
where  

Since e can be a r b i t r a r i l y  se l ec ted ,  we have proved (7)o This  comple tes  the proof  ef the lemma.  Equa-  
tion (8) can be proved in the same  way. 

In conclusion the author  e x p r e s s e s  his grat i tude to Yu. F. Boz i sov  fo r  usefui  r emarks~  
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CRITERIA FOR THE REMOVABILITY OF S E T S  IN SPACES 

OF L~ Q U A S I C O N F O R M A L  A N D  Q U A S I - I S O M E T R I C  M A P P I N G S  

S. K. V o d o p ' y a n o v  and V. M. Go[:dshtein UDC 517o544+517.511 

The p rob lem of removable  s ingular i t ies  cons idered  in this pape r  a r i s e s  in the work  of AhLfors a~d 
Beurl ing [1]. 

In [i] they considered removable sets in the class AD(G) of functions ~hat are analytic in a plane vegioa~ 
with finite Dirichlet integral 

Within the region 0 ,  a re la t ive ly  closed set  E c: G is r emovab le  in the c lass  AD(O) if any of t, he faacgtons 
u ~ AD(G\E) is continuabie to a function ~ ~ AD(G). 

The class of all such sets (NED-sets) was described in [i] ~n terms of extrema! Lengths for families of 
curves joining two continua F0, F i in the region G; the extremaL Length of a family coincides with the conformal 
capacity of the pair F0, F i with respect to G [2]. 

We will  use the concept  of (1, p)--capacity C l , p ~ 0 ,  F1; G) for  a pa i r  of contimm F0, F 1 Lying i~ a region G 
of Euclidean space  Bn,  

C1,p (Fo, F1; G) = inf t'l Vulvdx. 

The infimum is taken over  al l  continuous functions u equa[ to z e r o  on F 0` to one on. F1, and having a finite 
Dir ich[e t  in tegra l  

G 

In plane reg ions ,  (1, 2) -capaci ty  coincides with coa fo rma[  capaci ty .  

F o r  a region G ~ -  R 2 a re la t ively  closed set  E is a n N E D - s e t i f a n d  only if for  any pa i r  of continua F0, 
F 1 ~- G,C~2(F0~F1; G ~ E )  = C~,2(F0, El; G). 

F o r  any pa i r  F0, FI ,  the {i, 2) -capaci ty  is attained fo r  a function (an extrerna[) .  The e x t r e m a [  function 
is harmonic in G\ (F 0 U Ft U E). Therefore, the set E ~ NED if and only if any of the extremal functions can 
be continued from G \  E to G without decreasing the Dh'ichlet integral 

The class NED is removable for plane quasiforma[ mappings [I, 3]. 
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In both the removabi l i ty  p rob l ems  descr ibed  above,  the fundamental  difficulty is to prove the ex ismnce  
of genera l ized  f i r s t  de r iva t ives  in the full region. T h e r e f o r e ,  it s eems  na tura l  to us to pose the p rob lem of 
removabi l i ty  for  spaces  of functions that have genera l ized  f i r s t  de r iva t ives .  

In a region G c R n we cons ider  the space  I~(G) of locally integrable  functions possess ing  genera l ized  
f i r s t  de r iva t ives  with in tegrable  p - th  power  p > 1. In I~(G) we introduce the s e m i n o r m  

]]u"L~(a) = (!  ' Vu 'P dx) lip. 

Regions G1 and G2 (G1 ~ G2) a re  cat ted (1_, p)-equivalent  if the r e s t r i c t i on  ope ra to r  | I~(GD - -  L~(G2) 
(| = UlG2 ) is an i s o m o r p h i s m  between the vec to r  spaces  L~(G1) and L~(G2). 

Regions  G1 and G 2 a re  (1,p)--equivalent if any function u ~ L~(G2) can be continued in a unique way to a 
function t~ ~ L~(G1). 

A c r i t e r i o n  fo r  the (1, p) -equivalence  of regions G1 and G 2 is the m e m b e r s h i p  of a se t  E ~ G I ~ G  2 in the 
c l a s s  NCp in the region G1 ~fheorem 3.1). 

Definition of the Class  NCp. In a region G a re la t ive ly  closed set  E is called an NCp-se t  if for  any pa i r  

of continua Fo, F 1 ~ G \ E, CI,p(Fo, F1;G \ E) = CI,p(F o, F1; G). 

The fundamental  p r o p e r t i e s  of NCp-se t s  a re  s imple  consequences  of this c r i t e r ion .  F r o m  them we note 
the local izat ion pr inciple :  A set  E ~ G is an NCp-se t  in the region G if and only if it is an NCp-se t  in any bal l  
B ~ G .  

On the plane,  the c l a s s  ] q C  2 coincides exact ly  with NED, i .e . ,  the removab le  se ts  for  the c l a s s e s  AD of 
quas i con fo rma l  mappings and the space L~ a re  one and the same .  In the case  of dimension n > 2 and the c l a s s e s  
analogous to AD, the removable  se ts  a re  s m a l l e r  than those fo r  the space Lln and a lso  s m a l l e r  than those fo r  
the c l a s s  of quas i con fo rma l  mappings  [4-6]. 

The c r i t e r ion  given above fo r  (1, p)--equivalence of regions is a consequence of a theorem on a p p r o x i m a -  
l 

ring an a r b i t r a r y  function v ~ I~o (P > 1) to any des i red  degree  of accuracy  by l inear  combinat ions  c o -- ~ c~,~ 

of e x t r e m a l  functions for  (1, p ) -capac i ty ,  whose gradients  have pa i rwise  disjoint  support  f f h e o r e m  1). 

The approx imat ion  theo rem presented  in Sec. i is the fundamental  r e su l t  of this paper .  

The resu l t s  of Sec. 1 c a r r y  over  to the space Wb(G) in the case  of a bounded region G. 

We a s s u m e  that fo r  a h o m e o m o r p h i s m  r  --*G' of regions G, G '  ~- R n and any pa i r  of continua F 0' F I ~  
G the following inequali t ies  hold 

K-'C~, ~(Fo, F~; G) <~CL p(cg(Fo). 9(F~); G') <_gc~. v(Fo, F~; G). (*) 

where  the constant  K does not depend on the choice of continua. The h o m e o m o r p h i s m  ~p is then called quas i -  
con fo rmaI  fo r  p = n, and q u a s i - i s o m e t r i c  fo r  p r n, p > 1.~ The least  of the poss ib le  coeff icients  K in the 
inequali t ies  (.) is cal led the d is tor t ion  coeff ic ient  q@) for  the mapping ~. 

It is wel l  known that each quas iconformal  (quas i - i somet r ic )  homeomorph i sm  q~: G ~ G'  genera tes  a 
bounded ope ra to r  r  L~(GI) - -  L~t(G) (L~(G') - -  L~(G), p > 1) by the formula  @*f)(x) = f@(x)). 

In Sec. 2 we prove  a r e su l t  that  al lows us to compute the norm of the ope ra to r  ~v* exact ly .  

In Sec. 3 we der ive  some p r o p e r t i e s  of NCp-se t s .  In Sec. 4 we es tab l i sh  theo rems  on removabi l i ty ,  of 
NCn-se t s  fo r  quas iconfo rmal ,  and NCp-se t s  fo r  q u a s i - i s o m e t r i c  mappings.  

The removabi l i ty  of compac t  NCn-se t s  fo r  quas i confo rma l  mappings  is proved by the modulus method 

f r o m  [8]. 

The s tandard t heo rem s  on removabi l i ty  for  quas i confo rma l  mappings  [5, 6, 8] a r e  pa r t i cu l a r  cases  of 

the t heo rems  given in Sec. 4. 

The r e su l t s  in Secs.  3 and 4 were  announced in [9]. 

~We use the s tandard  definition of a q u a s i - i s o m e t r y  [7]. 
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1. A N  A P P R O X I M A T I O N  T H E O R E M  

A B A S I S  OF E X T R E M A L  F U N C T I O N S  IN L ~ ( G )  

1.1. P r e p a r a t o r y  Reduction. The C l a s s e s  Ep(G) and Ep(G). In a region G ~ Ra we cons ider  two a - d i -  
mens iona l  se ts  F 0 and F i ,  re la t ive ly  closed with r e spec t  to the region G. In addit ion,  we a s sume  that there 
ex is t s  a continuous function f rom the c lass  L~(G), equal  to 0 on F 0 and 1 on Fi. 

~.Ll,(F0, Fi ;  G) is the set  of those functions u ~ L~(G \ , (F 0 @ Fi) ) such that the fuact ioa ~ :G  - - R  The space 
equal  to u on G \  ('2" 0 U F1) and ze ro  outside the G \ (F 0 [J F i) belongs to the space L~(G). 

The Dir ichle t  P rob l em .  To  minimize  the in tegra l  

i" I v (f -~- ~) I T dz, 
G~,(/~0L F1) 

where  u ~ ~oW0, F1; G). 

