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Introduction. In this work we investigate the periodic boundary-value problem for the
linear

ar (POF)+Qwa=F0 ©<i<a) ()
and nonlinear

i(P(niff)JrF(t =0 0<t< o) (2)

dt ‘dt ?

abstract equations in a Hilbert space. The existence of various classes of solutions of the
periodic problem for Eq. (1) is studied in [1-3]. In these works the assumption is made that
the spectrum of the operators Q(t) for every {&[0, ] is located in the left half-plane.
However, the case when Q(t) has spectrum points in the right half-plane seems to be more in-
teresting. In this case the periodic problem does not always have a solution (which is clear
even for scalar equations). Conditions of the existence of periodic solutions of second-
order linear equations of type (1), under the assumption that Q(t) has spectrum points in

the right half-plane, were investigated in [4]. However, only normal solvability is estab-
lished there and the question of solvability for an arbitrary right-hand side from a certain
class is not answered. This question is considered by the semigroup theory methods in [5]
for the case when P(t) = I and the function Q(t) is semibounded from above. In this paper

we apply the variational approach, when the existence of a solution of the periodic problem
for Egqs. (1) and (2) 1s equivalent to the existence of a stationary point for the energy
functional. The important aspect of this approach is that we determine specific classes of
equation coefficients which generate regular differential operators. - These classes are de-
termined in such a way that the space in which we seek a solution is decomposed into the di-
rect sum of two subspaces. On the first subspace the corresponding functional is convex,

on the second subspace it is concave. Thus the stationary point is a saddle point. The
variational appreocach allowed us to investigate the equations under milder restrictions on the
coefficients (in comparison with [5]). Tt also allowed us to consider a larger class of solu-
tions. From our results the assertions of [6-11] for the finite-dimensional case follow as
a particular case.

It is worth mentioning that a general scheme introduced in Sec. 1 can be applied not only
to the periodic problem for abstract operator equations in a Hilbert space, but also for other
boundary-value problems.

1. Solvability of the Equations with Potential Operators

1.1. Theorem on Stationary Point of a Functional. Let £ be a real Hilbert space with
a scalar product [, | and with a norm |-}, Let %® be a dense set in £ . A functiomal
J:9—-R is called Gateaux differentiable 1if for every z, h 2% the limit

DI (z; h) = lim = {T (z + eh) — T (2)}
-0
exists and is a continuous linear functional with respect to h. By the Riesz theorem this
functional has the following representation: DJ(z; h) =[®z, hl. The operator ®:9—+Z is
called the gradient of the functional J ; it is denoted as @ =grad . The functional J is
called the potential of the operator @; we denote it as J =pot®. An operator ¢ which is
the gradient of some functional is called a potential operator.

THEOREM 1.1. Let Z=X®Y be a direct sum of two subspaces. Let J: Z >R be a
differentiable functional and @ =gradJ. Let for every 3z heZ and for some a, B > 0 the
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inequalities
Alh, B) <[®(z+ h) — Dz, 1l < Bk, ) (1.1)

hold. Here A, B: ZXZ -~ R are bilinear continuous functionals which satisfy the following
conditions:

Alz, 1) = alzf?, zeX, (1.2)
Bly, y) < —plylF, ye=Y. (1.3)

Then the equation
Oz=0 (1.4)

has the unique solution ¢=2Z  and the estimate
1.5
lpl < 1©(0)/mir (o, B) (1.5
holds.
The proof of this theorem can be found, for example, in [12].

1.2. Generalized Solution. Let & be dense and let it be imbedded continuously in a

Hilbert space © with the scalar product (,) and with the norm I-l. Let 9 be a linear set,
which is dense in £, and let %: @—§ be a potential operator.
LEMMA 1.1. Let J:9—>R be a differentiable operator and

DI (z; b)) =Rz, h), 2z, h=sD.
Let the inequalities

Ah, B) < Rz + k) —Rz, B)<BW, k), z, hEd, (1.6)
hold, where A, B: £XZ - R are bilinear symmetric continuous functionals.

