
Let v be the midpoint of the geodesic yz~f[u, x] ,  and let  ~ I ( v )  be a rotat ion which takes u into x. Then h(L1) 
and I (L  2) a re  two geodesics  which join x with )~(w2) ~ U. However ,  A(L1) does not coincide to k(L2) , because L1 
is not the same  as L2: by Proposi t ion  1 of Sec. 3, r ~ y,  while ~(EL,, and r ~L2.  But the exis tence of 
d is t inct  geodesics  which join x with X(w 2) contradic ts  Theorem 3, and this proves (c). 

(d) Consequently,  M is a Buseman G-space .  Now we see  that Th eo rem  4 is a resu l t  of Theorem B [2]. 
This comple tes  the proof  of Theo rem 4. 

P roo f  of the Coro l l a ry .  The two-dimensional  local ly Euclidean G-spaces  a re  descr ibed  in [2]. They 
are:  Euclidean plane, cy l inder ,  Mitbius band, torus  and Klein bottle.  The only two-dimensional  locally 
spher ica l  G-spaces  a r e  the sphere  and the p ro jec t ive  plane [2]. The descr ip t ion  of the two-dimensional  local ly 
hyperbol ic  spaces  is given in [7] (see also [2]). 
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PROOF OF THE VAN DER WAERDEN CONJECTURE 

FOR PERMANENTS 

G. P .  E r o r y c h e v  UDC 519.10+3.918.3 

1 ~ We prove (Theorem 1) the validity of the van der  Waerden conjec ture ,  formulated by him in 1926 
([1; 2 ,  p. 155, Conjecture  1 ] ) , r ega rd ing the  minimum of the permanent  of a double s tochast ic  matr ix .  In the 
cou r se  of the proof one answers  posi t ively (Theorem 2) the M a r c u s - N e w m a n  conjec ture  on the permanent  of a 
doubly s tochas t ic  mat r ix  ([2], p. 156, Conjecture  11; [3], Conjecture  11). The proof of Th eo rem  2, and with 
it  also that of Theo rem 1, is based on the represen ta t ion  of the permanent  in t e rms  of mixed discr iminants  
and on the subsequent  use of a geomet r ic  inequali ty for  the permanents  (Lermna), which follows d i rec t ly  f rom 
Aleksandrov 's  known inequali t ies for  mixed d iscr iminants  [4]. The reduct ion f ro m  Th eo rem  2 to Theorem 1 
is known and is based on the resu l t s  of [5, 6]. As a consequence of Theorem 1 we obtain lower es t imates ,  fo r -  
mulated previously by other  authors  (see [2], Sec. 8.2; 7, 8) under the assumption of the validity of the van der  
Waerden conjec ture  and improving in an essent ia l  manner  the known es t imates  for  the number of Latin r e c t -  
angles and squares ,  the number  of nonisomorphic  Ste iner  t r iple  sys tems  and for  the key constant  X d in the d-  
dimensional  d imer  problem.  We indicate some other  applications of the resu l t s  obtained in the paper.  

2 ~ By the permanent  of an n • n ma t r ix  A = (aij) over  the field of complex numbers  we mean the ex- 

p ress ion  (see, for  example ,  [9]) 
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perA = ~ ala(1 } . . .  a-aa(n), 
~ E S  u 

w h e r e  S n is the pe rmu ta t i on  g roup  of o r d e r  n. A nonnegat ive  ma t r ix  A is sa id  to be doubly s t ochas t i c  if the s u m  
of its e l emen t s  in each  row and in each  co lumn  is equal to 1; ~n  is the s e t  of al l  n x n doubly s t o c h a s t i c  m a -  
t r i c e s ;  a ma t r i x  A ~ 12~ is sa id  to be m i n i m i z i n g  if perA = rain per X; l~ ~ ~ is the ma t r i x  with all e l ement s  

x ~ n  

equal  to l / n ;  A( i / j )  is the ( n -  1) • (n - 1) ma t r ix  obtained f r o m  the n x n ma t r i x  A by de le t ing  the i - th  row 

] - th  co lumn  of the ma t r ix  A; A = (al, �9 �9 �9  an), w h e r e  aj is the j - t h  co lumn  of the ma t r ix  A; A(  L~z, ~1 is and the 

the n x n ma t r ix  obtained f r o m  the n • n ma t r ix  A by r ep lac ing  the i - th  co lumn by the n - v e c t o r  x ' a n d  the j - t h  
co lumn  by the n - v e c t o r  y.  

