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LIMIT THEOREM FOR POLYNOMIALS OF A LINEAR PROCESS
WITH LONG-RANGE DEPENDENCE

L. Giraitis and D. Surgailis UDC 519.21

N
A (noncentral) limit theorem is proved for sums SN(m) = > P,(X,) of polynomi-
1

als of degree m 2 1 of a linear (or moving average) process X}::ESa(t—s);

with slowly decreasing coefficients a(t). Conditions assuring the convergence
of the distributions SN(m)/BN are expressed in terms of the asymptotics of the

N
variances By? = VarSN(m) and Aﬁ:zvaIES‘X" The limit distribution of the sums
1

SN(m)/BN is given by an m-fold stochastic Ito—Wiener integral. The theorem
proved develops the results of [1-7], obtained under the hypothesis that the
process Xt is Gaussian and (or) of the regularity of the asymptotics of the co-
efficients a(t).

1. Introduction

Recently, rather a lot of attention has been devoted to limit theorems for random vari-
ables with long-range dependence (in what follows, we shall call such variables LRD-vari-
ables). Although there does not exist a rigorous definitiion of LRD-variables, usually this
term characterizes stationary variables whose normalized sums converge in distribution but
either the limit law or the normalization differs from the 'classical' ones. In the case
of finite variances the Gaussian law and the normalization by VN are 'classical." The sim-
plest example of LRD-variables is given by a stationary Gaussian process (Xt)tez with zero
mean and covariance

r(t)=EX X, ~const:ti~% (1.1)

N

where o € (0, 1). In this case the variance Ay? = Var Sy of the sum SN==§:‘X, grows con-
1

siderably faster than the "classical" N, namely

Var Sy~ 6t N27%  (a2> 0). (1.2)

Institute of Mathematics and Cybernetics, Academy of Sciences of the Lithuanian SSR.
Translated from Litovskii Matematicheskii Sbornik (Lietuvos Matematikos Rinkinys), Vol. 29,
No. 2, pp. 290-311, April-June, 1989. Original article submitted December 2, 1987.

128 0363-1672/89/2902-0128$12.50 © 1990 Plenum Publishing Corporation



The normalized partial sums (AN-lS[Nt])tZO converge in distribution to a Gaussian process
of fractional Brownian motion

Z,=D(1)" "2 f ((0“~"- l)/i.\‘)W(d.\‘), (1.3)

—

where W(dx) = W(—dx) is a complex Gaussian stochastic measure with independent values and
variance E|W(dx)[2 = [x|®"1dx; the constant D(1) is defined in (1.6) below.

Another example of LRD-variables is the moving average process

£

/\/-1= Z a(s)“’;tﬁ-s- tEZa (1"4}

5=0

where (£5)gey is a sequence of independent identically distributed random variables with
mean 0 and finite variance and the coefficients g(t) decrease like t~ +a)/2 (o € (0, 1)),
i.e.,

a(t)~constt~1+adi2, (1.5)

(1.5) itself implies (1.1) and (1.2) and also the convergence in distribution of the par-
tial sums of the process X¢ (1.4) to the process Z¢ (1.3). Of course, (1.2), (1.5) here are
unnecessarily restrictive; for the indicated convergence to the process Z; indeed the one
condition (1.2) suffices. We note that (1.2) up to a slowly varying factor is also neces-
sary for the convergence to Z; as follows from a general result of Lamperti [8].

One can construct more complicated examples of LRD-variables with the help of nonlinear
functions of Gaussian or linear processes. One knows rather many papers devoted to limit
theorems for nonlinear transformations of Gaussian processes under long-range dependence,
in particular Rosenblatt [4, 9], Dobrushin and Major [2], Major [10, 11}, Taqqu [6, 7], Goro-
detskii [3], et al. We cite one of the most famous results.

Let K,(x) = (el¥ - 1)/ix (x e R),

Dim= [ Ky(ry+ .. +3) 200 50 B, (1.6)
Rm

v= [ e | x 1y = 2T (&) cos (am/2). (1.7)

R

d
We shall write Ay ~ By if limAy/By = 1. The notations . = will mean equality and weak
convergence of (finite-dimensional) distributions, respectively. Finally, Hp(x), m = 0,
1, ... denotes the Hermite polynomials with leading coefficient 1.