T h e r e  ex is t s  (cf., e .g . ,  [10]) a unique function v ~ f + ~ ( Y  0, Fi;  G) such that  

( IVL Fdx = inf I } V (/.+ ~t)Fdx, 
G",(I:'.oF1) ~I,(Fo,F,;G ) G',, (/~oU y l  ) 

The function v is continuous and monotone in the region G \ ( F  0 U Ft). Its behav io r  nea r  the boundary of 
the se ts  F 0 and Fi depends on the s t ruc tu re  of the boundary.  

We extend the function v to be ze ro  on F 0 and one on Fi. The extended function will be called e x t r e m a I  
fo r  the (1, p ) -capac i ty  of the pa i r  of continua F0, F1 in the region G, or  s imply  e x t r e m a l  where  this will  not 
lead to confusion. The e x t r e m a l  function belongs to the c l a s s  L~(G). 

If aF 0 P. G and 0Fi G a re  smooth manifo lds ,  then the e x t r e m a i  function is continuous in the region G 
[111. 

Throughout  this pape r  we will understand the Dir icMet  p rob lem to mean  only the p rob lem descr ibed  
e a r l i e r .  

We will  be in te res ted  in two c l a s s e s  of continuous e x t r e m a I  functions Ep(G) and Ep(G). 

!)  Ep(G) is the se t  of e x t r e m a l  functions for  0-, p)--capacity for  al l  poss ible  pa i r s  of n -d imens iona l  con -  
nected compac ts  F0, F1 ~ O possess ing  smooth boundary.  

2) Among the e x t r e m a l  functions for  the (1, p)--capacity of pa i r s  of closed (relative to the se t  G) se ts  F0, 
F1 with smooth boundary,  in the c lass  Ep(G), two conditions stand out: 

a) for  each function u ~ Ep(G) and any number  0 < a < 1 the se t  u - l ( - ~ ,  a) is connected; 

b) the set  u - l ( a ,  +~)  is connected.  

LEMMA 1.1. The set  Ep(G) is dense in Ep(G) in the sense  of convergence  in L~(G). 

LEMMA 1.1,. T h e r e  ex is t s  a countable se t  of functions vi ~ Ep(G), i = 1 , 2  . . . .  dense in Ep(G). 

P r o o f  of L e m m a s  1.1 and 1.1,. 

I. If  there  ex i s t s  in Ep(G) a countable e v e r y w h e r e  dense se t ,  then I_emma i.1~ follows f rom Lemma 1.1. 

We cons ider  the col lect ion of a l l  polynomials  P :R n ~ R  with ra t ional  coeff ic ients .  F o r  each  polynomial  
we choose in R the countable eve rywhere  dense se t  A of r egu la r  values .  The col lect ion ~ of (n - 1 ) -d imen-  
s ional  manifolds fo rming  the connected components  of the p r e - i m a g e  P- i ( t ) ,  t ~ A, i s  countable,  

In Ep(G) we f o r m  the set  of al l  functions v,  e x t r e m a l  fo r  al l  poss ible  pa i r s  (F0, F~) whose boundar ies  
belong to 9l. The set  g of such functions is countable.  

If u ~ Ep(G) is an e x t r e m a l  function for  the pa i r  (F0, F1), then 8F0, 8F1 a re  smooth manifolds.  They a re  
level  su r f aces  of smooth f ini te-valued functions. By W e i e r s t r a s s  v t heo rem there ex i s t s  a pa i r  of  manifolds 
M0, M I ~ I  that lie sufficiently c lose  to OF 0, OF i. A theorem on the continuity of capaci ty  [12] al lows us to 
conclude that ~ is eve rywhe re  dense in Ep(G). 

II. We choose a function v f rom the c l a s s  Ep(G). We fix e ~ (0, 1 / 2 ) .  The function vs  = {mini1  - ~, 
max @, v)] - e} / (1  - 2 s )  is e x t r e m a t  fo r  the pa i r  of connected compac t s  F0, s = v - i [0 ,  el,  FI, e = v - l i t  - e, 1] 
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T h e r e f o r e  we c a n  c o n s t r u c t  two s e q u e n c e s  {F~,e}, m , {F1, e} of n - d i m e n s i o n a l  connec ted  c o m p a c t a  with s m o o t h  
m ml 

b o u n d a r i e s ,  " exhaus t ing"  F0, ~ and F~, e in the fol lowing s e n s e :  a )  Fi,  e ~ F i  f o r  a l l  m -> 1 i = 0, 1; fl) Fi,  e ~ 
m 2 m �9 . 

Fi ,  E f o r  m~ _< m2; ~) ~ Fi ,  e D In tF i ,  e ,  i = 0 , 1 .  

m m 
The  func t ions  vv a r e  con t inuous ,  take the va lue  z e r o  on F0, e and the value one on F h s f o r  a l l  m. 

(Fm , m T h e r e f o r e ,  the D i r i c h l e t  p r o b l e m  f o r  the p a i r  ~, e FL ~) is  so lvab l e  and the e x t r e m a l  funct ion Vm b e -  
longs  to the c l a s s  Ep(G).  

The  fol lowing inequal i ty  is obvious  

IlVv,,l~)dx<(lVv~I"dx, r e = l , 2  . . . .  
b 

The  s equence  {Vm} is  bounded in LD(G). We c a n  a s s u m e  tha t  it c o n v e r g e s  weak ly  to s o m e  funct ion  u 
L~(G). The  l imi t  funct ion is equa l  to one on I n t F h e  and equa l  to z e r o  on IntF0,  e. By a l e m m a  on s e m i - c o n -  
t inui ty  (cf.,  below) we have  

( 1 V u l ' d x ~ - ~ l i m  i lVvml~'dx. 

I t  fo l lows f r o m  (1), (2) that  

i! :~ui')dx~ i'lV~I"dx. 

Since the so lu t ion  of the D i r i c h l e t  p r o b l e m  is unique,  v e = u. The  sequence  {Vm} c o n v e r g e s  to the f u n c -  
t ion v e w e a k l y  and ii~.,lIL~(.)--~!iv~il~eG > , t h e r e f o r e  Vm c o n v e r g e s  to ve  in L~(G) (cf. ,  L e m m a  1.2). It  is  obvious  

tha t  [i v~ - -  v tJ L~(~) -~ 0 f o r  ~ ~ 0. 

T h u s ,  f o r  e a c h  funct ion v ~ Ep(G) we c a n  c o n s t r u c t  a sequence  of so lu t ions  f r o m  Ep(G) ,  c o n v e r g i n g  in 
L~(G) to the funct ion v. 

In  the p r o o f  we m a d e  use  of the fo l lowing [ e m m a :  

Suppose  tha t  a s equence  of funct ions  {Vm ~ L~(G)} c o n v e r g e s  weak ly  to a .- L e m m a  on Semicon t inu i ty .  
func t ion  v ~ L~(G). T h e n  

(1) 

(2) 

( i v v l P d x ~ l i m  i~lVvmiPdx. 

P r o o f .  If we take the f a c t o r  s p a c e  of I~ (G)  wi th  r e s p e c t  to  s u b s p a c e  of iden t ica l ly  cons t an t  func t ions ,  

the r e s u l i s  is a B a n a c h  s p a c e .  

T h e  inequal i ty  then b e c o m e s  a w e l l - k n o w n  p r o p e r t y  of the n o r m  f o r  a Banach  space .  

COROLLARY.  Suppose  tha t  the sequence  {Vm ~ I~(G)} is bounded in I~ (G)  and c o n v e r g e s  a l m o s t  e v e r y -  
w h e r e  to  the funct ion v ~ I~ (G) .  T h e n  t h e r e  e x i s t s  a s u b s e q u e u c e  {vm k} of the sequence  {Vm} tha t  c o n v e r g e s  
w e a k l y  in L~(G) to  the funct ion v. In addi t ion  the fol lowing inequal i ty  holds  

!] T v [ '  d x < l i m  .I[Vv,,~lPdx. 
b m-~r 6 

P r o o f .  Since the sequence  {Vm} is  bounded,  we can  s e l e c t  f r o m  it a weak ly  c o n v e r g e n t  subsequen t  
{vmk}. By an e m b e d d i n g  t h e o r e m ,  the sequence  {vmk} c o n v e r g e s  to i t s  w e a k  l imi t  u in Lp in any ba l l  ]B (B 
G). T h e r e f o r e ,  we may  a s s u m e  tha t  vmk- - "  u a l m o s t  e v e r y w h e r e ,  i . e . ,  u = v. The  inequal i ty  fol lows f r o m  the 

l e m m a  on s e n [ c o n t i n u i t y .  

LEMMA 1.2. If the sequence  {Vm}, Vm ~ L~(G) c o n v e r g e s  weak ly  to the funct ion v and i~,U,~[IL~--~'IIV!iL~, 
then v m c o n v e r g e s  to v in L~(G). 

F o r  the p r o o f  it i s  suf f ic ien t  to note tha t  the f a c t o r  space  L~(G),  p > 1 ,wi th  r e s p e c t  to the ident ica l ly  

c o n s t a n t  func t ions  is un i fo rmly  convex.  

Let  F0, F1 ~- G be two c losed  s e t s  f o r  which  the D i r i c h l e t  p r o b l e m  is so lvab le  in L~(G). 