3 ~ The fol lowing c o n j e c t u r e  has been fo rmu la t ed  by van d e r  Waerden  ([1]; [2], p. 155, Con jec tu r e  1). if 
A ~ f ~ ,  then 

n! 
per A ~ --~, 

and the equal i ty  is a t ta ined if and only if A = Ja .  The van de r  Wae rden  con j ec tu r e  and the va r ious  a spec t s  of its 
so lu t ion  have been devoted a l a rge  n u m b e r  of inves t iga t ions  (see the s u r v e y s  in [2, 3]); t he re  one gives  a l ist  of 
so lved  and unsolved  c o n j e c t u r e s  and p r o b l e m s  for  p e r m a n e n t s  (at the momen t  of the compi la t ion  of the l is ts) .  
In [5] it is p roved  that: a) if  A = (aij) is a m in imiz ing  ma t r i x ,  then p e r A ( i / j )  = p e r A  for  all  aij > 0; b) if A is 
a pos i t ive  m i n i m i z i n g  m a t r i x ,  then A = Jn.  Marcus  and Newman have fo rmula t ed  the fol lowing c o n j e c t u r e  ([3], 
Con jec tu r e  11; [2], pp. 156-157,  Con jec tu r e  11): t he re  exis ts  no ma t r i x  A = (a~j) ~ f~, s u c h  that  

per A(i/])  = per A for all : i, ] ~ l,.nn, for some a~: :r O, 
per A (i/j) >t. per A for all i, j ~ J., n, for some a~j = 0, 

and p e r A ( i / ] )  > p e r A  fo r  s o m e  pa i r  s, t ~  1 -~ .  fo r  wh ich  as t  = 0. 

Making use  of the r e s u l t s  of [5], London has p roved  [6] tha t  if  A is a m in imiz ing  ma t r i x ,  then 

per A(i/]) ~>perA for all i, ] ~  t, n. (1) 

We a l so  know the fol lowing 

P r o p o s i t i o n  1. (See, fo r  example ,  [2], p. 101, P r o b l e m  18). Le t  A be an a r b i t r a r y  min imiz ing  ma t r i x  f o r  
wh ich  we have the equal i ty  

p e r A ( i / j ) = p e r A  foraU i, ] ~ i ,  n. (2) 

Then,  A = Jn.  

4 ~ The purpose  of the p r e s e n t  paper  is the p roof  of the fol lowing s t a t e m e n t s .  

THEOREM 1. 

a) rain perX = n.T. 
X E f ln  n n 

nl 
b) X ~ f~,, per X = -~- if and only if X = Jn" 

THEOREM 2. If A ~ f2~ and the inequal i t ies  (1) hold, then the equal i t ies  (2) hold. 

L E M M A  (a g e o m e t r i e  inequal i ty  f o r  the permanent ) .  

a) Le t  fl . . . .  , fn-1 be n - v e c t o r s  with nonnegat ive  e l emen t s  and let g be an n - v e e t o r  with r ea l  e l emen t s .  
Then 

per: (1 . . . . . .  [~_.., /,-~, g ) ~  per (] . . . . . .  ],-~, i,~-~, ],,-~)per (] . . . . .  , ]~-2, g, g). (3) 

b) Le t  fl ,  �9 �9 �9  fn-1 be n - v e c t o r s  with posi t ive  e l emen t s .  Equal i ty  in (3) is at tained if  and oniy if g = 
Xfn_l, X being a cons tant .  

5 ~ The r e su l t  of the l e m m a  p re sen t s  an independent  i n t e r e s t  f o r  the inves t iga t ion  of the p e r m a n e n t s ,  non-  
nega t ive  m a t r i c e s  and a l so  in i n fo rma t ion  theory .  This r e su l t  is based on the r e p r e s e n t a t i o n  of  the p e r m a n e n t  
in t e r m s  of mixed d i s c r i m i n a n t s  and fol lows d i r ec t l y  f r o m  A i e k s a n d r o v ' s  known resu l t s  on mixed d i s c r i m i n a n t s ,  
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f o r  whose  fo rmu la t i on  it is n e c e s s a r y  to i n t roduce  the fol lowing def ini t ions  (we adhe re  to the notat ions of Sec.  1 
of  [4]). Le t  f l ,  �9 �9 �9  fm  be quad ra t i c  f o r m s  of n v a r i a b l e s :  

Their linear combination f = Xlfl + �9 �9 �9 + )~mfm is also a quadratic form of the same n variables with coeffi- 

cients aij= h,a~l) + ... + kma!m).. . The d i s c r i m i n a n t  D(f, �9 .., f) of the f o r m  f is the homogeneous  polynomial 

of degree n with respect to XI, .... )~m: 

