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In the p r e s e n t  note  we  c o n s i d e r  the d i f f e r e n c e  equat ion with  r a n d o m  coe f f i c i en t s  

~ . = ~ . - i + ~ . ,  n =  1, 2 . . . .  , (1) 

w h e r e  {In,  77n}~ is  a s e q u e n c e  of independen t  iden t ica l ly  d i s t r i b u t e d  r a n d o m  v e c t o r s  wi th  the in i t ia l  condi t ion 
~0 = ~?0. The i n t e r e s t  in s tudy ing  this d i f f e r e n c e  equat ion  is expla ined  by the fac t  tha t  i t  a r i s e s  in c e r t a i n  p r o b -  
l e m s  of p h y s i c s ,  e c o n o m i c s ,  e t c ,  T h e r e  is a s u r v e y  of p a p e r s  on the g iven d i f f e r e n c e  equat ion and ques t ions  
connec ted  wi th  it in V e r v a a t  [1]. 

F r o m  (1), by induct ion we  get  

In wha t  fol lows i t  wi l l  be  a s s u e d  tha t  the r a n d o m  v a r i a b l e  ~0 is independent  of  the r a n d o m  v e c t o r s  (~n, ~/n), 
n = 1, 2, . . . .  A l o n g w i t h  the  r a n d o m  v a r i a b l e  ~n we c o n s i d e r  the r a n d o m  v a r i a b l e  

~ . = ~ + ~ + ~ . ~ 2 + . . .  + ~ , ~  . . .  ~,-~. 

F r o m  the independence  and iden t i ca l  d i s t r i b u t i o n  of the  r a n d o m  v e c t o r s  (In, ~n ) i t  obv ious ly  fol lows tha t  
the  r a n d o m  v a r i a b l e s  ~n and Cn + ~011. �9 �9 In a r e  iden t i ca l ly  d i s t r i bu t ed .  The  fundamen ta l  r e s u l t  of the p a p e r  is 

T H E O R E M  1. Suppose  f o r  any r e a l  n u m b e r  c P { ~ I  = c(1 - ~i)} < 1. Then one of the fol lowing holds:  

1) the  d i s t r i b u t i o n  of the r a n d o m  v a r i a b l e  ~n d i v e r g e s  to •  as n - -  ~; 

2) the  r a n d o m  v a r i a b l e  ~n c o n v e r g e s  a l m o s t  s u r e l y  as n - -  ~. 

In the p roo f  of T h e o r e m  1 we need two a u x i l i a r y  a s s e r t i o n s .  If  nothing is sa id  to the c o n t r a r y ,  we  sha l l  
a s s u m e  tha t  l im i t s  a r e  t aken  as n --* ~o. 

P r o p o s i t i o n  1. The  fol lowing condi t ions  a r e  equivalent :  

a) fo r  s o m e  B o r e l  funct ion f ( ,  ) a l m o s t  s u r e l y  ~i + ~211 = f(li~2); 

b) f o r  s o m e  r e a l  n u m b e r  c a l m o s t  s u r e l y  e i t he r  ql = c(1 - It) ,  o r  (ll, ~?i) = {1, c).  

P r o o f .  Condi t ion a) obv ious ly  fol lows f r o m  condi t ion b). Le t  condi t ion a) hold.  Since the r a n d o m  v e c t o r s  
Oh + q21~, Itlz) and (~2 + ~?~12, ~211) a r e  iden t i ca l ly  d i s t r i b u t e d ,  one a l so  has  7/2 + qli2 = f ( ~ t )  a i m o s t  s u r e l y .  The 
event  {ll = 0} i m p l i e s  the even ts  {q~ = f(0)} and {q2 = f(0)~2 = f(0)}, so  if P ~ I t  = 0} > 0, then ~2 + f(0)i2 = f(0) a l -  
m o s t  s u r e l y ,  s i n c e  the r a n d o m  v a r i a b l e s  It and (~,  7/2) a r e  independent .  Now if P{i~ = 0} = 0, then 

the s u p p o r t  of  the d i s t r i bu t i on  of the r a n d o m  m a t r i x  [ ~ '  ~ '~  is conta ined  in a c o m m u t a t i v e  a l m o s t  s u r e l y ,  SO \ 0 1 / 