We a s s u m e  tha t  F 0 m a y  be r e p r e s e n t e d  in the f o r m  of a countab le  union of d i s jo in t  n - d i m e n s i o n a l  se t s  

{F0, i ~ G},  i = 1 , 2  . . . . .  c losed  wi th  r e s p e c t  to G. 
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It is c lea r  that fo r  any pair  F~, . . . . .  II F , ~ .  F~ the Dir ichlet  problem is solvable in (G). 

LEMMA 1.3. The extrema[  functions v k for  the pair  {F0,k, FI} converge ir~ L~(G) to an ex t remal  function 
v for  the pair  {F 0' F~}. 

The proof is analogous to the proof  of Lemma 1.I.  

1.2. THEOREM I. F o r  each function u ~ L~(G) and for  every  ~ > 0 there exists a l inear combination 
l 

c ~  of functions v k =-- Ep(G) satisfying the conditions 

b5 
h = l  

i: & II 

C ~ ;  h Lip(G) ~ B, 

l (3) 

We will c a r r y  out the proof  in severa l  stages~ 

A. It is sufficient to prove the theorem for  the c lass  C ~~ N L~(G), since this c lass  is everywhere  dense in 
L~{G) [13]. 

B. The Approximation of Smooth Bounded Functions f rom L~(G) by Piecewise Extremals .  The co~tcept 
of a piecewtse ex t rema[  function to be introduced below wilt only be used in t e p r o o o f  Theorem 1, 

In the region G we cons ider  open sets V 0 c V1 ~ . . . ~  V l. We assume that for  each pair  (~k-t, G~Vk)  
the Dirichtet  problem is solvable in L~(G), k = 1 , 2  . . . .  , l. 

The function v is called a piecewise ex t rema[  function, associated with the set V0, V1 . . . .  , Vl and the 
real  numbers  n o ,  a l  . . . .  , a l ,  if 

l 

t: ~ a o - 7  ~.~ ( a k  - -  a ~ _ ~ )  t~h, 

where v k is an ex t remal  function for the pair  (Vk_t, GXVk). 

To determine a piecewise ex t remal  function it is sufficient to give the choice of sets {Vk]~ and the choice 
of numbers  {ak}. A pieeewise ex t remal  function satisfies 

z 
c ~  L I - ( G ~  a n d  !!~:r; = ,' 

We fix a smooth bounded function f ~ L~(G) and a part i t ion ~- of the interval [ nfin / ( x ) .  max f(x)] by the 
. r ~ G  x ~ G  

real  numbers  minf(x) < ao < at < �9 �9 �9 < a! < maxf(x) where we require f - l (a i )  to be smooth manifolds. By 
Sard,s  theorem,  this condition is satisfied for  a lmost  all  values of the function f. 

The open sets V k = f - l ( _~ ,  ak ) form a monotone sequence. For  each pair  (Vk, G \,Vk) the Dir ichlet  
problem is solvable. There fo re ,  for  the choice of sets {Vk} and numbers  {ak}* we have the piecewise ex t r e -  

! 

mat function v~ = a~ T- ~ (al~ - ai ,_  :) ~'i~ �9 

In each of the open sets V k ~ T k _  1 the following inequality holds 

! tT~ '~ l~d~<(~ - -~ . - , )  -~ t" I vIt~'d~. 
' 2 _  

~'k\ ~'" I "VkXVh- - I  

There fo re ,  the following inequatity holds throughout the region G 

! ' I ~ 7 ~ . ' ~ ) d x ~  i l - - / I P  dx .  ,/4) 
b 

A sequence T m of parti t ions of the interval [min/(x}, max/(x) ] cor responds  to a sequence vm = VTm of 
piecewise ex t rema I functions, x ~ (~ .~ c- c 

*Here and throughout the proof of the theorem,  c losure  wilt  be understood relative to the region G. 
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It is c l e a r  f r o m  the c o n s t r u c t i o n  that  the p iecewise  e x t r e m a l  funct ions  sa t i s fy  

]](x)--v'~ I ~ d i a m  ~ ,  diam "~m=max[a , - -a~- l t .  
i = l , l  

In addi t ion ,  we a s s u m e  that  d i am T m ~ 0 f o r  m - -  ~. In this  ca se  the sequence  {Vm} c o n v e r g e s  un i formly  
to the funct ion f. The l e m m a  on s e m i c on t i nu i t y ,  inequal i ty  (4I, and I..emma 1.2 al low us to a s s u m e  that  the 
sequence  {Vm} c o n v e r g e s  to f in the space  L~(G), T h e r e f o r e ,  it is suf f ic ien t  to p rove  the t h e o r e m  fo r  p i e c e -  
wise  e x t r e m a  I funct ions .  

l 

C. The p iecewise  e x t r e m a i  funct ion v = a o  + ~ ( a ~ - -  a~<-i) v~ is given on a sequence  of open se t s  {Vk} 

each  of which  may  be wr i t t en  a s  a countable  union of connec ted  componen t s .  

We wish  to  show f o r  e v e r y  e > 0 the re  ex i s t s  a p iecewise  e x t r e m a l  funct ion v e sa t i s fy ing  the condi t ions  

a) " < e - ;  

b) the sequence  of open se t s  {V~-I} that  d e t e r m i n e s  v e c o n s i s t s  only of se t s  with a finite n u m b e r  of c o n -  
nected c o m p o n e n t s ,  t h e r e f o r e  the open se t s  G \ V ~  c o n s i s t  of a finite n u m b e r  of connec ted  componen t s  k = 
1 , 2 , . . . , l .  

The  p roo f  wi l l  p r o c e e d  by induct ion on the sequent ia l ly  c o n s t r u c t e d  se t s  Vk-1,  G \  Vk, k = 1, 2 . . . . .  l. 

We fix e > 0. 

The  Induct ion Assum pt i on .  We a s s u m e  that  the re  ex i s t s  a p iecewise  e x t r e m a l  funct ion u = a 0 + ~ (a~ --  
ak-1) uh sa t i s fy ing  the fol lowing condi t ions  k=L 

a) f o r  I -> q --> r > 0 the se t s  V~-~* and G \ V ~  c o n s i s t  of a finite n u m b e r  of connec ted  componen t s ;  

b) [Iv - -  u [ I L ~ ( ~  ) < ~(1 - -  r + l ) / I  . 

The Induct ion Base  r = l. We a s s u m e  that  the se t  G \ ' V I  c o n s i s t s  of a finite n u m b e r  of connected c o m p o -  

nents  Ui,  i = 1, 2 . . . . .  F o r  each  p a i r  V'z_,, ~ the Di r i ch l e t  p rob l em is solvable .  By Lemma 1.3 the 
i 

e x t r e m a l  funct ions  vl ,  j of these  p r o b l e m s  c o n v e r g e  to a funct ion v l in the space  ~ ( G ) .  

J~ --  I[ ~ ~,'2l (a~ - a l - t )  . We se t  V~ r equal  to G\U.=_ U i ,  w h e r e  J0 is so  large  tha t  ~vt,~0 --  v~ "c~c) 

We c o n s t r u c t  a new p iecewise  e x t r e m a l  funct ion with r e s p e c t  to the se t  V0, V~ . . . .  , V / - i ,  V} v a M  the 

n u m b e r s  a o, a l ,  . . . , a  l. 

It  is c l e a r  tha t l lv - -wl i  ~ < ~ 1 2 l  
�9 L p ( G )  " 

Now suppose  that  VI_ 1 c o n s i s t s  of a countable  n u m b e r  of connec ted  componen t s  Ui, i = 1, 2 . . . . .  F o r  

e a c h  p a i r  \( ~1U~. G \ V ~ ' )  the D i r i ch l e t  p r o b l e m  is so lvable .  By I . emma 1.3 the e x t r e m a l  funct ions u/,j of c o r -  
i 

r e spond ing  p a i r s  c o n v e r g e  to a funct ion w l in the space  L~(G). 

J 
We se t  V~_;,j = U U~ and V~,,j = V~ f] V~_j,j f o r  a l l  0 _< k __< l - 1. We c o n s i d e r  the sequence  of p iecewise  

{ = 1  

e x t r e m a l  funct ions  

l 

ui = ao -i- ~/ (a~ --  a~_r u~,j, j = l, 2 . . . .  
L'= ' I  

The funct ions  Uk, j a r e  e x t r e m a [  funct ions  f o r  the p a i r  (Vk-l , j ,  G \ V k ,  j) f o r  all k < l and f o r  al l  j _> 1. 

show tha t l lw- -  ujilr~(o) ~ 0 as  j ~  r162 In f ac t ,  

l - - !  

nP 

k=l G 

We wil l  

*The index u on the se t  V~ m e a n s  that  V~ is a se t  f r o m  the sequence  c o r r e s p o n d i n g  to the funct ion u. 
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By L e m m a  1 .3 ,  the l a s t  t e r m  c o n v e r g e s  to z e r o .  F o r  k < l ,  i t  fo l lows  f r o m  the f o r m u l a  

,r rc.~\VI,S i=7+1  O i 

tha t  lluh--u~,s[[~r ) c o n v e r g e s  to z e r o  as  j --oo.  

