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In the present note we consider a sequence of independent random matrices ~ ~' ~r aImost 
1 

surely, and we study the question of the continuity of the distribution function of the element in the right upper 

corner of the infinite product of these matrices. 

We write 

Then  Cn = 71 + ~2~1 + �9 �9 �9 + Vn~l �9 �9 �9 ~n-1, and i f  a s  n - -  ~ the s e q u e n c e  of  r a n d o m  v a r i a b l e s  Cn c o n v e r g e s  
in  p r o b a b i l i t y ,  then  we deno te  the l i m i t  by 

+ = ~ 1 + ~ , ~ 1 +  . . .  + ~ , % . . .  ~.,-1+ . . . .  

One has  

THEOREM 1. The  fo l lowing  a s s e r t i o n s  a r e  e q u i v a l e n t :  

1) t h e r e  e x i s t s  a n u m b e r  S O such  tha t  P { ~  = S 0} > 0; 

2) t h e r e  e x i s t s  a s e q u e n c e  of n u m b e r s  { S n } ~  s u c h  tha t  

~z 

]-I v{~+~.s,=s,_~}>o (1) 

and the random var iab le  PnSn converges in  p robab i l i t y  to zero as n ~ % 

Proof .  A s s e r t i o n  1 fo l lows f r o m  A s s e r t i o n  2. In fact ,  f r o m  (1) i t  fo l lows that 

lira P { ~ .+~ .  S.=S0 }> H P{-,~.+~.S,=S._,}>O- 

Since  the r a n d o m  v a r i a b l e  ~n + PnSn c o n v e r g e s  in  p r o b a b i l i t y  to the r a n d o m  v a r i a b l e  r a s  n - -  ~ ,  one a l s o  has  

P { ~  = s0}-> 0. 

We s h a l l  p r o v e  tha t  A s s e r t i o n  2 fo l lows  f r o m  A s s e r t i o n  1. L e t  P{ '~ = S 0} = c~ > 0, so  fo r  any  e > 0 one 
c a n  f ind a 5 > 0 s u c h  tha t  

P { l + - S 0 [ < 2 8 } < a + ~ ,  (2) 

and by virtue of the convergence in probability one can find a natural number n' - n'(s) such that for n > n' 

p { [ d / _ ~ . i >  8 } = p  { !p.~. i ~> ~}<% (3) 

w h e r e  
"7- 

. �9 . . . . .  "z-n +R- I" 

I t  fo l lows  f r o m  (2) and  (3) tha t  

p{l+_So!<8}<~p{]+-+.i>>.~}+p{i+-So <28}<~+2~ (4) 

for n > n'. 
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Now 

~ = e { + = s 0 } . < ~ e [ + o + p . s : : s 0 ,  p~176  + - + .  >8};  

so one can  find a n u m b e r  Sn such  that  

It  is  easy  to see  that  

and hence 

~.~ = e {,0,, + ~, = s0 ,  p~ & i < 8 } > ~ . -  ~--. 

{,,,-s~- 0~' u { +.+0. s .=s0,  i,~.so: <~ }<{, +-+o, >_-s } u { +, ,-& <~ ; 

(5) 

p{ ,~-,+~ > a }+e  {,~.- s0 < a }>v [+-=&}+ 

+ P { ' ~ . + ? . S . = S 0 ,  ? . S . b < 8 } - P ~ ' = S 0 , ,  L~ <,'~. +P.S.=Su,  !?.S.i<8}.,  (6) 

Since the events  {~ = So, ~n +PnSn = So} and {~n +PnSn = So, ~n = Sn} co inc ide ,  it  follows f r o m  (3)- (6) that  

or 

P [ + . = S . } >  ~ " - 3 ~ - > 1 -  3_~ (7) 

for n > n', if only the number a is sufficiently small. 

Now from (7) follows the existence of a monotone increasing sequence of natural numbers {nk} ~ such that 

,' - s  ~ } > 1 - > ~ + - ; .  (8) P{'/"k-- ~k' %k+,=S"k+l 

TO conclude  the proof of the t h e o r e m ,  we need an  a u x i l i a r y  a s s e r t i o n .  We w r i t e  p(j, n) -- ~j+l. �9 �9 ~n, $(J, 

n) = ~j+i + ~j+2~j+l + �9 �9 �9 + 7?n~j+1 �9 �9 �9 ~n-1. 

LEMMA 1. F o r  any r e a l  n u m b e r s  a 0 and a n 

where  m N )  is the m e d i a n  of the r a n d o m  v a r i a b l e  X. 