D(/ ..... ])= ~ ~hl... ~nD(f% ..... 1~). 
hl,. ..,h n 

H e r e  the coe f f i c i en t  D(fkl, . . . .  fkn ) o f  the p roduc t  Xkl, . . . .  Xkn, ca l led  the mixed  d i s c r i m i n a n t  of the quadra t i c  
f o r m s  fki . . . . .  fkn,  depends  only on the f o r m s  fkt . . . . .  fkn and it is chosen  in such  a way  that  i t  does not de -  
pend on the o r d e r s  of  the f o r m s  fkl,  . . . .  fkn, whi le  the s u m m a t i o n  is taken o v e r  all  indices  kl . . . . .  kn which  
run  independent ly  t h rough  all  the va lues  f r o m  1 to m. 

THEOREM.  (A l e ksa nd rov ' s  inequal i ty  f o r  mixed  d i s c r i m i n a n t s  [4].) a) Le t  f~, . . . ,  fn-1 be pos i t ive  def i -  
ni te  quad ra t i c  f o r m s  and let  g be a quad ra t i c  f o r m .  Then 

DZ(/, . . . . .  1~-2, 1.-,, g)>/D(/~ . . . . .  I.-~, 1.-~, I,,-~)D(I, . . . . .  1,,-2, g, g). (4) 

b) Equal i ty  in (4) is a t ta ined if  and only if  g = hfn_i, X being a cons tan t .  

Since a nonnegat ive  def ini te  f o r m  is the l imi t  of  a s equence  of  pos i t ive  defini te  f o r m s ,  it fol lows that  
s t a t e m e n t  a) of the t h e o r e m  is val id  a l so  fo r  the c a s e  when ft ,  . . . .  fn-1 a r e  nonnegat ive  def ini te  f o r m s .  

We p rove  that  

\an1 .. �9 ann/ 

w h e r e  fi is the quad ra t i c  f o r m  wi th  the m a t r i x  

Indeed,  in this c a s e  we have 

[~lan + . . .  + ~,,al,, 0 '~ ,, 
D (/ . . . . .  /) = d e t  ~ 0 " " ) :=  H ( k l a i l  -~- �9 . .  -~- ~nain), 

a n d ,  as  i t  c an  be  e a s i l y  s e e n ,  the  c o e f f i c i e n t  of ~1,  �9 �9 � 9  hn in the  l a s t  e x p r e s s i o n  is  equa l  to  p e r A .  Now, i n -  

equal i t ies  (3) fol lows d i r e c t l y  f r o m  the inequal i t ies  (4). 

R e m a r k  1. Inequal i t ies  (3) can  be c a r r i e d  o v e r  i m m e d i a t e l y  to the p e r m a n e n t  of a r e c t a n g u l a r  ma t r i x  
(for the def ini t ion and the p r o p e r t i e s  of the p e r m a n e n t  of a r e c t a n g u l a r  ma t r i x ,  s ee ,  fo r  example ,  [91). In [41 
($ec. 3), one has obta ined the fol lowing s t a t e m e n t :  let fl ,  . . . .  fn be given pos i t ive  f o r m s  of n va r i ab l e s .  We 

have the inequality 

?/I 

{D (/1 . . . . .  /n)} m >~ I I D  (fa . . . . .  ]h, f~+l . . . . .  /~), (5) 

w h e r e  equal i ty  p reva i l s  if  and only if nil the f o r m s  fl ,  . . . .  fk a r e  p ropo r t i ona l  to each  o ther .  F r o m  the r e p r e -  
sen ta t ion  of  the p e r m a n e n t  in t e r m s  of  mixed  d i s c r i m i n a n t s  and f r o m  the inequal i ty  (5) we obtain by cont inui ty  

the fol lowing propos i t ion .  

p r o p o s i t i o n ,  a) Le t  A = (a 1 . . . .  , a n) be a nonnegat ive  n • n ma t r ix .  We have the inequal i ty  

ta (6) 
( p e r  (al . . . . .  a~)}"  ~ 11 per (a~ . . . . .  a~, am+l . . . . .  a~). 
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b) Let  A = (a 1 . . . .  , a n) be a nonnegative n • n mat r ix .  Equality in (6) is attained if and only if the n -vec to r s  
a l , . . . ,  a n a re  propor t ional  to each other .  