We choose  J0 s o  that  

We have c o n s t r u c t e d  a p i e c e w i s e  e x t r e m a [  func t ion  u = uj0 fo r  wh ich  the induc t ion  h y p o t h e s i s  holds  f o r  

�9 u ~7~ of a ' r = h the s e t  Vl_l ,  G \ c o n s i s t s  f in i te  n u m b e r  of connec t ed  c o m p o n e n t s  and the e s t i m a t e  ~'--  ullz~r 
!f~' - -  w tiL,t m + II ~ - -  U~otlL~(~ ) < ~/Z holds." 

The  Induc t ion  Step.  We a s s u m e  tha t  the induc t ion  h y p o t h e s i s  ho lds  f o r  r = s < l ,  s > 1. We w i l l  c o n -  
s t r u c t  a func t ion  w f o r  w h i c h  the induc t ion  h y p o t h e s i s  h o l d s  f o r  r = s - 1. 

Le t  Vs-~ c o n s i s t  of a coun tab le  n u m b e r  of connec t ed  c o m p o n e n t s  Ui: F o r  e a c h  p a i r  of U U~ G\V~_~ 

the D i r i e h l e t  p r o b l e m  is s o l v a b l e .  By I_emma 1.3 the e x t r e m a t  func t ions  Us- t , j  f o r  the c o r r e s p o n d i n g  p a i r s  
c o n v e r g e  to a funct ion  Us-~ in the s p a c e  I_~(G). 

We s e t  V.._._,.s ~ U U~ and V~,~ = V~V~_2,~ fo r  a l l  0 _< k < s - 2 .  We c o n s i d e r  a s e q u e n c e  of p i e c e w l s e  
i = l  

e x t r e m a l  func t ions  

s__~ "l 

u s=a o+ ~ (a k-a~,_1) us<,s-~ ~.(ah--ak--~)uh, ]=1,2 . . . .  
h ~ I  h ~ s  

The  func t ions  Uk, j a r e  e x t r e m a l  func t ions  f o r  the p a i r  ( V k _ I , j ~ G ' N V k , j )  f o r  a l l  k < s - 1 and f o r  a l l  j _> 1. 

We w i l l  p r o v e  t h a t l l u - -  us! ] ~ - + 0 .  
Lp(G) 

In f a c t ,  

~ i 2  

h = l  G " "' L:p(G} P 

By L e m m a  1.3 the l a s t  t e r m  c o n v e r g e s  to z e r o .  F o r  k < s - 1 i t  fo l lows  f r o m  the f o r m u l a  

co 

h v~,yh, j ~-~ \v~,j ~=S+i r/: ' 

tha t  !i ~,~< - e<k~J ~s~:>co~, c o n v e r g e s  to z e r o  f o r  j - -  ~.  

We c h o o s e  J0 so  that  

iF u - u~~ IJL~ ~ < ~/2~. (5) 

We w i l l  c o n s t r u c t  a p i e c e w i s e  e x t r e m a l  func t ion  ~ = uj0 , f o r  wh ich  the induc t ion  func t ion  w i l l  hold f o r  

r = s ,  the s e t  VW_z w i l l  c o n s i s t  of a f in i te  n u m b e r  of connec t ed  c o m p o n e n t s ,  and i nequa l i t y  (5) w i l l  hold.  
- - ~  

The  c o m p l e m e n t  of the s e t  Vs_ 1 m a y  c o n s i s t  of a coun tab le  n u m b e r  o f  c o m p o n e n t s  Wj ,  j =  1~ 2 . . . . .  In 
th i s  c a s e  the  s e t  V~s_2 m u s t  unde rgo  a f u r t h e r  m a n i p u l a t i o n .  

By the induc t ion  a s s u m p t i o n ,  e a c h  of the s e t s  G \ V ~ r  = G \ F r  ~ f o r  k -> s c o n s i s t s  of a f ini t~ n u m b e r  of 
c o n n e c t e d  c o m p o n e n t s .  The  i nc lu s ion  G \ ~  uk ~ G \ VWs_l, ~ - > s ,  i m p l i e s  tha t  f o r  j l a r g e r  than s o m e  J0, Wj q 

( G \ V ~ ) = @ f o r a l l k _ > s .  F r o m  th i s  i t f o l i o w s W j  mV~s  f o r j  > J0- 

i 1 -~ \ We c o n s i d e r  the s e t s  Ws_l ,  j r e p r e s e n t i n g  the i n t e r i o r  of the  c l o s u r e  r e l a t i v e  to  G of the s e t  V~_~ @ i D Wr<) 
. - ,  ~ - : = j  , f o r  j > J0. 

41 



T h e  n u m b e r  o f . connec ted  c o m p o n e n t s  of the s e t  Ws_Lj  d o e s  not  e x c e e d  the n u m b e r  of connec t ed  c o m -  

ponen t s  of the  s e t s  VW_l f o r  a l l  j > J0. 

" , G \  I t  f o l l ows  f r o m  the i n c l u s i o n  Wj  ~ Vs  u = V w f o r  j > J0 tha t  the  e x t r e m a i  func t ion  fo r . t he  p a i r  (Vs_ 1 
v a n i s h e s  on Wj .  T h e r e f o r e ,  i t  is  an e x t r e m a l  func t ion  f o r  any  of the p a i r s  ( W s - l , j ,  G \  V w) f o r  j > J0. 

F o r  such  a p a i r  (vW_2, G \ W s _ I , j )  the D i r i c h l e t  p r o b l e m  is  s o l v a b l e .  The  e x t r e m a l  func t ions  ws_ l , i  f o r  
t h e s e  p r o b l e m s  c o n v e r g e  to an  e x t r e m a l  func t ion  Ws-1 f o r  the p a i r  (V~_2, G \VW_l )  in the s p a c e  Lp(G). Th i s  
a l l o w s  us to  c h o o s e  a Jt > Jo such. t ha t  the p i e c e w i s e  e x t r e m a l  func t ion  w f o r  the d e c o m p o s i t i o n  Vo~ ~ . . .  
V~_ 2 ~ W s _ L j  t ~ V w ~ . . . ~  V~ v and the n u m b e r s  ao, al . . . . .  al s a t i s f i e s  the inequa l i t y  

F r o m  th i s  and i nequa l i t y  (5), 

T h i s  p r o v e s  the induc t ion  h y p o t h e s i s .  

D. In the  p r e c e e d i n g  t h r e e  s e c t i o n s  we p r o v e d  the p o s s i b i l i t y  of a p p r o x i m a t i n g  an a r b i t r a r y  funct ion 
1 

u ~ L~(G) by p i e c e w i s e  e x t r e m a I  func t ions  w = ao -k ~ (ah - -  a~-t)  wk. E a c h  of the func t ions  Wk is a so lu t i on  of 

the  D i r i c h l e t  p r o b l e m  in I.~(G) fo r  the p a i r  of c l o s e d ,  r e l a t i v e  to  G ,  s e t s  (F k,  F k ) ,  whose  i n t e r i o r s  c o n s i s t  of 

a f in i t e  n u m b e r  of connec t ed  c o m p o n e n t s  and F k = G[] I n t F  k,  F k = G f] I n t F ~ .  The  func t ions  w k a r e  con t inuous  
l 

and l/w [[r.ip(G) ----- ~=l ~] I ak - -  a.~--I []]. w[]Lpi(v ) . 

T o  c o m p l e t e  the p r o o f  of the  t h e o r e m  i t  is  su f f i c i e n t  to d e m o n s t r a t e  the p o s s i b i l i t y  of r e p r e s e n t i n g  any of 

the  func t ions  w k in the f o r m  wk =c~ -~- Y, ciwi,k h w h e r e  the func t ions  w ~  Ev (G) andIlWklILlp(V)" = i= l  ~ [@]]]W/k[/L " 
i = l  

We c o n s i d e r  a con t inuous  e x t r e m a [  func t ion  v fo r  the p a i r  of c l o s e d  ( r e l a t i ve  to  G) s e t s  F0,  F1. 

F o r  a r e a l  n u m b e r  a ,  we c h o o s e  a c o r r e s p o n d i n g  p a i r  of s e t s  V a = v - l (  -~o,  a ) ,  W a = v - l ( a ,  oo). We wi t [  
s tudy  the b e h a v i o r  of the  two func t ions :  r0 = % v ( a ) ,  e q u a l  to  the n u m b e r  of connec t ed  c o m p o n e n t s  of the s e t  Va ,  
and ~'l = TI,V(a), e q u a l  to the n u m b e r  of c o n n e c t e d  c o m p o n e n t s  of the s e t  W a.  

1. If I n t F  0 and In tF1  c o n s i s t  of a f in i te  n u m b e r  of c o n n e c t e d  c o m p o n e n t s ,  and if F 0 = G (] I n t F  0, F1 = 
G N I n t F 1 ,  then  0 _< To -< k0, 0 __ "rl -< k l , w h e r e  k 0 is  the n u m b e r  of connec ted  c o m p o n e n t s  of the s e t  F0,  kl is  the 

n u m b e r  of connec t ed  c o m p o n e n t s  of the s e t  F1. 