The proof of the l e m m a  r e p e a t s  the proof  of the ana logous  a s s e r t i o n  for  the s u m  of independen t  v a r i a b l e s  
and we omi t  it ,  

By v i r t ue  of L e m m a  1 and (8), there  ex i s t  r e a l  n u m b e r s  Sn for n > n 1 (and n ~ n k) such  that  

P ( Q (j ,  nk) + p (j .  n~) Sj = S .  k, j = nk + 1 . . . . .  nk+a } > 1 - 2 { # (nk, nk+ ~) + 9 (nk, nk + ~) S.k+ * # S .  k } > 1 - -2V. 

Since the event on the left side of the preceding inequality coincides with the event 

{~j+ ~j Sj = S~_,, j = n , + l  . . . . .  n,},  

we get that  

(9) e{~j+~jsj=sj_,, a=,~+l, ~+e .... }>I -~ =g~=i-~. 
k~,l 

From the equation i~{~ = S 0} = ~ and (8) it follows that 

e{+o~+p.,&,=So}>O, 

so one can  find cons tan t s  S k for k < n t such  that  

P{~j§ j =  1 . . . . .  n,}. (10) 

F r o m  (9) and (10), we get  (1), and the s econd  p a r t  of A s s e r t i o n  2 follows f r o m  the fol lowing i nequa l i t i e s  

v{l~.s.!>a}<.v{~.#&}+v{l~.~.:>~}-~o 
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as n ~ ~ by v i r t u e  of the c o n v e r g e n c e  of the s e r i e s  ~ in  p robab i l i t y  and the i nequa l i t y  

e { ~ . = s , } > e { ~ s + ~ j s j = s j _  ,, j = ~ + l  . . . . .  ~,} e{~.~=s. ,}~!  fo~ ,~-,oo, 

where  nk_ 1 < n -< n k. The t h e o r e m  is proved.  

The fol lowing example  shows that  one canno t  r e l i n q u i s h  the cond i t ion  "PnSn c onve r ge s  to z e r o  in  p rob -  
ab i l i t y . "  Let  8n = S, n = 0, 1, 2 . . . . .  s a t i s f y ( D ,  and the s e r i e s  ln r  + l n r  j + . . . conve rge  and have con -  
t inuous  d i s t r i b u t i o n  funct ion.  It follows f r o m  (1) that  

m 

P {  . . .  
j = I  

as n - -  ~ u n i f o r m l y  in  a l l  n a t u r a l  m,  so  the d i s t r i b u t i o n  of the r a n d o m  v a r i a b l e  ~b wi l l  be con t inuous ,  i . e . ,  A s -  
s e r t i o n  1 wi l l  not be s a t i s f i ed .  

I f i n t h e p r e e e d i n g e x a m p l e i t i s  a s s u m e d t h a t  the r a n d o m  walk  ln~l + . . . + In~ n, n = 0, 1, 2 . . . .  , o s c i l -  
l a tes  be tween  + ~  and -0% and P { l n ~ l  + . . . + in~ n < A } - -  1 for  a l l  r e a l A  (ef. [3]), then the r a n d o m  s e r i e s  
wi l l  c o n v e r g e  in  p robab i l i t y ,  but a l m o s t  s u r e l y  d ive rge .  

T h e o r e m  1, as wel l  as i ts  proof ,  is an  e x t e n s i o n  to a m o r e  g e n e r a l  e a se  of the w e l l - k n o w n  t h e o r e m  of 
Levy [2] for s e r i e s  of i ndependen t  v a r i a b l e s .  

A n  ana logous  a s s e r t i o n  a l so  ex i s t s  for  the p roduc t  of r a n d o m  affine t r a n s f o r m a t i o n s  of a f i n i t e - d i m e n -  
s iona l  space .  Le t  Il  k be k - d i m e n s i o n a l  E u c l i d e a n  space  (of c o l u m n - v e c t o r s ) ,  as before  {(~j, ~j))F is a s e -  
quence  of i ndependen t  r a n d o m  e l e m e n t s ,  he re  ~j a s s u m e  va lues  in  1R k, and ~j i n  the group of a l l  r e a l  i n v e r t i b l e  
k x k m a t r i c e s ,  and the s e r i e s  ~ = Wl + ~1~2 + �9 �9 �9 + ~ �9 �9 �9 ~n-l~n c o n v e r g e s  in  p robab i l i t y .  In o r d e r  not to c o m -  
p l i ca te  the f o r m u l a t i o n  of the fol lowing t h e o r e m ,  points  and l ines  of the space  I lk  wi l l  be ca l l ed  p l a n e s ,  as wel l  
as p lanes  of l a r g e r  d i m e n s i o n s .  