Then the functional J can be extended by continuity to the whole Z . The extension
(which we denote also by J) is a differentiable functional and the following inequalities
hold:

Alh, B) <DJ(z+h; ) —DI(z; k) <Bh, k), z, heZ. (1.7)

Proof. The form (%z, h) determines on Z a linear functional which is continucus with
respect te h. Therefore, there exists an operator @: ® - & such that

DI (z; h) = (Rz, k) = [z, hl.
Moreover, from (1.6) it follows that
HD(z+ k) — Dz, Bl <ok, 2z, k=D,

where

p:max{max]A(h,h)}, max | B (k, h) ). (1.8)

<1 thi<1

Since 9 is a potential operator, the last inequality, by virtue of the results of [13], im—
plies that the estimate

{D(z+h)— Ozl <pll, 2z hED.
holds. From this it is clear that the operator ?, and therefore the functional J , can be
extended by continuity to the whole & . Moreover, the extension of ® is the gradient of

the extended functional. The estimate (1.7) follows from (1.6) and from the fact that 9
is dense in &Z. The lemma is proved.

It is natural to define a generalized solution of the equation

Rz2=0, 2z, (1.9)
as a solution ¢e% of the equation

Pz=0, z=Z. (1.10)

In the following assertion we formulate conditions which are sufficient to guarantee
that generalized solutions are classical solutions.
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LEMMA 1.2. Let %:9—§ satisfy the conditions of Lemma 1.1 and R=-8+F, where
£:2—-9% is a linear self-adjoint positive—definite operator whose energy space has the same
topology and the same domain of elements as the space Z.; the operator F:Z—>§ 1is non-
linear and semicontinuous.

Then the generalized solution of Eq. (1.9) belongs to D and fip=0.

Proof. We define the operator ®: ¥~ % as in Lemma 1.1. By virtue of the represen-
tation for ® we have for 2z he® that

[Dz, h] =—(&z, k) + (F3z, k).

Denote by [,]p the energy scalar product generated by the operator & Then from the pre-
vious equality we obtain that

[z, h] = —{z,hlg + (Fz,h).

Since the energy space of the operator £ has the same topology and the same domain of ele-

ments as the space £, and since the operator & 1is semicontinuous, the last equality holds
for all zeZ . 1In particular for the generalized solution ¢ and he9® we have that ( ¢,

&h) =(Fo, k). Thus, ¢=D(¢*) and L*¢=F¢. Since D(*) =9 and =8 L=F¢. The

lemma is proved.

1.3. Regularity Classes. FEverywhere below we shall assume that £ is imbedded com-
pactly in § . By &(Z) we denote a class of linear self-adjoint semibounded from above oper-
ators ¢ in $ , which are defined onthe domain ®(8)=Z, and for which £ has the same topo-
logy and the same domain of elements as the energy space of the operator I —& for sufficient
ciently large 1 > 0. By Rellich's theorem, see [14, p. 217], the spectrum of the operator
{[—¢, and thus the spectrum of the operator £, is discrete. Moreover, the system of eigen-
vectors of the operator & is complete both in the space © and in the space Z.

By [ , ]Jgwe denote the energy scalar product in &£, generated by the operator /-2 . We
introduce a bilinear continuocus on £ functional

L(z,h) = 1(z,h) — [z,hlg, 2,he Z. (1.10)

Note that

Lz, h) = (82, k), z=D(Q), he Z. (1.12)

Consider the operators U, B=&(X). We write A<B, 1if A(z, z) € B(z, z) for all z€Z,
where the functionals A, B are constructed according to (1.11) from the operators %, 38, re-
spectively.

LEMMA 1.3. If *a(®)=x(8)=... is a complete collection of eigenvalues of the operator
t=& (%), and 1f @i @i, ... 1s the corresponding orthonormal (in § ) system of eigenvectors,

then the following representation holds:

L(z,z)= 2 () (z, @)% z=Z. (1.13)
=
Proof (is in[12, p.149]. For a definite operator & the representation (1.13) is given

in {14, p. 221).

An operator g is called regular if it has a continuous inverse in $. Therefore, the
operator g¢=&(Z) 1s regular precisely when none of its eigenvalues vanishes. We denote the
set of all regular operators gf&&(Z) by G(Z). The regularity index ind& of the opera-
tor £=@(Z) is defined as a sum of its positive eigenvalues. Since the operator £ is semi-
bounded from above, ind® is a finite number. We denote the set of all operators from G&(Z)
with the regularity index k by @,(Z) (k =0, 1, 2,...). It is clear that the classes /(%)
are not empty for every k = 0, 1, 2,...; they are mutually noninteresting and

G(Z)= U 8, (Z).
=0
Thus, if an operator £ belongs to a class @&(Z) , it means that its eigenvalues satisfy the

following inequalities:
M) Zr@) = =00 > 0> (@) = ...
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The regularity classes for self-adjoint completely continuous operators were first introduced
by one of the authors in [15].