We a s s u m e  the o p p o s i t e :  tha t  t h e r e  e x i s t s  a n u m b e r  a ,  f o r  wh ich  the s e t  Va c o n s i s t s  of t > k connec t ed  
c o m p o n e n t s .  C l e a r l y ,  0 < a < 1, Va ~ F0. T h u s ,  t h e r e  e x i s t s  a connec t ed  c o m p o n e n t  ~z of the s e t  Va d i s j o i n t  

f r o m  F 0. F o r  the func t ion  u ---- v ou t s ide  V and u - a on "~, 

.( I Vul"  dx ~< ( I Vvl"  dx. 

I t  f o l l ows  f r o m  the  u n i q u e n e s s  of  e x t r e m a l s  t ha t  u = v - a c o n t r a d i c t i o n .  The  p r o o f  f o r  r 1 i s  a n a l o g o u s ,  

2. The  func t ion  ~'0 i s  n o n i n c r e a s i n g ,  wh i l e  r l  is  n o n d e c r e a s i n g .  

3. If 0 <_ TO -- 1 and 0 -< ~'l - 1, then v ~ Ep(G).  P r o p e r t y  3 is  a r e f o r m u l a t i o n  of the de f in i t i on  of the 

c l a s s  Ep(G).  

4. ~'i,v = T0r f o r  any  e x t r e m a t  func t ion  v f o r  a p a i r  of c l o s e d  ( r e l a t i v e  to  G) s e t s  F 0, F t .  

We a s s u m e  tha t  the  func t ion  TO iS not  c o n s t a n t  on the i n t e r v a l  (0,1).  Le t  0 = a  0 < a l  < �9 �9 �9 < a s  < l b e  the 
p o i n t s  of d i s c o n t i n u i t y  of ~'0, and a s +  1 = 1.* The  c o r r e s p o n d i n g  func t ions  v k = (a k - a k - 1 )  - I  mtn  [max (v, a k _ l ) ,  

s + l  

a k] f o r  the d i s c r e t e  func t ions  ~'0,k = ~ 0 , v k a r e  c o n s t a n t  on (0 ,1) ,  k = 1, 2 . . . . .  s + 1. C l e a r l y ,  v = k = l  ~ (ah - -  

ak- l )  vk, w h e r e  Vk a r e  the e x t r e m a I  func t ions  f o r  the  p a i r  of s e t s  F0,  k = v~l(0),  F l , k  = Vkl(1) f o r  a l l  k and 
s §  

�9 The  po in t  1 m i g h t  not  be a po in t  of d i s c o n t i n u i t y  f o r  -r 0. 
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F o r  the funct ions  w k = 1 -VkTl ,Wk c o n s t a n t ,  v0/~v k = r l j _ W k ,  = h,Vk. Repea t ing  the a~guments  giver~ 
above ,  we obtain 

s h 

j = i  

w h e r e  Wk, j = (ak ,  j - a k , j _ l ) - l m i n [ a k , j ,  max ( ak , j _ l ,Wk) ] ,  0 =a0 ,  j < al, j < . o .  < a s k - l , j  < l a r e  t.he poin ts  of  
d i scont inu i ty  of r0,Wk and a s k , j  = 1. 

The  funct ions  r~,Wk,j and r0,Wk,j a r e  cons tan t  f o r  a l l  k,  ] on {0,1) and 

sh 

Consequen t ly ,  

S-I- I  r S k ~ S + I  S k  ~+l ~ 
~ _ _  , ~ _  _ _  _ _  _ _  = - -  C h , j W k )  , 

h= l  j : l  h= l  j = l  a= l  j =  

w h e r e  Ck, j = (a k - a k _ l ) ( a k ,  j - a k , j _ l ) .  It is c l e a r  that  

s-l-I sk 

Ii vlIL~<c ) = h ~  N Ick,~ l f!~v~,JlIL~<~). (6) 

P r o p o s i t i o n  1.4. E a c h  cont inuous  e x t r e m a i  funct ion w with c o r r e s p o n d i n g  funct ions  V0,w, ~'i,w cons tan t  on 
l 

(0,1) can be r e p r e s e n t e d  in the f o r m  w = ~w~:, where  w k a r e  con t inuous  e x t r e m a l  funct ions  c o r r e s p o n d i n g  to 
h=t  

the fol lowing condi t ions :  a) f o r  aLl a ~ (0, 1 ) , r l ,wk(a  ) = 1 f o r  a l l  k = 1, 2 . . . . .  l; b) T0,wk(a) _- ~r0,w(a) f o r  al l  
l 

a ;  C) r 0 , W k  iS cons tan t  o n  ( 0 , 1 ) ;  d ) ! i  u'l]Lpl(G ) = h= l  ~ [! /Uh [!LP I(G)" 

Proo f .  The  se t  G \ v - l ( 0 )  c o n s i s t s  of a finite n u m b e r  of connec ted  componen t s  G1, G 2 . . . . .  Gl, s ince 
each  of the connected  componen t s  of this se t  m u s t  i n t e r s e c t  the se t  W a = v - l ( a ,  ~) f o r  a l l  0 < a < 1,  while W e 
by a s s u m p t i o n  has  a finite n u m b e r  of componen t s .  

F o r  the p a i r  (F0, k = G \ G k ,  F L k  = G k fi Fl)  the funct ion Wk, equal  to z e r o  on F0, k and equal  to w at the 
r ema in ing  po in t s ,  is e x t r e m a l .  C l e a r l y ,  

l 

The funct ions  r0, k = 70,Wk a r e  cons tant .  In f ac t ,  p ick  a fixed but a r b i t r a r y  funct ion w k. We a s s u m e  that  ~-0,k 
is nonconstant .  We c o n s i d e r  the point  of d iscont inui ty  a ,  c l o s e s t  to the or igin.  The se t  Vk ,a l  = w~l( - : r  al) 
(al < a) has  a l a r g e r  n u m b e r  of connec ted  componen t s  than Vk,a2 = w ~ I ( - ~ ,  a2) (a 2 > a). T h e r e f o r e ,  as  we 
c r o s s  a ,  two connec ted  c o m p o n e n t s  of Vk ,a l  m u s t  unite.  Then two connected  componen t s  of the se t  Vai = 
w - i (  - : r  al) m u s t  unite as  we c r o s s  a ,  i . e . ,  To is d i scont inuous .  F r o m  the cons t ruc t i on  of the funct ion Wk, 
w~:l(0, 1] • w~'l(0, 1] = q~, if k r j. T h e r e f o r e ,  

l 

"fl,w = E T l , u  h "  
h = l  

The funct ions  ~l,Wk a re  n o n d e c r e a s i n g ,  white TI,W a r e  cons t an t ,  t h e r e f o r e ,  it fol lows f r o m  this  tha t  
Tl,Wk a r e  cons tan t ,  k = 1, 2 . . . . .  I. 

We a s s u m e  that  f o r  some  k0, -q,Wk ~ > 1. Then  for  any a ~ (0,1) the se t  W a = w~lo(a,u ~) is not connected .  

,-~ (0, t] --G~.~ The se t  Gk0 is connec t ed ,  t h e r e f o r e  L~ W, is a l so  connec t ed ,  which is C l ea r l y  U IVy= ul:o 
0 n 1 0<a< t  

not poss ib le  if any of the se t s  W a is not connected.  

In conc lus ion ,  the funct ions  r t ,wk(a ) = i f o r  any k and a l l  a ~ [0, 1). This  p roves  the propos i t ion .  

F o r  each  of the funct ions Wk, j in r e p r e s e n t a t i o n  (6), we can  apply P r o p o s i t i o n  1.4,  to  obtain a r e p r e s e n -  

ta t ion fo r  the funct ion v in the f o r m  of a sum  ~ ~- c~,v,., w h e r e  ~k a r e  cont inuous  e x t r e m a [  funct ions  wigh the 
fol lowing p r o p e r t i e s :  u=~ 
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a) rl,~Tk(a ) = 1 fo r  a l l  a ~ [0, 1); 

b) T0,,~k(a) is  cons t an t  on (0,1); 

Apply ing  P r o p o s i t i o n  1.4 to each  of the func t ions  i - Vk, we  obtain a r e p r e s e n t a t i o n  f o r  the funct ion v in 
t t 

the f o r m  co § ~ chv~, w h e r e  vk~Ep(G) and [v[L~,<~) =_ ~ Ic~ IlfV~L~CG ~. Thi s  p r o v e s  the t h e o r e m .  

B e m a r k .  If  the funct ion  u ~ L~(G) is bounded then the funct ion c o n s t r u c t e d  in T h e o r e m  I w = c o -F ~ c~vk 
is also bounded and lw(x)l < 2fu(x)l for all x ~ G. 

C O R O L L A R y .  T h e  l i nea r  hul l  of Ep(G) is  e v e r y w h e r e  dense  i n  L~(G). 