R e m a r k  2. The possibi l i ty  of the proof  of the r e su l t  of the l e m m a ,  using the re la t ion  between the p e r -  
manent  and Minkowski 's  mixed vo lumes ,  has been mentioned by the author in [10]. The ro le  of the geome t r i c  
inequal i t ies  (3) in the proof  of the M a r c u s - N e w m a n  and van der  Waerden conjec tures  fo r  the pe rmanen t  is 
the s a m e  as the role  of the i r  co r re spond ing  Brunn-Mlnkowsk i  and A i e k s a n d r o v - F e n c h e l  inequali t ies  fo r  mixed 
vo lumes ,  yielding the solution of many impor tan t  ex t r ema l  and uniqueness p rob lems  (see the su rvey  in [11]). 

6 ~ P roof  of T h e o r e m  2. By vi r tue  of Birkhoff ' s  known theo rem,  a mat r ix  A e 2 ,  can be r ep re sen t ed  in 
the f o r m  of a convex combinat ion of permuta t ion  m a t r i c e s .  F r o m  here  it follows that  if A e fa~, then 

perA i> O. 

By the Laplace  fo rmula  for  pe rmanen t s ,  applied to the e lements  of the j - t h  column,  we have 

per A (i, a,) = Z~ ah, per A(k/]), (7) 

and, s i m i l a r l y ,  

p e r A (  i'a,, a, 1) -- Za~'perA(k/i)'~ (8, 

Making use of the conditions of the t heo rem,  of the geome t r i c  inequality (3) for  the pe rmanen t s  

pets \a~, aj a~, ai ai* a3 

and of the equali t ies (7), (8), we obtain the following s y s t e m  of inequali t ies re la t ive  to the numbers  p e r A ( i / j ) ,  
i ,  j = 1, n: 

per A (ill) • per A > 0, 

fo r  all  i, ] e i, n. 

We show that the inequali t ies  (9) have the solution 

perA(i/]) = p e r A  for all i, ] e  i, n. 

We a s s u m e  the opposi te ,  i .e . ,  the re  exis ts  at leas t  one pa i r  r, s e  t, n such that 

perA(r/$) > perA. 

Since A e t~,, there  exis ts  t e i, n such that a r t  > 0. Then, by v i r tue  of (9) we have 

p e r ' A =  p e r ' A ( : : ,  : , )~(~ah,  perA(k/t))(~a~tpera(k/*)) 

=(~.~a~,pera(k/t)l an, perA(k/s)q-a,,perA(r/s) > ak, perA ahtperA =-per '  A, 
\ k l k~r 

where  the s t r i c t  inequality follows f r o m  the inequali t ies per  A( i / j )  > per  A, a r t  > 0, per  A{r /s )  > per  A, per  A > 
0. The obtained contradict ion proves  T h e o r e m  2. 

7 ~ F r o m  London's  r esu l t s  [6] [see inequali t ies (1)] and T h e o r e m  2 we obtain the following proposi t ion.  

Propos i t ion  2. If A is a minimiz ing  ma t r ix ,  then equali t ies (2) hold for  A. 

F r o m  Propos i t ions  1 and 2 there  follows the val idi ty of T h e o r e m  1. 

The proof  of s t a t ement  b) of [5], given in 3 ~ is ,  in our  opinion, somewhat  tedious and compl ica ted  (the 
complex i ty  of the const ruct ion ,  the l imit ing p r o c e s s ,  etc.}. In the following section we give another  shor t  
geomet r i c  proof  of this s ta tement .  This proof,  with the use of Proposi t ion 2 and of the geomet r i c  inequality 
(3) for  the permanent ,  allows us to obtain a more  t r anspa ren t ,  geomet r i c  proof of T h e o r e m  1. 
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8 ~ F i r s t  we prove 

Proposi t ion 3. (See [6], Lemma 1). Let 0 -< X _ 1, let A be a minimizing matr ix and for each ~, ] ~  t, n 
T the matr ix  A' = (a~, . , ' �9 an), where  a i = x a  i +  (1-?~)aj,  aj =?~aj + (1-?~)a l a n d  a ~ = a  k (k ~ i ,  j). Then: a) 

A ' ~ D , ;  b)  p e r A '  = perA;  c) A' sat isf ies  the equalities (2). 

The condition a) is obvious; condition b) follows direct ly  f rom the mult i l ineari ty and the s y m m e t r y  of 
the function p e r A  rela t ive  to the column vectors  of the matr ix A, f rom Proposi t ion 2 and f rom Eqs. (7), (8); 
condition e) follows at once f rom a), b) and Proposi t ion 2. 