{ ( x  y )  x~-O} i s o m o r p h i c  to the g roup  o f l i n e a r  t r a n s f o r m a t i o n s  of  s u b g r o u p  of the  g roup  of r e a l  m a t r i c e s  0 1 ' 

the  l ine.  As is wel l  known any s u c h e o m m u t a t i v e  s u b g r o u p i s  con ta ined  e i t he r  in a s u b g r o u p  { ( 0  c O ; x ) ) ,  

x r  (c is a f ixed r e a l  n u m b e r ) ,  o r  in the s u b g r o u p  O' 1 " 

P r o p o s i t i o n  2. L e t  fn(t) and gn(t) be  the  c h a r a c t e r i s t i c  funct ions  of the r a n d o m  v a r i a b l e s  X n and Yn, r e -  
s p e c t i v e l y ,  I fn(t)l -< gn(t),  n = 1, 2 . . . . .  and the d i s t r i bu t i on  of the  r a n d o m  v a r i a b l e  Yn d i v e r g e  to : ~ '  as 

Ins t i tu t e  of M a t h e m a t i c s  and C y b e r n e t i c s ,  A c a d e m y  of Sc iences  of  the L i thuan ian  SSR. T r a n s l a t e d  f r o m  
L i tovsk i i  M a t e m a t i c h e s k i i  Sborn ik  (Lie tuvos  M a t e m a t i k o s  Rink inys ) ,  Vol.  21, No. 4, pp. 57-64 ,  O c t o b e r - D e -  
c e m b e r ,  1981. Or ig ina l  a r t i c l e  s u b m i t t e d  J a n u a r y  3, 1979. 
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n ~ ~. Then the distribution of the random variable X n also diverges to • 

Proof. Let Z be a random variable, for example with standard normal distribution, and not depend on 

the remaining random variables. Then 

0 ~< M exp ( - t ~ X~./2) = M exp (itX. Z) = M f .  (tZ) <<. M g. (tZ) = M exp ( - 12 y2/2) 

w h e r e  the  l a s t  t e r m  in the  cha in  of i n e q u a l i t i e s  t ends  t o  z e r o  f o r  a t l  t ~ 0. We have p roved  that  the  c h a r a c t e r -  
i s t i c  func t ion  of the  r a n d o m  v a r i a b l e  XnZ tends  to z e r o  fo r  a l l  t ~ 0, hence  i ts  d i s t r i b u t i o n  d i v e r g e s  to •  
(cf. ,  e . g . ,  Tu tuba l in  [5, L e m m a  5]). C o n s e q u e n t l y ,  the  d i s t r i b u t i o n  of the r a n d o m  v a r i a b l e  X n a l s o  d i v e r g e s  to 
=h~o.  

P r o o f  of  T h e o r e m  1. If P { ~  = 0} > 0, then 2) o b v i o u s l y  h o l d s ,  so  l e t  us a s s u m e  tha t  l a { ~  = 0} = 0. F u r -  
t h e r ,  l e t  I ~I = 1 a l m o s t  s u r e l y .  It i s  e a s y  to s e e  tha t  i t  is  s u f f i c i e n t  to p rove  the t h e o r e m  only  fo r  even n. We 
s e t n = 2 k ,  so  

~, = (~ + ~ 6,) + (~, + ~, ~,) (~ ~,) +... + (~,-, + ~,, ~,_ d (~ ~) ... (~,-~ ~,). 