T h i s  fo l lows f r o m  T h e o r e m  I and L e m m a  1.1,.  
oo 

1.2. T H E O R E M  IL E a c h  funct ion  u ~ I~(G)  is  r e p r e s e n t a b l e  in the f o r m  u= co& ~c~v~ , w h e r e  c[ a r e  
i = l  

r e a l  n u m b e r s ,  and the funct ions  v i be long  to the c l a s s  Ep(G) f o r  at[  i > 1. In addi t ion ,  u - -  ~=~ c,v~i,%~ > 
a s  l ~ ~  

P r o o f .  We fix e > 0. A c c o r d i n g  to T h e o r e m  I t he r e  e x i s t  funct ions  v l ,  v 2 , . . . ,  Vl0 Ep(G) fo r  which  

- -  ~ c ~ l i  L e m m a  1 . l  a l lows  us to find f o r  e a c h  of the funct ions  ~}i ~ Ep(G) a funct ion vi =--Ep(O) 

such  tha t  f l y , -  Vi]]L~fG)~ e/21Q l lo. We se t  u~ -= u -~=iZcF"" Obvious ly ,  iIu~!!L~<V>< e.  

Suppose  that  u k has  been  c o n s t r u c t e d  and 11Ukll < e / 2 k - L  Applying T h e o r e m  I to u k we c o n s t r u c t  f u n c -  

II ~ ~ ~ ~<e/2~§ t ions  ~7lk_1+1 . . . .  , ~71k ~ Ep (G) f o r  which  u~ - -  ~=~-~+~ c~ v~ L,(V> " L e m m a  1.1 a l lows  us to find f o r  each  

of the func t ions  ~ i  ~ Ep(G) a funct ion v i ~ Ep  (G) such  tha t  }]~ -- v~ [[~r < e/2~+~c~ (l~. --  1~_~), i-~ b,-~ + 1 . . . . .  ~ . 
l k 

We def ine  u~+,=u~-- ~ c~,~. C l e a r l y ,  !iu~+~lILr . 
~=lh__I+l 

The series ~ c,r, converges absolutely in L~(G). 

I~ i s 1 ~ E / 2 ~ - - I ~ E / 2  h+~ and T h e o r e m  ]! z~ In f a c t ,  by c o n s t r u c t i o n  by I,!~=,~=~+~ IIL~<G) ~=b--~+~ 

N Ik 

~'~ ~lCiUi! i ~ ~ ( l h  = min/~)~.~ ~, ,co', 'I!' ~" 
z_, ~ Lp(G)  "~I~'~.1 "' :Lp(G) I~>N /=lo§ 

7} h l j  , "~ 

) 

5=~ , [] t=,'j_l-x~ !inp<o) -= - - 

Since N is arbitrary, the series converges absolutely and we can combine similar terms. By [14] the sum of 

the series differs from u by some constant c 0. This concludes the proof. 

THEOREM III. There exists a countable collection of functions vi ~ Ep(G), i = i, 2, , . . ,* such that for 

any function u ~ L~(O) and any e > 0 there exists a representation of u in the form ~ ---% ' ~=~c;ui for which 

c~ 

�9 Lp(G) i = 1  

*We can  choose  the coun tab le  s e t  {vi} so  that  it is  l i nea r ly  independent .  Then  {vi) wi l l  be a Schauder  ba s i s .  
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Proof .  If in the proof  of T h e o r e m  II we were  to use Lemma 1.1~ in place of Lemma 1.1, we would prove 
c c  

,I 4 ' r 4 < z .  the exis tence  of a bas i s  sa t is fying the inequality ~=-'l ~ ]ici~i t]L~(v) <-<I] U (C) . e. On the other  hand , jj u i (~) -:=l 
:~ci~:~JJL~(a). This  concludes the proof. 

1.3. F o r  a bounded region G,  the co ro l l a ry  to T h e o r e m  I c a r r i e s  ove r  to the space W~{G) of func-  
t ions whose p- th  power  is in tegrabte  over  G,  with genera l ized  de r iva t ives  in G whose p- th  powers  a re  in te -  
g rab ie .  In the space  W~ we cons ide r  the norm 

THEOREM lit The [[near huh of the set Ep(G) is everywhere dense in the space W~(G). 

Proof. We consider a bounded function u ~ W~(G). By Theorem H and the remark below Theorem I there 
exists a uniformly bounded sequence of functions {Uk} , each of which is a linear combination of elements from 
the set Ep(G), converging to u in L~(G). 

Then by [14] we can choose a bounded sequence of tea[ numbers {Ck} such that the sequence {u k + ek} 
converges to u almost everywhere. By Lebesgue,s theorem {u k + Ck}- u in Lp(G). This proves the theorem. 

2. THE INVARIANCE OF THE CLASSES L~(L~) FOR QUASI-ISOMETRIC 

(QUASICONFORMA L) MAPPINGS 

The standard proof of invariance is we[[ known; it uses the metric definition of the mappings and their 
di f ferent ia l  p rope r t i e s .  

We p r e sen t  a new proof  of this resu l t  (using T h e o r e m s  I and II),  allowing an exac t  computat ion of the 
no rm of the ope ra t o r  induced by the mapping. 

THEOREM 2.1. Let ~o.G - - G '  be a K - q u a s i - i s o m e t r i c  (K--quasiconforma[) mapping of a region G c--R n 
onto G '  ~ R n. Then the ope ra to r  ~*,  defined by the formula  @*u)(x) = u@(x)) a l m o s t  eve rywhere  for  any func-  
tion u ~ L~(G')(Lln(G')), is a bounded ope ra to r  f rom L~(G')(L~(G')) onto !~(G)(L~(G))and !l~*l] = K ~/p. 

Proof .  F o r  any pa i r  of n -d imens iona l  continua with smooth boundar ies  F~, F~ c G ' ,  F~ rl F~ = ~ and the i r  
images  F 0 = ~-t(F~),  F1 = e - l (F~) ,  the following inequality holds 

for extremal functions v, u corresponding to the pairs (F0, FI) , (F~, F~), respectively. 

i. We extend inequality (7) to a broader class of functions. 
! 

Let F~, F~ ~ G' be closed (relative to G') connected sets, satisfying the condition ~{-F~ = Fi, i = 0, i. 
We construct two sequences {F~,m = F~}, {F1,m ~- F~} of n-dimensional connected eompacta "exhausting,, 

F~,andF~, i .e.,  ~ In tF i , . ,~ In tF~.  IntF~:.~mF~.~ f o r k  > l, i = 1 , 2 .  
m = l  

If 6 is an e x t r e m a l  function fo r  the pa i r  (F~, F~), and U'm is an e x t r e m a l  function for  the pa i r  ~ 
F~,m), then the following inequality holds 

.[ 1 V ~ t : d y <  .[ I V~t"@. (8) 
G" 6' 

The p r e - i m a g e s  Fi, m = q~-t(F[, m) of the se ts  F~, m "exhaus t .  the se ts  Fi = q~-l(F~), i = 0, 1. 

F o r  the e x t r e m a l  functions Vm rela ted to the pa i r  (F0,m, Fl, m) ,  it fo l lows f rom (7) and (8)that 1~', it ~ 
"~ ~";~i u,~,~ L,/6')i], ~ K j~~ . ,~ The boundedness in L~(G) of the sequence {Vm} allows us to assume that it con- 

verges weakly to some function x7 ~ Lp(G) equal to zero on IntF0, to one on IntFl, 0 -< v(x) _< 1 for aH x ~G. 
F r o m  the above,  and the [emma on semicont inui ty  we obtain 

2. We return to the beginning of the proof. We f ix  s > 0 and a natura[ number I _> 2. The function 
u e = {min [max (v, e), 1 - e] - ~}/(1 - 2s) is e x t r e m a l  fo r  the pa i r  F0, e = u~(0) ,  Ft, e = u~t(1) �9 We assoc ia te  
with the numbers  s,  ~ two s y s t e m s  of se t s  
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and 

F~,,,  F0,~,  FIL2 //~-I ([0,  t / / l )  . . . . .  F~,I = u~ -~ ( [0 ,  (l - -  t)//]); 

F]., = u~ -~ (lift, ll) . . . . .  F[~_,  = uU ~ ([(l - -  t ) / l ,  i]), F'~,z = u V ~ 

Fo., = ~ -~  (F; , i ) ,  F :~  = r ( F [ D ,  ~ = i ,  2 . . . . .  l. 

Using  p a r t  one of the p r o o f ,  e a c h  of the e x t r e m a I  funct ions  u i = min  (i, m a x  (i - 1, /us) - (i - 1) fo r  the p a i r s  
(F~,i, F{,i) c o r r e s p o n d s  to a funct ion  vi ~ I~(G)  equa l  to z e r o  on In tF0 , i ,  to one on In tF l , i  and sa t i s fy ing  the 
c ond iti ons 

0 ~< v~ (x) G 1, /i ~'~ llL~(~ ) ~ g~"~J] ~ iIL~(c.). (9) 

T h i s  can  be done ,  s ince  by the mono ton ic i ty  of the funct ion u e on the r eg ion  G '  " (F0, 8 !3 FI ,a) ,  the p a i r s  (F~,i, 
F~,i) s a t i s f y  the condi t ions  of p a r t  one. 

l l l 

I t  is e a s y  to see  tha t  u~ = l - - i  i=l-- x~ul '~tlttZlIL~(G) = l--li~.l{ttlf!L~ ~; A s /  - -  ~ the funct ion ~,~ = l - ~ x "  ( ~  �9 , _ . ;  L' i C O n -  

v e r g e s  un i fo rmly  to ~o*u e = ueoqo [this fo l lows f r o m  (9)]. Using (9), we obtain  

! l 

' ~ K~";'z -~ v Ct,'~ !!~,~ _ , ~ . = t; ~~' ii,oi']~.). (1o) 
i = i  i = I  

F r o m  (10) and the c o r o l l a r y  to the l e m m a  on semicon t inu i ty  we obtain 

': , ': u,,.~i 2~). (11) 

As e ~ 0, u e -* u uniformly and ~p*ua ~ q*u uniformly. From inequality (11) it follows that the following 

s e q u e n c e s  a r e  bounded { u.,,I! ~(G.,}, ~' 9*u~,, II..,./c) ~,. ~' -+ O. Tak ing  the sequence  { q~*Uen } as  c o n v e r g i n g  weak ly  in 

I_~(G), it fo l lows  f r o m  (11) and the l e m m a  on s emicon t i nu i t y  that  we f ina l ly  obtain 

!',f*u!', t .~KI/"]lU[IL~,(c) (12) 
t 'Lp(G)  

f o r  any funct ion u ~ Ep(G' ) .  

