < 1, 1< ]xl < A, and a2(h) = a 2 ( l + |  101< 1, i t f o l l o w s  f r o m  (32) and the las t  in- 

equal i ty  tha t  

' l! {s+ 1 - l ) [  ( j + l - s ) !  , x 
) = 0  l = s + l - - j  R p=O m ~ : l  

x exp . . . . . . . . . . .  ~ : 
~+~ (~-~) 1+~ (1-~) 

for  s ign u = s tgnx .  The s t a t emen t  of L e m m a  1 follows f r o m  the e s t ima te  just obtained and f r o m  Eqs ,  (30) and 
(31). 

H e n c e f o r w a r d  we shal l  wr i t e  

~+={ A : x e X ~  and O<a=in f {y :y~A}  } 

and 

~ _ = {  A:xeX~ and O>a=Sup{y:yEA} } 

for  the  c l a s s e s  of Bore l  se t s  for  which the fol lowing l e m m a  holds .  

(43) 
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LEMMA 2. If the conditions of L e m m a  1 a r e  sa t is f ied,  then for all  Aegl+ or Ae92 
equal i t ies  

x 2 

p~ A, <~ ~1 x~ e x D2 ~ 1 + ~ ( t - 8 ) ,  V, L, I2I, gT~p  

we have the in- 

(44) 

and 

X ]s+I 
ibm(A, Z)~< X[  

x ~ 

~x~ e (45) 

P r o o f  of L e m m a  2. Since 

x 2 
R (h) = exp { - ~- + hm (h) + x~ (46) 

then a f te r  a change of va r i ab l e s  y = au + a we may wri te  in tegra l  (21) in the fo rm 

x z 
e 2 

P l s  ( A ,  f ) = [  - ~ j -  f [ ~ ' ~  ( u ~ + a - - m )  d j  ( u c ; + a - - m  
] = 0  A - a  

where  A-a ={ "v-a :veA } ~ Aeg~+ or Ae9l_.  

Hence and f rom (27) we have inequality (44). 

By a s i m i l a r  a rgumen t  tt fellows f r o m  (20) that  

r big ,/ t1r 

x ~ s 

Ox~(A, Z)=--d e ~ ~7- 
j = 0  A - -a  u ~  

cs 

[~(u+x) dj (u+x, x) - -~e -~~  ( ~ )  ) q~h (~ff) ) ] 

where  u = (e + d u - a ) / a .  

By L e m m a  I ,  

x ~ 

A~ e ~ D,, x ; , V , L , H , V ~ + -  p exp (c+dv-a)x I 
c+dv+a > 0 r ) 

a 

for  x > 1. In the ca se  x < - 1 ,  the reg ion  of summat ion  becomes  (c + d u - a ) / a  < 0. Since e-Y < y - a ~ % - ~  for  
y >  0 and el> 0, 

x z 

pxs(A, Z ) ~ < ~ - I ~ - i ~ + ' e  2 Ds ~ ( ,+~_ ( l -~) ,  V, L, /~, V ~ p ) x  

x I 

• Z oxp 1 (2_t_p(1__8))Das( I+_~ (1-8),  V, L, /f, U ~ ) .  

L e m m a  2 is proved.  

We now cons ider  P2s (A, f )  and P2s (A, Z), depending on the asymptot ic  behavior  of the in tegra ls  

oo 

(47) 

and 
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J = (48)  

d 

as A --- ~ .  

Clear ly ,  for  the in t eg ra l s  r and J we have the inequal i t ies  

c~ A 
t ' t 'I t , 

and 

c~ A 

�9 i ~ ) ,  dt=J,-I-S2+Ja. (50) 

d 

( s , -~ ) l / l -~  H o =  (I-s)' Here c,= 8H= ' - 6~I ~,), and 6 < 62 < 1, where ~2 sat isf ies  the inequality 66(1-62) / (1-6)  < 1. If 

clA > ~r  (h)/d, then J2 = 0 and J3 = 0. 

M o r e o v e r ,  w e  w r i t e  

C~ ----- 
2~+~ (1 -~ )  max (H~, H; +I) 

$+! 
(1 - ,~ ) '+ '  ( l - p )  2 

We suppose  that  in L e m m a s  3-9 the r a n d o m  va r i ab l e  } sa t i s f i e s  condi t ion (S). 