LEMMA 1.4, Let operators %,9, 6=&(Z) and U<G=<B, Then their eigenvalues, num-
bered in nonascending order, satisfy the inequalities

)\,J(Ql) <?\,](@) <A¢](%), ]= 1, 2, ‘o se (1 . 14)
Moreover, if ind¥=ind®=4%, then ind@==Fk and

&= < {/min (), —A,,,(B)} (1.15)

and
B 1< Y, (1.16)

Note that relations (1.14) and (1.15) follow directly from the Courant minimax principle. The
proof of (1.16) 1is less trivial and is given in [12, p. 154].

LEMMA 1.5. Let ¥, B8eB,(Z) and 9<9B. Let Qi Qo covy Py -0« and Y1, Y2,...,¥p,... be
complete orthonormal in § systems of eigenvectors of the operators ¥ and B , respectively.
Then the space & can be represented as Z=X®Y, where X is a linear span of the vectors
Qi ..., @, and Y is a set of all z€XZ, such that (z, 9j) = 0 for j =1, 2,...,k.

Proof. We show first that

det {((Pm 1Pm)}ﬁ,m=1 = 0.
&

Let us assume that the opposite is true. Then there exists a vector h= 2 aj¢;=0 such that
=1

(h, ¥3) =0, j =1,...,k. Since %, 8=® and <L , then by Lemma 1.3 we have that

R 00
0< 2 2 (®) (h, @)= A(h,R) < B(h,h) = %llj (8) (h, $;)* < 0.

j=1 =
The contradiction obtained proves that the determinant above does mnot vanish. Therefore,
for any z€ X% the system

&
(z—zaj(pj,xpm>:0, m:i,?,...,k,

i=1

R
has the unique solution aj, a’§,...,a{é. Putting :C:Ea}'(ijX and y=z—zeY, we obtain
a decomposition =1

Z=X89Y.

THEOREM 1.2. Let J:9—~R be a differentiable functional, let R =gradZ , and let the
condition (1.6) hold, where A and B correspond, according to (1.11), to the operators ¥ and
B , respectively. Moreover, let ind%¥=ind®=%  Then Eq. (1.9) has the unique generalized
solution ¢ and the estimate

[l <[P O Vmin (e, ) (1.17)

holds, where the constants o and 8 are determined by Eqs. (1.22) and (1.23); if ¢, 0=3%),
then

lpll < IRON/y, v =min {3,(X), —Ap (B}, (1.18)

Proof. By Lemma 1.1 the functional J can be extended to the functional differentiable
on the whole spece Z . We define the spaces Xand Y as in Lemma 1.5. Then Z=X@Y. Now
in order to prove the existence of the solution and to establish estimate (1.17) it is suffi-
cient, by virtue of Theorem 1.1, to prove that inequalities (1.2) and (1.3) hold. From the
representation (1.13) we obtain immediately that

h
Az, z) = Z‘; M) @ e Z @) l2f, ze X,

By, y)= X LB 0)r<ten®|yf y=T. (1.20)

J=k+1

91



Recall that ¥4, B$&(Z), i.e., Z has the same domain of elements and the same topology
as the energy space of the operators /—% and /-9 (I is sufficiently large). Hence the
norm |- in £ and energy norms l1g and |4$ are equivalent, i.e., there exist constants
01, B1 > O such that

lzla=zaiz), [zla<<Blzl, ze=Z. (1.21)
By (1.11) and (1.19) we have that
Az, z) = Uz — 2|5 =M (D]
Hence
(2= (]2 =1 [,
and taking into account (1.21) we obtain the estimate
12l > ad/[E— h (1)),

Therefore, the estimate (1.2) is established with

o = Ay (%) o1/[1 — Ay (H)]. (1.22)
The estimate (1.3) can be proved in the same manner. We can put
B = BilAnta B) /(1 — hns (B)]. (1.23)
In order to prove the estimate (1.18) we introduce linear manifolds £ =X and 5y={ye
D:(y, ¢)=0, j=1, ..., k}. As in the proof of Lemma 1.5 we can show that D=F DY, Let

P:D—~Z be the projection of D on & parallel to % and let @:D—>9 be the comple-
mentary projection. By the arguments similar to those from [12, p. 111] we can obtain from
(1.6) that

Rz — Rh, (P—-Q)z—-h) = y(IPa— I+ 1Q(z— R)I?),

Hence
_ 1Z =P +ig G~
R R [T n ey |l B =l Lkl
Putting z = ¢, h = 0 we obtain the estimate (1.18).