3. We p ick  an  a r b i t r a r y  funct ion u ~ L~(Gq and e > 0. By T h e o r e m  III the funct ion u is r e p r e s e n t a b t e  in 

the f o r m  u = c o + ~ civ i, vi ~ Ev (G').  T h u s ,  the fol lowing inequal i ty  holds  

"~ (13) 
i Lp(6")  ~ ~ i  Lp(G' )  

cr 

The  s e r i e s  c o __ _x2 c~v~ (y) c o n v e r g e s  to u a l m o s t  e v e r y w h e r e .  As is we l l  known, q u a s i - i s o m e t r i c  and q u a s i -  
{ = !  

c o n f o r m a l  mapp ings  take se t s  of m e a s u r e  z e r o  into s e t s  of m e a s u r e  z e r o .  T h e r e f o r e ,  the s e r i e s  c o --- _ c~v~ �9 
i : [  

((p (x)) c o n v e r g e s  a l m o s t  e v e r y w h e r e  to the funct ion u@(x)), x ~ G. 

F r o m  (12) and (13) we obtain  

r  " " '"~ r i l c ~ v i l l  , ~-'~]C'V'((~(X))ilL],(C)=~'iCd~%"ilL~(G) ~ K  ~ G(C) (14) 
i = l  - 

~ K  " ii u%]~c~. ) + e'Kl/: '" 

C o n s e q u e n t l y ,  the s e r i e s  Co ~ ~ , IJp --  c f~*v, c o n v e r g e s  in (G) and i ts  s u m  co inc ides  with the funct ion u @(x)) = 
�9 i = l  

@*u)(x) ,  x ~ G. 

F r o m  (14) we obtain the e s t i m a t e  

�9 , tt hLlp(G ) 

s ince  in (14) e is  a r b i t r a r y .  

3 .  ( 1 , p ) - E Q U I V A L E N C E  O F  R E G I O N S  A N D  N C p - S E T S  

3.1. T H E O R E M  3.1. Reg ions  G1 and G 2 (G 1 ~ G2) a r e  (1, p ) - e q u i v a l e n t  if and only if the s e t  G I \ G  2 iS an 

N C p - s e t  in G~. 
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Proof .  Necessity~. Let the spaces L~(Gi) and ~(G2) be isomorphic as l inear spaces under the res t r ic t ion 
map 0u -a~G21 u 7 - ~ 1 ) .  Pass ing  to the fac tor  spaces L~(GI)/R and L~(G~)/R, and using Baaach*s theorem,  

we see that the opera tor  ~-1 is bounded. 

We will show that m(Gi \ G  2) = 0. Suppose the opposite. Then the set  G I \ G  z has at [east one point of 
density x 0. We consider  the sequence of open cubes Qm = Q(x0, 1 / m )  with centers  at  the point x0, with edge of 
length 1 / m ,  and boundaries paral le l  to the coordinate planes. We cons ider  the functions urn, equal to zero  
outside the cube Qm, equal to 1 /2m at the point x0, and linear on each segment  joining the point x 0 with an a r b i -  
t r a r y  point of the boundary of the cube Qm. It is c l ea r  that t VUm(X)t = I a lmost  everywhere  in Qm- 

It follows f rom the boundedness of the opera tor  e-1 that 

= ( I v  -<. i! ( I v u,,, dx::  I] o-" 
G, G, 

If the point x 0 is a point of density,  then as m --  ~ the inequality fails. This contradict ion shows that 

m(Gl \G2)  = 0. 

Consequently,  e is an isometr ic  opera tor  and G I ' \ G  2 is an NCp-set .  

Sufficienc_z = Let E = G i \ G 2  be art NCp-set  in Gi. Fo r  pairs  of connected compacta with smooth boundary 
F 0 ,  F 1 ~ G 2 ,  F 0 ~ F i = ~, we cons ider  the ex t rema[  functions ul in G1 and u 2 [n O 2. F r o m  the definition of NCp- 
se t s ,  

.I I w:I, = .i!w,l, dx. 
G[ Gz 

The function u i is equa[ to ze ro  on F 0 and equal to one on Fi ,  with 

.f ( lv ,l dx= l" dx. 

By the uniqueness of the ext rema[  function, ul - us on G 2. The re fo re ,  each function u m Ep(G2) can be 
continued to the region G1 with preservat ion  of norm. I.emma 1.1 and the [emma on semicontiauity allow us to 
extend this conclusion to the entire c lass  Ep~2) .  

We choose an a rb i t r a ry  function v ~ L~(G2). 
l 

By Theorem I, for  each ~ > 0 there exists a function v~ = ~ ch,~vk.~ , satisfying the conditions: a)li v -  

V~j~L~(:)": ~ e ; b) :: v~ HL~(: ) i s  ---- :=:--~ [ cI,,~ ill vk,~:: ," c) vk , :  : Ep (G2) for all  k. It follows f rom the above that each of the 

functions Vk, a is continuabie to G 2 with preservat ion of norm. Fo r  the continuation ve of the function va, the 
following inequality holds 

[!' Z l  I', + l 
v N  r C ~ H II~ I ~ I 

:I :=, [i:,::,> k---i ~'L~(:,) - k'C=: ]ck,~ = 

Choosing a sequence a n ~ 0 as n ~ oo, we construct a sequence of functions van -- v [in L~(G2) ] such that 

the sequence f~c~, o ~.~. I weakly converges in L~(GI) to some function ~. Therefore [14], ~, - v  = T = coast on 

G 2. Setting v = v - T, we obtain an extension ~ of the function v onto GI. By the lemma ca semicontiau[ty, 

We have shown that each function v ~ L~(G 2) can be continued to Gi with preservat ion  of norm. 

To complete the proof of the (1,P)--equivalence of the regions Gi and G2,  w e  have to show that the extension 
opera tor  is bijective. For  this it is sufficient to show that the measure  of the s e t  G i ~ , G 2  is equal to zero.  

Let x ~ 3(Gi \G2) Q G i. We choose a spherical ring D = {y ~ l~n:0 < a < l y - x l  <b}, a<b, lyinginGi. The 

set  F1 = {y ~ I ln :  ly - x [  _< a} has a nonempty intersect ion with the region G 2. For  sufficiently smal l  b the set  
F 0 = {y  ~ R n : [ y - x I ~ b } .  

The gradient  of the ext rema[  function u for the pair  (F0, F~) is different f rom ze ro  on D. ]3y the above, 
the function u IG~ may be continued to a function 5 ~ L~(Gi)with [lUIIL~(G~)= ',i U!IL~(G~). 
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There fo re ,  

S IT l"ex=O a5) 
G~'~G2 

I fm(Gl \ ,G2)  ~ 0, then I V u l = 0 a l m o s t e v e r y w h e r e  o n G l \ G 2 ,  i .e. ,  IVul = 0 a . e .  o a f  o/j F 1 , 5 = 0 a . e .  
on Fo, u = 1 a .e .  on Fi (since F o n G 2 ~ q), F1 f]G 2 r 0)- 

= I1L~(G:), leads to the inequality The fact  that the function u is ze ro  on F 0' one on F1, and t ha t  [] ~llLpl (G, ) [lu 

D D 

It follows f rom the uniqueness of the ex t rema[  function that 5 - u. Inequality (15), and the fact that I Vul > 
0 on D, imply that m(D N (GI\G~)) = 0. The countable additivity of the measure  and the a rb i t r a ry  nature of the 
ring D allow us to conclude that the set  G1 \ G 2 has no in ter ior  points and therefore  has measure  zero, 

proof. 

res t r ic t ion  opera tor  in the definition of (1,p)--equivalence of regions is an isometry 

This completes  the 

COROLLARY. The 
of the spaces L~. 

It follows f rom this that the measure  of the difference of (1 ,p)-equivalent regions is equal to zero.  

3.2. P rope r t i e s  of NCp-Sets. The Localization Principle.  A set E c G is an NCp-set  in G if and only if 
for  any open bail B(x, r) ~ G the s e t 'EN B~--~, ~YS-s a n ~  in the ball B(x, r). 

Proof.  Sufficiency is obvious. 