By v i r t u e  of  P r o p o s i t i o n  1, e i t h e r  fo r  s o m e  n u m b e r  c ~ 0 a l m o s t  s u r e l y  (~l~?~) = (1, c) [then 1) ho lds ] ,  o r  
the  r a n d o m  v a r i a b l e  ~ + ?~2~l i s  not a B o r e [  funct ion  of ~ 2 .  In the  l a t t e r  c a s e  we  wan t  to s y m m e t r i z e  the  r a n -  
d o m  v a r i a b l e  ~n u n d e r  the  cond i t i on  ~t~2, ~3~, . . . .  ~ k - ~ k .  In o r d e r  not  to c o m p l i c a t e  the  no ta t ion ,  le t  us a s -  
s u m e  tha t  the  r a n d o m  v a r i a b l e  ~ i t s e l f  i s  not a l m o s t  s u r e l y  a B o r e i  funct ion  of ~ .  

We w r i t e  

We have 

f (t, x) = M (exp (it~x) l ~, = x) .  

M (exp(i t+.) l  ~: . . . .  , ~.) =M(exp  ( i t+ ._: )]~  . . . . .  ~ . _~ ) f ( t~x  . . .  ~.-x,  ~.), 

and s i n c e  f( t ,  x) i s  an even func t ion  in t ,  and the  r a n d o m  v a r i a b l e s  ~j a s s u m e  only  va lue s  ~1 ,  one has  

I f ( t~a  . . .  ~ .-: ,  ~ . ) l ' = ] f ( t ,  K.)[', 

and c o n s e q u e n t l y ,  f r o m  (2) by induc t ion  we  ge t  

(2) 

n n 

[ M exp (it'~,)12 < M 1M (exp (it ~,)I ~: . . . . .  6,) 1 ~ = M I-I  f (t, ~i) = H M f  (t, ~j). 
2 = I  i = 1  

The r i g h t  s i d e  of the  l a t t e r  i n e q u a l i t y  i s  the c h a r a c t e r i s t i c  funct ion  of the s u m  of i ndependen t  i d e n t i c a l l y  d i s -  
t r i b u t e d  n o n d e g e n e r a t e  r a n d o m  v a r i a b l e s ,  so  i t s  d i s t r i b u t i o n  d i v e r g e s  to =~:r (cf. P c [ r o y  [4, Chap.  III ,  Sec .  2, 
T h e o r e m  6,  p. 63]). 

F r o m  P r o p o s i t i o n  2 i t  now fo l lows  that  the d i s t r i b u t i o n  ob ta ined  by s y m m e t r i z a t i o n  of the  d i s t r i b u t i o n  
of  the  r a n d o m  v a r i a b l e  Ca d i v e r g e s  to •  and a l l  the  m o r e  the  d i s t r i b u t i o n  of  the  r a n d o m  v a r i a b l e  Cn i t s e l f  
d i v e r g e s  to •  

Le t  us  a s s u m e  now tha t  l ~lJ ~ 1 wi th  p o s i t i v e  p r o b a b i l i t y ,  and we c o n s i d e r  the r a n d o m  w a l k  

S~  Sz=Inl~: [  . . . .  , ~ = I n f ~ : l + l n ] ~ 2 1 + . . . + l n l ~ , I  . . . .  (3) 

T h r e e  c a s e s  a r e  p o s s i b l e  (cf. F e l l e r  [3, Chap.  XII ,  Sec .  2,  T h e o r e m  1]): S n t ends  to + ~ ,  S n tends  t o - : c  
o r  S n o s c i l l a t e s  b e t w e e n -  ~ and + ~.  We c o n s i d e r  each  c a s e  s e p a r a t e l y .  

I. S n tends  to - ~  a l m o s t  s u r e l y .  Le t  1) not hold.  Then one can  find a s e q u e n c e  n k ~ ~o such  tha t  the  d i s -  
t r i b u t i o n  of the  r a n d o m  v a r i a b l e  Cnk as  k ~ ,~ c o n v e r g e s  to a ( pos s ib ly  i m p r o p e r )  d i s t r i b u t i o n  F ,  and h e r e  
F (+~) - F ( - ~ )  > 0. But then the d i s t r i b u t i o n  of  the  r a n d o m  v a r i a b l e  Cnk + ~ a l so  c o n v e r g e s  to the d i s t r i b u t i o n  F. 
P a s s i n g  to the  l i m i t  in the  equa t ion  