2. Periodic Boundary-Value Problem for the Second-Order Equations

2.1. Hill's Differential Operators. We apply the results of the previous section to
the following boundary-value problem:
d dz . —

2(0) = zlw), #H0)=ilo). (2.2)

Let H and Z be Hilbert spaces with the scalar products <, >, <, >1 and with the norms
-1, 1+11, respectively. We assume that the space Z is deuse and compactly imbedded in H.

We investigate the problem (2.1), (2.2) under the following assumptions:

a) for every t=[0, ol P(t):H—~H is a linear bounded self-adjoint operator such that
P(0) = P(w); the generator—-valued function P(t) is strongly continuously differentiable and

P, B = polhl%, po>C, heH, (2.3)

b) for every €10, o]l Qt):D(Q)—~H is a linear self-adjoint operator, which for every t
is defined on the domain D(Q); we assume that D(Q) is dense in H, that the operator-valued
function Q(t) is strongly continuous and semibounded from above

Q) h, k> <alhl®, he=DQ); (2.4)

that the energy space of the operator II — Q(t) (I > a) has the same domain of elements as Z
and that there exist constants ci, cz > 0 such that

Cllzlfsglzlés;cglz‘i (2.5)
where by |-lg we denote the energy norm generated by the operator II — Q(t);
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¢) £(+) is an element of the Hilbert space H=L;([0, ol; H) , in which the scalar prod-
uct (, ) and the norm II-l are defined in the usual way.

The solution of the problem (2.1), (2.2), by our definition, will be a function ¢ :[O0,
w] = D{Q) such that (Q)(-)=§, the functions ¢(.), and (Pé)(-) are absolutely continuous,
(Pe)(-) € §, ¢(t) satisfies Eq. (2.1) for almost all tel0, o] .

Remark 2.1. The problem of finding periodic in t solutions of boundary-value problems
for partial differential equations can be reduced to the problem (2.1), (2.2). As an example
of the operator P(t) we consider the multiplication operator. As an operator Q(t), t= [0,
w] we consider the operator which is defined on the Hilbert space H = Ly(R) (€ is a bounded
domain in R™ with a sufficiently smooth boundary) and which is generated by a symmetric dif-
ferential expression

n

QWz=  5-(ai(ta) ) +b(t o)

i,j=1

where the coefficients are sufficiently smooth and w-periodic in t. Let the ellipticity
condition

n

2 @it gE =828, te]0,0], 2&Q
o]

i1

hold for some & > 0. 1If we put D(Q) = W2 (R), then for every teI0, o] the operator Q(t) is
self-adjoint and semibounded from above. Note that in this case Z = W3 (R).
Consider in § the differential operator &, which is defined as follows:

=g (POF)+ 0wz =D, 2.6)

where
= D(Q), Qzs9,
D) =D(P,Q = {z= H|5 Pz— i absolutely continuous, (Pz.:)'e 9, (2.7)
2(0) = z (), z(0) = z ().
The operator £:D(8)—~§ 1is called HZIl's operator [generated by the pair of coefficients

{P(t), Q(t)}]. Now the solvability of the problem (2.1), (2.2} is equivalent to the solv-
ability of the equation

&z =7, (2.8)

LEMMA 2.1. The domain (%) 1is dense in §, the operator £:DQ) —~% is symmetrical
and semibounded from above.

Proof. In order to show the density of ®{(® in 9 we choose a complete in H system
of elements {u., a=4} from D(Q). Then the system of functions

{cos %ktu,, sin vktu.; » =2n/w, k=0, 1, ..., a =4} (2.9)

is complete in §, and therefore each z=§ has the Fourier expansion

z(t)y =

i

s
L

[Ctpm €08 %kt + Prm sin %kt i,
K=o me1
where oum= (2, 05 xktin), Bym = (2, sin xkta,).

We put
N N
zy (8 = 2 [Gthm €OS wht 4= B Sin nEL] 1o,
k=0 m=1
It is clear that zy=2(8) for every fixed N. Moreover,

—0.

zx — 2]

N—co

This proves the completeness of (&) in §.

93



For z, h&®(&) we have that

w

(82, By = [ {<(P2y (1), h(2)) + QW) 2 (1), R (D)} .