LEMMA 3. The fol lowing inequali ty holds :  

V ~  (2~+5)!! c~ (51) 
qz~z ~ A ~ (~+~> 

P r o o f  of L e m m a  3. Repea t ing  the a r g u m e n t s  in [11], we obtain 

t ~ 

c21 tlS+Se - T  
AS+1 (52') 

for  Itl - c l A .  Hence  (51) follows immed ia t e ly .  

LEMMA 4. Let  ~ have la t t ice  d i s t r ibu t ion  with m a x i m a l  step d > 0. Then 

, 

Jl~ 2V~(2$+5)!!C]A,(s+D + 4ctD~(d'II)e-4 ~ (52) 

(1_o,o1 
P r o o f  of L e m m a  4. It is eas i ly  seen that  

t s 

1 (,+ le , , <  
~ 0  . / = 0  

t t  1 

X#O . /=0  

Since ]t I <- 7rcr(h)/d and }, = •  :e2 . . . .  , t he r e  ex i s t s  a polynomial  Ds[d, H) such that  
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t - c 2 1 t l S + a e  

Hence  fol lows the s t a t e m e n t  of L e m m a  4. 

LEMMA 5. If $ has  bounded dens i ty ,  then 

4 a~ (d, //) e ~- + 

I - exp - 2 d 
(53) 

If a l so  } s a t i s f i e s  the  condi t ions  of  L e m m a  4, then 

f 
e l  A 

,tz> ~ V  r---o 

'~ fh (t) 12 dt. 

J 2 < ~ V  I +? J 
c , A  d . _ _ .  <~ t ~< 

~V l - - p  

A (t) 2dt. 

The p roo f  is obvious .  

LEMMA 6. If condi t ion (S) is sa t i s f ied ,  then 

_ ~L~' 

~F3 .< Ds (~-) e 

(54) 

(55) 

(56) 

and 

J3 ~< 2Ds (H) e 

~ 2, ~ 

2 

~ ' ! - -  I ? } 

d i-exp - ~  , "-d / 

P r o o f  of  L e m m a  6. We have  

l ~- 

j = 0  

[see (37)]. Consequent ly ,  t h e r e  ex i s t s  a po lynomia l  D s (H) such that  

(57) 

(58) 

(59) 

We showed that  

;', r 0 

[see  (53)]. Inequal i ty  (57) fol lows f r o m  (58) and (60). 

F r o m  (49) and the  e s t i m a t e s  of  the in t eg ra l s  kl'l, q'2, and ~'3 we have the fol lowing l e m m a .  

LEMMA 7. If  ~ has  bounded dens i ty ,  then 

(60) 

~' [ l + w  ( V ~ ( 2 s - 5 ) ! ! d  

for A~91+ or  As91_. 

c ~ A ,  I 

t > - - -  
o V~;-p 

(61) 
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F r o m  (50) and the e s t ima te s  of the in tegra ls  J1, J2, and J~ we have the following l e m m a .  

LEMMA 8. Let  ~ have lat t ice dis t r ibut ion with max imal  step d > 0. Then 

x ~ 

h= (A, X).<. e A2 ( s + l )  

1 _ c,'a' '~''<~ ">~ { ~ (" ~'-G} +.....e 
(,-.o 1-~ 1"-~'-~-)'})' 

+ 4r.6V 1 +~ D~ (d, H)exp { - ~  ( ~  l/Y-~ )' 

~(,--, i-~ ( '-~ ~ '  )'})' 

1 

.I [ A  (t)  i S dt 
cl A 

it I> rJ !," -l --~ 

for Aeg~+ or  Ae~l_. 

We shall  now formula te  the basic  r e su l t s .  

LEMMA 9. Let  the r andom var iab le  ~ sa t is fy  condition (S) and have bounded density.  Then 

(62) 

x s 

! F,,{A}_e-~z(~-) I X i r (LT~_) ( ) ~i -ff "A-f o d j y_._- mm_ x d y <~ 
�9 , r  p 

j = 0  A 

~< e:s " "X ' - -e -{  x'~ ( 1 + ~  ~ - (  D~, ~ (1-8), V. L, /'1", E l + p ) +  

1+~ (~-~) (_i,"2,_-:J?=~S/.'.'<~ 
4r, x [/:1-,~ \ A"('+t) + D , ( H ) e  

cl A 2 ~, T+ovr~--, .r ,;~(')"~')-~} 
r A 

I t  > - - - -  - 

for Aeg~§ or Ae'X_. 