Necessi ty.  We choose an a rb i t r a ry  ball B1 = B(x, rl) (0 < rl < r) and a function v ~ L ~ ( B \  E). Multiply- 
ing v by a smooth finite-valued function r equal to one on the ball B1 and equal to zero  outside the ball B(x, r), 
and defining v = v.  ~ in the ball B(x, r) and v = 0 outside the ball B(x, r),  we obtain a function that belongs to 
the c lass  L~(G \. E). By Theorem 3.1, ~ can be continued with preserva t ion  of c lass  and without increasing the 
no rm,  to a function w defined on the region G. Thus,  we obtain a unique extension of a function v ~ I~(B{x, 
r 0 \  E) to a function w ~ L~(~(x, rl)). Since rl was a r b i t r a r y ,  it follows that the regions B(x, r ) \ E  and B(x,r)  
are  (1,p)-equivalent,  i.e.,  E is an NCp-set  in B(x, r). 

We fix a region G and a set  E ~ G. With the exception of Proper ty  3.2, the proper t ies  of NCp-sets  are  
consequences of the localization principle.  

1 P rope r ty  3.2. If there exists  a sequence {Bnin_>l covering a set E ~ G, and if the set En = E N Bn is an 
NCp-set  in Bn, then E is an NCp-set  in G. 

P r o p e r t y  3.3. Any closed subset of an NCp-set  is an NCp-set.  

Proof.  Let E 1 be a closed subset of the set  E. We choose an a rb i t r a ry  function v (G \ E l ) .  Then 
v ~ L ~ ( G \ E ) ,  and by Theorem 3.1 it is contiauable in a unique way to a function 5 ~ Consequently,  
the regions G and G / E l  are  (1,p)-equivalent,  and by the same theorem E 1 is an NCp-set.  

P r o p e r t y  3.4. The intersect ion of any number of NCp-sets  is an NCp-set.  

COROLLARY 3.5. Let G be a region in R n, {Em}, m = 1 , 2  . . . . .  M be NCp-sets  in G. Then their union 

E ~ U E,~ is an NCp-set .  
ra~t 

It is sufficient to c a r r y  out the proof for  two NCp-sets  E 1 and E 2. The intersect ion E 1 n E 2 is an NCp-set  
by P rope r ty  3.3. We cons ider  the region G1 = G \ ( E l  N E2). In this region the set (E 1 @ E 2 ) \ ( E  1 @ E 2) satisfies 
the conditions of P roper ty  3.2. We choose an a rb i t r a ry  function v ~ L~(G \ ( E  1 @ E2)). In the region G1, we can 
apply P rope r ty  3.2 and Theorem 3.1 to continue v to a continuous function ~ ~ I~(G1). Since E 1 N E 2 is an NCp- 
set  in G1, it follows that v can be continued to a function w ~ L~(G). This completes  the proof. 

P rope r ty  3.6. L e t G l b e a  subregion o f G a n d E  a n N C p - s e t i n G .  T h e n E  1 =G1N E is a n N C p - s e t i n G 1 .  

This follows f rom the localization principle. 

P rope r ty  3.7. Each compact  subset and NCp-set  E in the region G is an NCp-set  in any region. 

Proof .  It follows f rom Proper ty  3.6 that it is sufficient to prove that any compact  subset of a set E is an 
NCp-se t  in H a. This easi ly follows f rom Theorem 3.1. 
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Proper ty  3.8. Every  NCq-set  E in a region G is an NCp-set  in G for  all p > qo 

Proof.  By the localization pr inciple ,  it is sufficient to verify the asse r t ion  of the theorem for a bail 
B a G. If the function v ~ L~(B \ E ) ,  then v ~ L~{'B",,E), q < p. By assumption E is an NCq-set  in ]3. T h e r e -  
fore v has a general ized derivat ive in the ball B. Since re(E) = 0, it follows that v ~ L~(B)o 

P r o p e r t y  3.9. Let E be a closed set  in the region G. Then 

a) if E is art NCp-set ,  it follows that re(E) = 0; 

b) if E is an NCp-se t ,  then d i m e  _< a - 2 ;  

c) if the (n - 1)-dimensional Hausdorff  measure  An_I(E) = 0, then E is an NCp-set .  

Proof.  P rope r ty  a) was proved in Theorem 3.1. 

It follows f rom the localization principle that the intersect ion of the set With any ball 13 ~ G is aa NCp- 
set in B. We assume that there exists a ball B dividing the set  into two nonempty open sets  B0 and ]3~ ( B \ E  = 
B0 [J B1). We choose in each of these sets B 0 and B1 a closed ball F 0 ~ B 0, F1 ~ B1. Then there is a function 
v that is equal to ze ro  on F 0 and equal to one on F~ and attains the capacity Cp(F0, F1; B \ E ) .  Consequently, 
Cp(F0, Fl;  B \ E )  = 0. At the same t ime,  it is well known that CpCF0, Fi; B) > 0. This contradicts  the fact that 
E ~ B is an NCp-set  in B. 

This contradict ion shows that fo r  any ball B ~ G the set B \ E  is connected. This proves asse r t ion  b). 

If the set E sat isf ies  proper ty  c) ,  then each function that has general ized der ivat ives  in the region G \ E  
can be continued to a function x7 which has general ized derivat ives i~. the region G. Since re(E) = 0, it follows 
that the regions G and G \ E are (1,p)--equivalent. There fore ,  E is an NCp-set.  

Remark.  P roper ty  3.9, for  the case 9 = n and G = R n, was proved in [15]. 

Remark.  There  exists an example of an NCn-set  which has nonzero (n - 1)--dimensional Hausdorff  mea -  
sure [16]. 

4. R E M O V A B I L I T Y  OF S E T S  F O R  Q U A S I C O N F O R M A L  A N D  

Q U A S I - I S O M E T R I C  M A P P I N G S  

In this section we will show that NCn-sets  are  removable for quasiconformal  mappings. Theorems on 
removabil i ty  that appear  in [5, 6, 8] arc  par t icu lar  cases  of this result .  We also show that NCp-sets  are  r e -  
movable for  quasiconformal  mappings. 

THEOREM 4.1. Let G be a region in R n, and let E be an NCp-set  in the region G. Then a~,  q ~ s i c o n -  
formal  homeomorphism r of the region G \ E  onto the bounded region G.' ~ R n can be continued to a quas i -  
conforma!  homeomorphism ~: G - - R  n without increasing the distort ion coefficient. 

Remark.  This resul t  is a lso true for unbounded regions.  To show this it is sufficient to c a r r y  ou~ the 
arguments  below on a sphere.  

THEOREM 4.2. Let G be a region in R n, let E be an NCn-set  in G, and let ( p : G \  E - - R  a be a mapping 
with bounded dis tor t ion [17].We assume that for  any point x ~ E there exists a bah  B(x, r) such that to belongs 
to the c lass  L~('B \ E ) .  Then there exists  a unique continuation of the mapping ~ to a mappir~g with bounded dis- 
tort ion ~:  G - -  R n with no increase in the distort ion coefficient.  

P roo f  of Theorems  4.1 and 4.2. Theorem 4.1 follows f rom Theorem 4.2. In fact ,  in the case of a sphere 
the condition is satisfied for  any quasiconformaI  mapping. By Proper ty  3.9 the set G \ E  [s connected,  and 
therefore  a quas iconformal  mapping q~ is on G \ E  a mapping with bounded distortion. Fo r  each compact  region 
V (V ~ G) the mapping ~ ~ L~(V \ E ) .  By Proper ty  3.6 and Theorem 3.1, (p can be continued to a mapping 
~r v :V -~R n, belonging to the c lass  Lln. The re fo re ,  r can be continued to a mapping (~:G -*R n, belonging to the 
c lass  Lln,loc(G). * Since E has measure  ze ro ,  it follows that ~ is a mapping with bounded dis tor t ion [17]. If the 
mapping ~ is a homeomorphism,  then ~ is a lso a homeomorphism.  [This easi ly follows from the fact that 
m(E) = 0 and the fact that the mapping ~ is open.] 

Remark.  Theorem 4.1 contains a corresponding resul t  f rom [8] for the par t icu lar  case when E is c o m -  
pact. 

*With regard to the definition of a mapping with bounded dis tort ion and the proper t ies  used he re ,  cf. ,  [17], 
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THEOREM 4.3. Let G be a region in R n, and let E be an NCp-set (p > 1) in the region G. Then any 
quasi-isometric mapping ~: G' \  E -- B n can be continued in a unique way to a quasi-isometric mapping ~:G 
R n . 

Proof. Applying Property 3.8, we can reduce the proof to the case p > n. The mapping |  : L~(G') 
L~(G), where G' = ~p~); ~a*: I~(G') -- I~(G \ E ) ,  ~*f = foq~, f ~ L~(G'); e :  L~(G) -- Lp(G\E) ,  eg  = gt G \ E, 
g ~ L~(G), is a structural isomorphism between the space L~(G,) and L~(G) [18]. By a result from [18], 
~-lq~. can be continued to a quasi-isometric mapping ~ which is obviously the continuous extension of the 
mapping ~p. 

In conclusion,: the author wonid like to take the opportunity to express his appreciation to V. V. Aseev 
who kindly provided a preprint of [8], and to A. P. Kopyiov for his consultation. 
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