0

We integrate by parts in the first integral and obtain
(0]
(@2, k) = §{— <P 2(0), h() + QO 2(0), L) de.
g

Hence, taking into account that the generators P(t) and Q(t) are self-adjoint, we obtain that
the operator ¢ 1is symmetrical and from (2.3), (2.4) we obtain the estimate

(Lz, 2) < —polzll2 + allzll® < glizll?, (2.10)
The lemma is proved.

We fix some I 2 @ and denote by Mg the energy space of the operator [J—& Note that
for z. h=2(2) the energy scalar product and the energy norm are

(2, hlg = — (P2, k) + (LI — Q) z, k), (2.11)

e = =Pz, 20 + |20 ) at. (2.12)

0
Actually these formulas are true for every element from Hg.

We introduce the space Lp ([0, w]; Z) with the scalar product
w

(2, h)y = | <z (8), h()),dt

o

o

and with the norm [z, =(z,2){%2. We also introduce the space VV%UO,@];]I;@), which consists

of all functions z from the Sobolev space Wj([0,w]; H), such that z(0) = z(w). In this space
the norm is defined as usual:

l2n =Nzl + 22
We consider now the space
Z =Ly (10, 0], Z) (W3 (10, 0]; H; 0)

with the scalar product

[z, Rl = (z, ), + (Z, B
and with the norm

Lz =Nzl + (2]

It is clear that Z 1is a Hilbert space and for z=®(®) the estimate

C3IZI<1218<C4fz[ (2.13)

holds.

LEMMA 2.2. The space Hy has the same domain of elements and the same topology as the
space Z.

Proof. Let z& Hy. Then there exists a sequence {zp} of elements from 9(g) such that

[2n —Zmlg om0, V2n— 2} —2—0. (2.14)
Since Z,—zm=®(¢), it follows from (2.12) that the sequence {zp} is a Cauchy sequence in §.
Therefore, there exists w&E4§ such that 7, —wl-—+0 as n + . From the second relation in
(2.14) it follows that w=:2e$. Let us show that z(0) = z(w). The continuity of the imbed-
ding of W3([0, w]; H) in the space C([0, w]; H) of continuous functions z:[0, w] = H with
the uniform norm implies that the following estimate holds:

max |z (f)| <e(}2] + ] z])- (2.15)

<<
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Therefore, taking into account that zp(0) = z,(w), we obtain

12(0) — 2 ()| < | 2(0) — 20 (O] + | 20 (0) — 2(0) | < € (l2— 2] + |5~ 2,]) = 0

Hence ze= W;({0,0]; H; »).

From (2.14), (2.12), and (2.5) it follows that the sequence {zy} is a Cauchy sequence
in L ({0, w]; Z). Since this space is imbedded in § and lz, — zl + 0 as n + @ we obtain
that ze L, ([0, ol; Z). Thus we have proved that Hg=Z. By taking limits in (2.12) we can
easily prove that the formula (2.12), and therefore (2.11), holds for every 2,k Hy.

Let us prove that L= Hg. Let z=Z. We construct a sequence 1zy}, zyv=D(), with the
properties (2.14). For this we choose a system of type (2.9) which is complete in H , where
i, = D{Q) and the following condition holds:

Q) tm, Un> = Bipp, Omn — -is the Kronecker delta symbol. (2.16)

We consider the Fourier expansion for the function Z€ 9

z.(t) = E [Aim ©OS WKL + Brm SiD %kT] Upa, (2.17)

where
Ay = (2, €08 whtin), bpm = (2, sin wktum).

Note that in (2.17) we sum over k # 0, since aypm = O by the condition that z(0) = z(w). We
integrate every term in (2.17) and obtain the expansion

o0

2(t) = 2(0) + 3 o (@S0 KL + By (1 — €08 )] e
k,m=1

Since D(Q) is dense in H, for every € > 0 we choose such geD(Q) that 1z ) —El<e ., We con-
sider the function

iy (ty=E + z ;1; [@rm Sin %kt + bum (4 — c08 wEL)] U

It is not difficult to see that zy=®(8) and that lzy—zl—0 as n > . Let us show that the
sequence {zy} is a Cauchy sequence Hy. in Firstly,

(<P @) v () — 23 @), 2w (8) — 23 (1)) dt Tz 0
and
28 — zm 5= 0-

Secondly, taking into account that the operator-valued function [IJ—Q®IV.[I—QW)]-/* is
bounded and (2.16) (for N > M)

[V aw (&) — zaa (0) Pt < max [ — Q)"*-[i] — Qo) V2 2.