Now we show that if A is a minimizing matr ix,  then A = Jn. Clear ly ,  the matr ix  A cannot be  (to within 
a permuta t ion  of rows and columns) a matr ix  of the fo rm 

o)  
where  A . - l ~ . - ,  ; in this ease ,  according to Proposi t ion 2, pe rA  = p e r A ( 1 / i )  = 0 (i = 2, . . . .  n), which is a 
contradict ion.  We fix some column of the matr ix  A, for  example the n- th  one, and we show that 

~ 

Making use of Proposi t ion 3, it is easy to see that the matr ix A can be t ransformed in n - 2 steps into the 
matr ix B = (bl, . . . .  bn_1, an), sa t isfying the proper t ies  a)-c) of Proposi t ion 3 and such that the elements of 
its f i r s t  row, excluding perhaps am, are  equal among themselves .  We set  d =(a l l  + . . .  + am_ 1)/(n - 1) and 
al+~= rain ax+, a~+~= max a,,, ~,=(d--a,+~)/(a~+,--a~,~) < t. With the aid of the t ransformat ion  f rom Proposi t ion 3 

l~i4~n--I Igigft--i 
T 

for  i = il, j = i2 we obtain a~i 1 = d, etc. We note that the mentioned t ransformat ion ,  applied to the f i r s t  n -  1 
columns of the matr ix  B, does not change the elements of the f i r s t  row. Applying the same process  to the ele-  
ments of the second row, we achieve that its e lements ,  excluding perhaps a2n, will be equal among themselves ,  
etc. As a resu l t  one obtains a matr ix  C = (Cl,. �9 �9 Cn-1, an) in each row of which the f i r s t  n - 1 elements are  
equal among themselves  (and positive) and the matr ix  C sat isf ies  the conditions a)-c) of Proposi t ion 3. F r o m  
the condition of the s t r i c t  equality in (3) C ~ ~,  it follows immediate ly  that c t = . . .  =Cn-~ = an, i .e. ,  A = Jn- 
The proof is concluded. 

9 ~ The permanent  a r i ses  in the solutions of a se r i e s  of important  mathematical  and physical problems 
[2], making use of its fundamental cha rac te r i s t i c  proper ty ,  namely it gives the number  of sys tems  of dist inct  
representa t ives  of sets�9 In spite of the wide applicability of the permanent ,  there exist difficulties related to 
its computation and in connection with this there follows the impor tance  of the est imation of the permanent  for  
c lasses  of matr ices �9  In this c i r c le  of quest ions ,  van der  Waerden 's  problem occupies a key position�9 F r o m  the 
s ta tement  of +the lemma,  f rom our  proofs of Theorems 1 and 2 and f rom the validity of the van der  Waerden 
and the M a r c u s - N e w m a n  conjec ture ,  there  follows the validity of a se r ies  of s tatements  which have ar i sen  in 
connection with the at tempts of sett l ing these conjectures  and their  general izat ions (see [2], Sec. 8.4). These 
resu l t s ,  together  with the descr ipt ion of the geomet r ic  cha rac te r i s t i c  of the permanent  as Minkowski's mixed 
volume, the natural general izat ion of the van der  Waerden conjecture  to the multidimensional case  and to 
mixed volumes,  lower bounds for  some combinator ia l  functions,  other  than the permanent ,  will be considered 
in the future�9 Current ly ,  we can formulate  a co ro l l a ry  to Theorem 1 in which we obtain lower bounds for  c e r -  
tain combinator ia l  quantities which admit a representa t ion  in t e rms  of the permanents  of block doubly s tochast ic  
mat r ices  of 0 and 1�9 These es t imates ,  stated ea r l i e r  by other  authors (see [2], Sec. 8�9 [7, 8]), improve in an 
essent ia l  manner  the known es t imates .  

COROLLARY�9 Let L(r ,  n) be the number  of Latin rec tangles ,  r --< n, and let L(n, n) be the number of 
Latin squares  of o rde r  n; let N(v) be the number  of non- isomorphic  Steiner  tr iple sys tems  of o rde r  v; let ~l 
be the key constant  in the d-dimensional  d imer  problem�9 Then 

r - - I  

L (r, n) >~ (n!)' n "(l-T) I I  (n --  t)% 
f = l  

L ( n, n) ~ (hi) ~n n-n~; 

N (v) ~ (e-~v) ~/e 
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and for each a > 0 and for sufficiently large v we have 

N (v) ~ ((3-'/*e-~ --  e) v)'/e; 

).a ~ "T log d - -  0,153.  

Since [12] 

and [7] 

N (v) 4 (e-,z,@m 

i 
~ < - ~ -  In d, 

it follows that for v--* ~ we have 

and for  d ~ ~ we have 

InN(v) cc(v~/6) In v 

2~ ~ t/2 In d. 
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