where Cn k = ~2 + ~3~z + �9 * �9 + ~nk+~2 �9 �9 . ~n k is distributed just as Cn k is, and normalizing the limit distribution 
F, we get that if the random variable r does not depend on the remaining random variables and has distribu- 

tion F/(F(~) - F(-~)), then UI + r too is distributed just as r is. By induction we get that 

is distributed just as r is. But ~i - . �9 ~nr tends to zero, so the distribution of the random variable Cn tends to 
the distribution of the random variable ~b 0. 
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F r o m  the c o n v e r g e n c e  of the r a n d o m  va r i ab l e  r in d i s t r ibu t ion  follows the c o n v e r g e n c e  in probabi l i ty .  
F o r  the p roof  of c o n v e r g e n c e  a l m o s t  s u r e l y  we apply the method of J e s s e n  and Win tner  [2]. Let  ~n c o n v e r g e  
in p robab i l i ty  to the r a n d o m  v a r i a b l e  @, and en be the e - a l g e b r a  gene ra t ed  by the r a n d o m  v a r i a b l e s  (~, ~?t) . . . .  , 
(}n, ~n). It is ea sy  to p rove  

M ( e x p ( i t ~ ) l ~ . ) = e x p ( i t ( ~ + . . . + ~ , ~  . . .  ~ , _ ~ ) ) f ( t ~  . . .  ~,), 

w h e r e  f(t) = M e x p  (it@). By T h e o r e m  A of  J e s s e n  and Wintrier [2] (or by the c o n v e r g e n c e  t h e o r e m  for  s e m i -  
mar t i nga l e s )  M(exp (it@)[a n) c o n v e r g e s  a l m o s t  s u r e l y ,  and s ince  f t .  �9 �9 In c o n v e r g e s  a l m o s t  s u r e l y  to z e r o ,  
one a l so  has ~ + ~2f~ + �9 �9 �9 + ~?n~t . . . .  ~n-~ c o n v e r g e s  a l m o s t  su r e ly .  

II. Sn tends to + ~o a l m o s t  s u r e l y .  By v i r t ue  of what  has a l r eady  been proved the d i s t r ibu t ion  of  the r a n -  
dom v a r i a b l e  @n/ft .  �9 �9 ~n = ~n / ~n + ~?-~ / fn- l fn  + �9 �9 �9 + ~?~ / f t .  �9 �9 in e i the r  d i v e r g e s  to �9 oo o r  c o n v e r g e s  weakly ;  
in addit ion the l imi t  d i s t r ibu t ion  is cont inuous (cf. [8]). Since l ~ . . .  ~n i tends to + ~r in both e a s e s  condi t ion 1) 
of T h e o r e m  1 holds .  

III.  S n o sc i l l a t e s  a l m o s t  s u r e l y  be tween - . o  and + r162 Then the i n c r e a s i n g  s t epwise  r enewa l  p r o c e s s  tends 
to  + ~. We denote  by L 0 = 0; L~, L 2 , . . . ,  the f i r s t ,  s e c o n d , . . ,  upper  s t epwi se  m o m e n t s  of  the r a n d o m  walk  
(3) and Q, the n u m b e r  of  these  s t epwise  m o m e n t s  to t ime  n inc lus ive .  Jus t  as e a r l i e r ,  let  u s  a s s u m e  fo r  s i m -  
pl ic i ty  of nota t ion,  tha t  Hi is not a Bore l  funct ion of ~ .  We have 

IM exp (u~.)1~=1 M [M (~p  (U~) I ~,) . . .  M (e~p (~t~ ~ . . .  ~._~) t ~ . . . . .  ~ ) ]  l ~ = 

= [ M f ( t ,  ~ , ) f ( t ~ , ,  ~ )  . . . .  f ( t ~ l  . . .  ~ , -1 ,  ~.)[2 ~<M[[f(t, ~1) t ~ . . .  ] f ( t ~ ,  . . .  ~L,,-1, ~L~)I2]+P(Q <m} (4) 

[the funct ion f(t ,  x) is def ined by (t)].  