[o]

= 0)1Gn (1) — 2alt), 2x () — 2a () > dt <

N N
<4, {z” PRIV A ) %fl—f[ahm sin wkt +
k,m:M l.n=M 0
+ by (1 — cos xkt)] [am sin xlt + by, (1 — cos x18)] dt- {Q (0) tum, u,&} <

N

W\ 1

< dz{ll iy — sy + Z NOTE) (alim + sz)} NoMow 0
k,m:M% k
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by Bessel's inequality. Therefore, we have proved that the sequence {zN} satisfies (2.14)
and hence ze Hy.

Thus, #Hg has the same domain of elements as & . The equivalence of the norms in
these spaces follows from (2.13) and from the fact that %(8) 1is dense in Heg=Z.

LEMMA 2.3. The space Z 1is compactly imbedded in .

Proof. Let K={z=Z:{zi<r}. We have to prove that this is totally bounded in &.
Moreover, we shall prove that this set is totally bounded in C([0, w]; H). It is not dif-
ficult to see that firstly the set K is uniformly bounded, since by (2.15)

max | z{f) [ clz]<Ler
0<i<®

Secondly, this family is equicontinuous since

t

j‘z (T dt| <

s

[{ [t—s[P<r]t —s |2

[2(t) —z(s)

Finally, the set K,={z(t):z=K} of values of the functions from K for every (e[0, o] 1is

totally bounded in H. 1In order to prove this fact we define the functions from this family
on the whole axis by continuing them w-periodically, andwe construct for themSteklov's mean

functions

tt+e
Hg—%fz@h.
t—g
We have that
t+e
2Ok <m [ 1200 hdr< @0 (2] < or (26) 2.
t—g

Since Z is compactly imbedded in H, the set K, .=1{z(f): z€K} for every t and ¢ > 0 is totally
bounded in H. From the relation

t+e e

Ize(t)—z(rf)l<2%s S [2(1) — 2 (t) | dv < 7 (2e) 5 It —t[Pdr < 2r37% Y2 0
t—e

i—e

it follows, by Frechet's theorem, that the set H is totally bounded in Kt. By the Arzela—
Ascoli theorem the set K is totally bounded in C([0, w]; H), and therefore, in § . The lemma
is proved.

Remark 2.2. 1If the operator—valued function Q(t) is strongly differentiable in D(Q)

then Hill's operator has a regular point and hence it is self-adjoint. For P(t) = I this
fact was established in [5].

We denote by ¢ the Friedrichs self-adjoint extension of the operator & As is known
the energy spaces of the operators {/—& and I/—% coincide. Therefore, the self-adjoint
extension of Hill's operators, generated, according to (2.6), (2.7), by coefficients {P(t),
Q(t)} which satisfy the conditions a), b}, belong to the class &(Z). This class was defined
in the previous section. Hence these operators can be subdivided into the regularity classes.
In particular if P(t) = I, and if Q(t) = Q does not depend on t, has a discrete spectrum and
Vi, V2,...,Vg are the positive eigenvalues of the operator Q, then (see [5]) the operator &
is regular precisely when

v;7#= Qan/o)?, j=1,2,...,8 n=01,... (2.18)
Moreover, its spectrum coincides with the set
o@ ={peR: p=v'—2an/0)? v=s(Q), n=0,1, ..}.

If condition (2.18) 1s satisfied, then

1nd8~s+22[ VVJ}, (2.19)
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where by [-] we denote the integer part of a number.

Remark 2.3. If Q(t) is a negative-definite operator-valued function, then by (2.10),
ind =0

2.2. Solvability Theorems. We consider a periodic boundary-value problem for the non-
linear second-order equation

d dz -
E(P(t)d—t) + F(t,2)=0, (2.20)

0) =z(w), £0)=:ile),

L]

(2.21)

where as before P(t) possesses the property a), and F:[0, w] x D~ H (D is a linear set which
is demse in H),and F(t, z) for every .z=D is an element from the space §.

We define the solution of the problem (2.20), (2.21) as a function ¢:[0, @l =D such

that ¢@(-) 1is an element of the space £, the functions (Pé)ﬂ),ﬁTt ¢(-)} belong to the space
9, o(t) satisfies the conditions (2.21), and for almost all #=[0, ] it satisfies Eq. (2.20).

The problem (2.20), (2.21) generates the operator in $

RNz =%(P (t)j—i)«}— F(t,2)

which 1is defined on the domain

Pz —is absolutely continuous (Pz) < 9,

@(SR):{ZE% . .
F(t,2)= 9, z(0)=z(w).