LEMMA 10. Let the random var iab le  g sa t is fy  condition (S) and take values e + dr,  v = 0, i l ,  i 2  . . . . .  
with max imal  step of dis t r ibut ion d > 0. Then 

f x , ~[x$ =,~ / 
<e-~ k S . ' - ~  ~x: s 

x = x _ ~ ,~(c+d~-m)  , c+dv-m X) 

j=O c+dveA 

c-a+~--Z t( D,,(l+~-(1-~), V, L, H, Vt+p)+ dcxp{-2h( [a-~J) 
2 =  ( l - e  -ah) c~ V f~--o 

2 l / ~  (2s+5)!! cl + 

(4c~A+ 4 ~ q ] / ~ )  D](d' Br)exp { - 4  - d  d 

+ 2D~ (H) e 

0 --p I~  (" ~ J )  }Y 
l 

+ ~ g l + p  f fh ( t ) ,  2dt 

a l , '  1--~ r < - d  

for Ae~)I+ or Aegl_.  He re  x = ( a - m ) / a ,  where  a = i n f { y : y e A }  for Aegl+ and a = s u p { y : y e A }  for Ae91_; 
h is the solution of Eq.  (2). 

The s t a t ements  of L e m m a s  9 and 10 follow f rom (19) and (22) and L e m m a s  1, 7, and 8. 
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R E D U C E D  S T O C H A S T I C  E Q U A T I O N S  O F  T H E  

N O N L I N E A R  F I L T R A T I O N  OF R A N D O M  P R O C E S S E S  

B .  G r i g e l i o n i s  UDC 5]_9.21 

The genera l  s tochas t ic  equations of nonl inear  f i l t ra t ion of r andom p r o c e s s e s ,  which desc r ibe  the evolu-  
t ion of a pos t e r i o r i  dis t r ibut ions of the nonobservable  component  of the p roces s ,  a re  essen t ia l ly  nonlinear.  
This  c i r c u m s t a n c e  makes  invest igat ion of questions of the exis tence  and uniqueness of the solution of such 
equations and calculat ional  p rocedu re s  difficult.  However ,  if s tochas t ic  equations descr ib ing  the evolution of a 
p o s t e r i o r i  d is t r ibut ions  mult ipl ied by- a definite pos i t ive  functional of an obse rvab le  p r o c e s s  dependent on the a 
p o s t e r i o r i  dis t r ibut ion under cons idera t ion  a re  examined,  then they turn out to be l inear .  By using these  r e -  
duced equations,  impor tan t  p r o p e r t i e s  of the solutions of the initial equations of nonlinear  f i l t ra t ion are  s u c c e s s -  
fully invest igated.  This  method was used in [1-6] in a number  of pa r t i cu l a r  cases .  

The purpose  of the p re sen t  paper  is to der ive  genera l  reduced  s tochas t ic  equations of nonlinear  f i l t ra t ion 
when the obse rvab le  component  is a r andom  p r o c e s s  with values  in the ha l f - space  of an m-d imens iona l  Eucl id-  
ean space  with boundary conditions.  We obtain such equations in a pa r t i cu la r  case  for observab le  local ly in- 
finitely divis ible  r andom  p r o c e s s e s .  Reduced s tochas t ic  equations of nonlinear  f i l t ra t ion a re  der ived analogous-  
ly for  obse rvab l e  p r o c e s s e s  with values  in a finite in terva l  (compare  [7-9]). 

1.  R E D U C E D  S T O C H A S T I C  E Q U A T I O N  O F  N O N L I N E A R  F I L T R A T I O N  
m 

O F  R A N D O M  P R O C E S S E S  W I T H  O B S E R V A B L E  C O M P O N E N T  IN R + 

Hencefor th ,  we shall  use  the notation and r e s u l t s  f rom [8]. 

Let  an obse rvab le  r andom  p r o c e s s  X = {Xt, t >- 0} with values  in R m have the local c h a r a c t e r i s t i c s  (a, A, 
5, 7, fl, B, 7r) r e l a t ive  to the family  of a - a l g e b r a s  {~,, t~>0) and. the m e a s u r e  P,  i .e.,  have the following s t r u c -  
tu re :  

+/ 
0 

/ V(s)d~+Ml+ { ( x~p(cZs, dx), 
0 0 0 G 

..,q:x~+ f x~(x,) a,(s)ds+ , ~,(s) d~ ,+Mi+Ni+ 
~ 0 

t 

f dx)+; ; , : 2  . . . .  , , , ,  

R'!; o R'~ 
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