If  a long wi th  the r a n d o m  v e c t o r s  {~n, ~n ) we c o n s i d e r  a s equence  of independent  r a n d o m  v e c t o r s  (~n, ~n, 

~n), n = 1, 2 , . . .  , such  tha t  

M exp (i (t ~$ + s ~j + u ~)) = M [ f  (t, ~j) f (s, ~j) exp (in ~j)], 

then the r a n d o m  v a r i a b l e  equal  to  

(~,'~d+(~-~,)lh+... +('~L.,-~,..,) ~ . . .  ~ , - i .  (5) 
if Q ~ m,  and equal  to z e r o  if  Q > m,  wil l  have  the c h a r a c t e r i s t i c  funct ion s tand ing  on the r igh t  s ide  of (4). 
The r a n d o m  v a r i a b l e  (5) c a n  be r e p r e s e n t e d  in the f o r m  

w h e r e  

~ i + % j ~ i +  �9 - .  + ~ , . ~ P i  . . .  ? , , - i .  

~j ~ ('I~L./_I+I --~Lj. i + I ) ' ~ ' ' .  "~ (~Lj -- ~Lj) ~Lj_I+I " '"  ~Lj-I, 

As is wel l  known f r o m  the t h e o r y  of r a n d o m  wa lks ,  the r a n d o m  v e c t o r s  (#oj, 6j) a r e  independent  and ident ica l ly  
d i s t r i bu t ed .  F u r t h e r ,  i t  is ea sy  to p rove  tha t  P { S j  = (1 - e)~oj} < 1 (cf. [7]), and s ince  I~1. �9 �9 q~ml tends to + 
a l m o s t  s u r e l y  as  m - -  "% by v i r tue  of  what  has  a l r e ady  been  p roved  {case II) the d i s t r ibu t ion  of  the r a n d o m  
v a r i a b l e  (5) d i v e r g e s  to  •  By P r o p o s i t i o n  2 the d i s t r ibu t ion  of  the r a n d o m  v a r i a b l e  @n a l so  d i v e r g e s  to • 

The t h e o r e m  is p roved .  

We note  tha t  the  hypo thes i s  of  the t h e o r e m  is e s sen t i a l .  In fac t ,  if fo r  s o m e  r e a l  n u m b e r  c a l m o s t  s u r e l y  
Hi = c(l - It), then ~b n = o(1 - 11~2. �9 .In), and if In~i will be the distribution such thatM • In ~ i= 0, but the 

n 

distribution of the random variable ~ In~# diverges to _oo (cf. [3]), then r n will converge in probability, but 
I 

almost surely diverge. 

From Theorem 1 there follows directly the following: 

COROLLARY. If the hypothesis of Theorem 1 holds, then the convergence in distribution of the random 

series 

~i+~,2E. i+ . . .+~.~i  . - .  ~,-i+..- 

is equivalent with the convergence almost surely. 

With the additional assumption-co < Mlnl }iI < 0, this assertion was obtained by Vervaat [1]. 
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THEOREM 2. L e t  the  h y p o t h e s i s  of T h e o r e m  1 hold .  Then i ndependen t  of the  i n i t i a l  r a n d o m  v a r i a b l e  
70 the  d i s t r i b u t i o n  of the  r a n d o m  v a r i a b l e  ~n as  n - -  ~ e i t h e r  

a) d i v e r g e s  to •  o r  

b) c o n v e r g e s  w e a k l y ,  and h e r e  a l m o s t  s u r e l y  ~1. �9 �9 ~n c o n v e r g e s  to z e r o .  

Al though  T h e o r e m  2 does  not  fo l low d i r e c t l y  f r o m  T h e o r e m  1, to p r o v e  i t  only  s l i g h t  c ha nge s  in the p r o o f  
of T h e o r e m  1 a r e  n e c e s s a r y .  