We assume that the set D) is linear and dense in 2. For example, this is true if F(t,
z) = Q(t)z + f(tr, z), £ is a bounded in £ operator and Q satisfies the condition b).

Now the solvability of the problem (2.20), (2.21) is equivalent to the solvability of
the equation

Rz =0. (2.22)
Recall that if % is a potential operator, such that J =potR:D® - R can be extended to the
whole space & without the loss of differentiability, then (by definition) a stationary point
of the functional J:Z —~R, 1i.e., the solution of the equation
DI (z; h)=0 VheZ, (2.23)
is called a generalized solution of Eq. (2.22).

THEOREM 2.1. Assume that there exists a function g:[0, w] x D >~ R, such that it is
continuous with respect to t, differentiable with respect to z, and for every z, hed(R)

lim L {g (&, + eh) — g (t,2)} = <F (£, 2), h). (2.24)
£€—90

Assume that there exist two pairs of coefficients {Pp(t), A(t)}, {Pg(t), B(t)}, which generate
Hill's operators % and 9 , respectively, such that %, 8«@®, for some k > 0 and the inequali-
ties

Pz, 2> <{P(t)z, 2> <<(P,(0)z, 25, z= 1, (2.25)

CAWR, B> < <F(E, 2+ k) — F(t, 2), k> <<BWh, b, z, heD. (2.26)
hold.

Then Eq. (2.22) has the unique generalized solution ¢ and the following estimate holds:
lopl < v,IF (&, O (2.27)
with some constant yi > O.
If @=2(R), then the estimate
lol < iF (2, O)/min {A,(%), —Aup (B} (2.28)
holds.
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Proof. We consider the functional

0]

7= [{— P00, i+ e rw))a, s=2@,

Let us prove that it is differentiable and for z,

(2.29)

he0):

@

DI (5 h) = [ {— <P ()2 (), h(D)) + <F(t,2(H), k(2)y}dr. (2.30)

We first note that it follows from (2.26) that

<P (t,z+ 1) —F(t,2), k> |<p|hli, zheD,

(2.31)
with some constant p > 0. Therefore, the function <F{(t, z(t) + 8h(t)), h{(t)> is continuous
in 6, and hence, the following representation holds:

1
1
gtz () + e () — £ (1, 2(0)) = | <F (2,5(0) + el (1),
0 (2.32)
h(t)y dt.
Moreover, by (2.26) we have that
|<F (£, 2(8) + €0 (), R(|<eBp R (B} + | F (¢, 2(D)|-| A (D)
Hence for 0<<e, 0<<8<1 the integrand in (2.32) has a majorant with respect to e, which is
integrable with respect to t and 8 Therefore
@ [0]
lim g—é—{g (t,2(8) + eh(t)) —g(t,z ()} dt = X(F(t, z (1)), h(t))dt.
&0
0 0
From this it is easy to obtain the formula (2.30) and the relation
DI(z; b) =Rz, B), 1z, heDR). (2.33)
We consider the functionals A4, B:ZXZ — R, which correspond, according to (1.11), to
the operators ¥ and 8, respectively.

Taking into account (2.11) we can write that

Az, 2) = | {— (Pa(t) 2(t), 2(1)) + CA (D) 2(8), z (D)} dt,

B(z,2) =

S @t S

{(—=<Pa(®) 2(1), 20 + <B(D)z (1), 5())) d.

By (2.25) and (2.26) the functional J satisfies the conditions of Lemma 1 Therefore, it
can be extended to the whole space Z . The extended operator is differentiable and the in-=
equality (1.7) holds. By Theorem 1.2 Eq.

(2.22) has the unique generalized solution. The
estimate (1.17) holds for this solution. By (2.30)

IDI(0; W) < IF(, O)I-IRE < clF(, O)I-1R],

where ¢ is the norm of imbedding of £
then (2.28) follows directly from (1

COROLLARY 2.1. Let constants 0 < m < M exist and let constant operators A and B with
properties b) exist such that

in $, hence the estimate (2.27) holds. If ¢=D(R),
.18). The theorem is proved.

mizl? < (P(b)z, 2> < Mlzi?,

CAh, b> <F(t, z+ h) — F(¢, 2), k> < (Bh, h);
where F is a potential operator, i.e., Eq. (2.24) holds. Let ML=
Me==...2 W be all positive eigenvalues of the operators A and B
=1,

L=ZM>0 and =
., we can find an integer nj 2 0 such that

respectively. If for every

2 By
(;“—nj)<ﬁ—4<;<( (n]+1)) i=1,...,1,

(2.34)
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then Eq. (2.22) has the unique generalized solution.