THEOREM 2. The fol lowing a s s e r t i o n s  a r e  equ iva len t :  

I) there exists a plane E o inil k such that 

p{+~&)>0;  

2) the re  ex i s t s  a s e q u e n c e  of p lanes  {En}  o in  R k such  that  

m 

n = l  

and for  any ne ighborhood V of z e r o  in  the space  tt k 

The  proof  of T h e o r e m  2 d i f fe rs  s l igh t ly  f r o m  the proof  of T h e o r e m  1, so we sha l l  omi t  it. We sha l l  
m e r e l y  ind ica t e  c e r t a i n  d i f f e r e n c e s .  At  the beg inn ing  of the proof  of the fac t  that  A s s e r t i o n  2 follows f r o m  
A s s e r t i o n  1, i t  is n e c e s s a r y  to f ind  a plane E'= R k and a n a t u r a l  n u m b e r  n o such  that P{~-n 0 e E ' }  > 0, but for  
a l l  n > n o and a l l  p l anes  E ,  whose  d i m e n s i o n  is s t r i c t l y  less  than the d i m e n s i o n  of E ' ,P{~- . sE}=0 .  Without  loss  
of g e n e r a l i t y ,  one can  a s s u m e  that  n o = 0 and E '  = E 0. Now we give the bas ic  inequa l i ty  ana logous  to (6) 

P{+GE0, +.+~.E.=Eo, p.E. cEg-Eo}+P{+.~Eao }+ 

+p{+-~b.r =Eo, p.E. cE~-Eo}, 

w h e r e  

E~o=(XJX~R k, !xl.<a}+&. 

Also ,  we give wi thout  proof  a l e m m a  which in  the m u l t i d i m e n s i o n a l  case  is s o m e w h a t  d i f f e r e n t  f r o m  
L e m m a  1. 

LEMMA 2. Suppose for  s o m e  planes  E n  and E0, whose d i m e n s i o n s  co inc ide ,  one has 

P{ + . + o . E . = E o } >  1 - ~ > 0 .  

Then  one can  find p lanes  El ,  E 2 ,  . . . ,  En_ t such  that  

281 



P ( ~ j + ~ j E j = E j _ ~ , j = I  . . . . .  n ) ~ > l -  ] - ~ - .  

In conclusion,  we note that the p rob lem of the continuity of the dis t r ibut ion of the s e r i e s  $ a ro se  in the 
study of the asympto t ic  behavior  of the product  of r andom l inear  t r ans fo rma t ions  of the line (cf. [1, 4, and 5]). 
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S T R O N G  y - V A R I A T I O N  A N D  R s - V A L U E D  R A N D O M  M E A S U R E S  

N. K a l i n a u s k a i t e  UDC 519.21 

In the p resen t  paper  we genera l i ze  the t heo rem of Blumenthal  and Getoor  [1] on s t rong  ~ -va r i a t i on  of 
s tochas t ic  p r o c e s s e s  with independent i nc remen t s  to the case  of r andom m e a s u r e s  with values in R s ,  s -> 1, 
defined on the Borel  ~ -a lgeb ra  of subse t s  of a compac t  me t r i c  space .  

Let  9( be a compac tum with met r ic  p, 2 be the ~ - a l g e b r a  of  its subse ts  genera ted  by open bal ls .  

The Eucl idean no rm in the space  Rs ,  s -> 1, wi l lbe  denoted by I �9 1, and the s c a l a r  product  by ( . ,  �9 ). 
Eve rywhe re  below d(A) is the d i am e t e r  of the se t  A cqC in the me t r i c  p. Let  ~ :~  • ~2-~R~, s/> l, be a homogeneous 
r andom measu re  for which 

Eei (~, ~ (A)) = exp { -- m (A) + (z) }, z ~ R,,  A e 2 ,  (1) 

where  m : ~->[0, ce) is a nonatomic bounded r egu la r  m e a s u r e ,  ~(z) is the logar i thm of the c h a r a c t e r i s t i c  func- 
tion of an infinitely divis ible  law, viz. :  

+(z)= ,( (ei(~'")--[ i(z,u) ~ v(du); (2) 
l u l > O  

u is a m e a s u r e  on Rs ,  sa t is fying the condition 

i,(.<l 
d 

The exis tence  of such r andom  m e a s u r e s ,  thei r  d is t r ibut ions ,  etc. a r e  cons idered  by P r e k o p a  [3-5]. 

Definition. By the s t rong  y - v a r i a t i o n  of the m e a s u r e  ~ is meant  the quantity 

VC4)(~)=sup ~ ]~(A,)iv, y>0,  (3) 
Tt 

i 

where  the s u p r e m u m  is taken over  all  finite par t i t ions  ~ of the compac tum qC into dis joint  se ts  f r o m  2.  

We wr i te  

dim~=inf{y>0:Vr s) (~) < ~ ) .  
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