T h e o r e m s  1 and 2 can  be u sed  to p r o v e  a l i m i t  t h e o r e m  f o r  the  r a n d o m  v a r i a b l e s  ~n and Cn. Le t  the hypo-  
t h e s i s  of T h e o r e m  1 ho ld ,  the  r a n d o m  w a l k  S n go to + ~o a l m o s t  s u r e l y .  Then,  fo r  e x a m p l e ,  the  d i s t r i b u t i o n  of 
the  r a n d o m  v a r i a b l e  ~ n / ~ l .  �9 �9 ~n e i t h e r  d i v e r g e s  to • ~o o r  c o n v e r g e s ,  and the  func t ion  of i t s  l i m i t  d i s t r i b u t i o n  
is  con t inuous  (cf. [8]), so  the  s e q u e n c e  In I ~n j - S n i s  s t o c h a s t i c a l l y  bounded be low,  t f  fo r  s o m e  c o n s t a n t s  a n 
and b n the  d i s t r i b u t i o n  o f  the  r a n d o m  v a r i a b l e  (S n - a n) / b n c o n v e r g e s  w e a k / y ,  then 

lira P {(In I ~ . ] - a . ) / b . - ( S . - a . ) / b . >  - s } =  I (6) 
a-.*-o9 

f o r  any p o s i t i v e  n u m b e r  e. An u p p e r  e s t i m a t e  fo r  the d i f f e r e n c e  o f  the  r a n d o m  v a r i a b l e s  s t a n d i n g  in (6) is  o b -  
t a i ned  m o r e  s i m p l y .  F o r  th i s  i t  s u f f i c e s  only to r e q u i r e  the f i n i t e n e s s  of the  e x p e c t a t i o n  of s o m e  p o w e r  of the  
r a n d o m  v a r i a b l e  in + I ~ll (cf. K a l e n s k i i  [6]). 

M o r e o v e r ,  the  me thod  of p r o o f  of  T h e o r e m  1 a l lows  us to ge t  a l i m i t  t h e o r e m  fo r  the  r a n d o m  v a r i a b l e s  
~n and Cn a l s o  in t h e  m o r e  c o m p l i c a t e d  c a s e  when the r a n d o m  w a l k  S n o s c i l l a t e s  be tween  - ~ and + ~.  

P r o p o s i t i o n  3. Le t  the  h y p o t h e s i s  of  T h e o r e m  1 ho ld ,  and S n o s c i l l a t e  a l m o s t  s u r e l y  b e t w e e n - ~  and + ~o 
Then the s e q u e n c e  Inl ~ l -  sup Sj is  s t o c h a s t i c a l l y  bounded be low.  

O~j<n 

P r o o f .  F o r  s i m p l i c i t y  of no ta t ion  aga in  we  a s s u m e ,  wi thou t  l o s s  of g e n e r a l i t y ,  tha t  771 is  not  a B o r e l  
func t ion  of ~ .  We have  exp (sup S~)=I ~ . . .  {LQ{ a l m o s t  s u r e l y ,  s i n c e  LQ is  the  m o m e n t  of the  f i r s t  m a x i m u m  

O<J~;n 

of  the  s e q u e n c e  So, $1, . . . ,  S n. Whence  i t  is  e a s y  to ge t  the  i n e q u a l i t y  

L O 

!Mexp( i t+ , / expsup  Sj)] 2 <~M I"] l f ( t ~ f  i . . .  $$J,$j)!*+P{Q<m}. (7) 
O<.j<n J~LQ_m+ l 

The r i g h t  s i d e  of (7) is  the  c h a r a c t e r i s t i c  func t ion  of the  r a n d o m  v a r i a b l e  equal  to 

(~]LO_m + l - -  ~LO_m § l ) /~LO_m + l ' ' ,  ~L 0 "~- " " " 4" (~LQ - -~LQ) /~LQ (8} 

fo r  Q _ m and z e r o  fo r  Q < m. The r a n d o m  v a r i a b l e  (8) can  be r e p r e s e n t e d  in the  f o r m  of a s u m  

~ o - ~ + ~ / ~ - , , + :  � 9  �9 ~ e  + �9 �9 �9 + ~ a / ~ ,  

w h i c h  has  the  s a m e  d i s t r i b u t i o n  as  the  r a n d o m  v a r i a b l e  equal  to 

S,/e~ + SJt~l t:'2 + - . .  + ~,,,/~1 ..- ~, (9) 

for Q -> m and zero for Q < m (of. [7]). 