Proof. Inequalities (2.34) guarantee that Hill's operators % and 9, generated by the
coefficients {mI, A} and {M-I, B}, respectively, belong to the same regularity class.

Note that Corollary 2.1 contains as a particular case the results of [6-11] where the
problem (2.20)-(2.21) is investigated in the finite dimensional case.

COROLLARY 2.2. Let F(t, z) = Q(t)z + £(t, z), Q(t):D » H, satisfy the conditions b),
the operator-valued function Q(t) is strongly continuously differentiable on D, and £:[0,
w] X H ~ H is such that the composition operator (fz)(t) = f(t, z(t)) is continuous in §.
Moreover, let the conditions of Theorem 2.1 hold.

Then the generalized solution of Eq. (2.22) ¢=2(R).

Proof. Note that the operator % can be represented as R =g, +F, where & is Hill's
operator, generated by the coefficients {P(t), Q(t) —a-I} | and (Fz)(t) = f(t, z(t))+ az(t) , where
the constant @ is determined from condition (2.24). By virtue of Remarks 2.2 and 2.3 the
operator &, 1is self-adjoint and negative~definite. The corollary follows from Lemma 1.2.

Consider a linear problem (2.1), (2.2) for f=§, or, which is the same, the equation
Lz =f, (2.35)

Note that in the linear case the generalized solution of Eq. (2.35) ¢ , and only it, satis-
fies the identity

Lig, ) =(f, h) VheZ. (2.36)

The functionals L(z, h) and L(z, h), generated by the operators £ and Q coincide; there-
fore, the usual solution of the equation

Lz =f (2.37)
is the generalized solution of Eq. (2.35).

THEOREM 2.2. Let the pairs {Pp(t), A(t)} and {Pg(t), B(t)} be such that the inequalities
(2.25) hold and for h=D(Q)

CAWBR, BY <<Qt)h, k> < <(B{t)h, R, (2.38)
and let the operators §,§' belong to the same regularity class @,.
Then Eq. (2.35) has the unique generalized solution and the following estimates hold:
fpl < vy, l7l, (2.39)
gl < I7l/min (@), —RassB)). (2.40)

Proof. The existence of the solution and the estimate (2.39) follows from Theorem 2.1.
The estimate (2.40) follows from the representation

o =&
and from the estimate (1.14).
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AN OPTIMAL CONTROL PROBLEM FOR AN ELLIPTICAL SYSTEM WITH POWER NONLINEARITY

S. Ya. Serovaiskii UDC 517.977.56

Lions and others [1, 2] considered the method of solving linear problems of optimal
control using the necessary conditions for optimality in the form of variational inequali-
ties. The direct extension of these results to nonlinear systems is difficult, connected
with the necessity to prove the differentiability of the function of the state of the control
system.

Ancther method of obtaining optimality conditions was suggested in [3], connected with
the construction of the so-called ""quasiconjugate system.” Moreover, to obtain optimality
conditions it is sufficient that the function of the state of control be weakly continuous.
Thus, we are able to extend significantly the class of optimization problems which are soluble
using variational inequalities. These results were developed further in [4].

In this article the method developed in [3, 4] is applied to the solution of an optimal
control problem for an elliptical system with power nonlinearity.

1. Statement of the Problem

In the open bounded region @ of the space Rz, with sufficiently smooth boundary 39,
consider the control process described by the equations

—Ayw)+lyw)P=f+v z=Q, (1.1
ylw) =0 zedQ, (1.2)

where A is the Laplace operator, v is a control defined on the set
U={lve LXQ), viz)eK ae.},

K is a convex closed set, y(v) is the function of the state of the system corresponding to
the control v, and feL* Q) is a known function.

Define the functional space Y = H(®) N L4(Q). Clearly, the space Y with the norm |-jr =
I +1-] e where k-l is the norm in H5(Q), is Banach.

Definition 1. The function y(v) is called a generalized solutiom of problem (1.1),
(1.2), corresponding to the control veU, if ylw)e¥Y and we have the equation

aly(v), Al + dy@), A =<+, 0> vVaeY,

Translated from Sibirskii Matematicheskii Zhurnal, Vol. 25, No. 1, pp. 120-125, January-
February, 1984. Original article submitted January 22, 1982.
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