As m ~ ~o the distribution of the random variable (9) either diverges to • ~ or converges weakly and has 
continuous distribution. 

In the latter case, in order to apply Proposition 2, it is necessary to multiply both sides of (7) by the 

positive characteristic function of a distribution diverging to • sufficiently slowly. Whence we get that the 

limit distribution of the random variable ~,/exp sup Sj cannot have an atom at zero, i.e., the random variable 
O<~i<~n 

Inl q), I -  sup S, is  s t o c h a s t i c a l l y  bounded below.  
l<j<~n 

Analogously, one can prove the stochastic boundedness below of the sequence 

1. 

In J ~. ! -  sup ( s . -  ~) 
O<~j~n 
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L A R G E  D E V I A T I O N S  O F  O R D E R  n F O R  S U M S  O F  R A N D O M  

V A R I A B L E S  R E L A T E D  T O  A M A R K O V  C H A I N  

P. G u d y n a s  UDC 519.21 

In this pape r  we prove  a l imi t  r e la t ion  for  probabi l i t ies  of l a rge  deviations of o r d e r  n of sums  of rea l  
r andom va r i ab l e s  (r. r .  v.) r e l a t ed  to a homogeneous Markov chain. An analogous r e su l t  for  independent r .  r .  v. 
can be obtained f r o m  m o r e  genera l  a s se r t i ons  of C r a m e r  [1], Chernoff  [7], and Pe t rov  [2]. The hypotheses  of 
the fundamental  t h e o r e m  of the p resen t  pape r  a r e  somewha t  unusual,  s ince they a r e  formula ted  in t e r m s  of the 
s p e c t r a l  theory  of l inear  o p e r a t o r s .  Hence the re  a r e  a lso  given below two m o r e  concre te  examples  of s e -  
quences of r .  r .  v. re la ted  to a Markov  chain and sa t i s fy ing  the hypotheses  of the fundamental  theorem.  

Let  (X, ~r be a m e a s u r a b l e  space  and Let p{x, A) be the t rans i t ion  probabi l i ty  f r o m  (X, ~ )  to (X, ~r 

We cons ide r  a homogeneous Markov  chain ~i, i = 0, 1, 2, . . . ,  where  ~i a s sume  values in the m e a s u r a b l e  
space  (X, $r and for  any xeX. A e ~  

P(~,~Al~,_,=x)=p(x, A), i = l ,  2 . . . .  (1) 

Le t  f(x) be a r ea l  m e a s u r a b l e  function, defined on (X, 9~), and ~l  be the Banach space  of bounded c o m -  
p lex-va lued  m e a s u r a b l e  functions (X, ~ ' ) .  If for  a r ea l  number  h 

x,,xsup ~ ehsc')p(x, dy)<oo, 

then we define the bounded l inea r  ope ra t o r  P(h + iv), mapping ~]l into ~ l ,  in the following way: 

(2) 

(pCh+i,-,.,)~)(.~)= f g.(y)eC,,§176 ,dy). (3) 
X 

It  wil l  be a s sumed  below that  (2) holds fo r  all h > 0. 

Le t  ~R be some  closed subspace  of the Banach space  ~! such  that for  any z, R e z  > 0, the ope ra to r  P(z) 
c a r r i e s  ~l into i t se l f ,  and the function ~o, ident ical ly equal to one, is an e lement  of 9l 

We wr i t e  S n = f(~t) + f{~2) + �9 �9 �9 + f(~n). We shal l  be in te res ted  in the asympto t ic  behavior  of the prob-  

abil i ty 

p ,  (S. >i ha) = P iS. >~ na I ~o = x).  (4) 
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