THEOREM 1 [2]. Suppose one has a stationary Gaussian process (Xt)tez with mean 0, vari-
ance 1, and covariance function

ri)=Lit])it;™ (1.8)
where a € (0, 1) and L:[1, =) > R is a slowly varying function (s.v.f.). Let

N
S.(’\i'mz Z Hm(Xl)' (1‘9)
1
Let am < 1. Then
5B, __‘f> zZim, (1.10)
where
B = Var ¢ ~m! (D(m)y) N2=" L™ (N) (1.11)

129



and

Zo=(m D)~ Y2t [ Ko(t(xy+ ... +x))W (dx). . W (dxy) (1.12)
Rm

is a self-similar process which can be represented as a multiple Wiener—Ito integral with
respect to a Gaussian measure W(dx) with variance E|W(dx)|2? = |x|® ldx.

In the same paper [2, Sec. 4], Dobrushin and -Major noted that the condition (1.8) of
Theorem 1 is too stringent and can be relaxed. As a possible relaxation of (1.8) the
authors of [2] considered the condition of locally weak convergence of the renormalized spec-
tral measure of the process X to the spectral measure of a fractional Brownian motion. The
latter requirement is equivalent to one of the two following conditions:

Spal Ay = Z0=Z, (1.13)

or
A% ~N?*¢L(N), (1.14)

N
where SN=ZX,,A%,=VarS,\., L is an s.v.f.
1

However, as was shown in [2], the condition (1.13) or (1.14) is insufficient for the
convergence (1.10). Most likely this condition does not assure even the relative compact-
ness of finite-dimensional distributions S[Nt](m)/BN. In this connection there arises the
problem of finding supplementary conditions to (1.13) and (1.14) for the convergence in dis-
tribution of the sequence of processes S[Nt](m /By. As such a condition we propose the
"regular growth'" of the variance By? = Var Sy\M/:

B} ~ CN2-%m [ (W), (1.15)

where o, L are the same as in (1.14), and C = C(m, a) is a constant. The condition (1.15)
[together with (1.14)] looks simple and tempting. However, we have only obtained the corre-
sponding limit theorem under the additional assumption of the 'regularity" of the constant
C.

THEOREM 2. Let (Xt)tey be a statiionary Gaussian process with mean 0, variance 1, and
such that

N
Ay=Var ) X,= N*“L(N), (1.16)
1

where « € (0, 1), and L: [1, °°)->R+is an s.v.f. Let us assume in addition that am < 1
and (1.15) holds, where

C=C(m, «)=m!D(m)/D"(1). (1.17)
Then the convergence (1.10) holds.

It is easy to verify that Theorem 2 generalizes Theorem 1. Condition (1.17) together
with (1.16) and (1.15) means, roughly speaking, that the basic contributjon to the variance
By? (and thus to the distribution of the sum S[Nt](m)) is introduced by the frequency of
the spectrum of the process (Xt) near the point x = 0. As Rosenblatt [9] showed, cases are
possible in which the spectrum of the process (X{) has singularities away from the point
x = 0, (1.15) and (1.16) hold, (1.17) does not hold, and S[Nt](m)/BN tends to a self-similar
limit different from Z{\™) (1.12).

The proof of Theorem 2 follows rather simply from the proof of Theorem 1 of (2] (cf.
Sec. 2 below). The basic result of the present paper is the corresponding theorem for a
linear process (Xt). In what follows, by a linear process we mean a stationary sequence
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No=S ai-9i. 1=l (1.18)

where a(t), t € Z are real numbers satisfying the condition ziuﬂu) < w, and {£g)gey is a

sequence of independent identically distributed random variables with mean 0, variance 1,
and finite moments of any order. It is well known that a stationary Gaussian process

(Xt)rey admits a representation (1.18) if and only if its spectral measure is absolutely
continuous.

The role of Hermite polynomials for a linear process is played by the Appell polynomials
Pp(x), m =0, 1, ..., defined by
P, (x)=d" (¢=F| Ee*Xo)[d=" g, (1.19)

cf. [1, 12, 13]. Obviously, in the case of a Gaussian process (Xt) the polynomials Pp(x)
coincide with the Hermite polynomials Hy(x). Let

N
S}'\")” = Z Pm (Xr)- ( l . 20 )
1

THEOREM 3. Let (Xt)tez be a linear process, m 2 1 and a € (0, 1/m). Let us assume,
N

in addition, that the variances Aim:Varzz.X, and By? = VarSN(m) satisfy (1.15), (1.16),
1

and (1.17). Then

d
SinBy = Z, (1.21)
where the process Zy(M) is defined in (1.12).
In the special case of regularly varying coefficients a(t) [cf. (1.5)], Theorem 3 was

previously proved by the second author [5] (cf. also Avram and Taqqu [1]). As follows from

Theorem 4 below, the asymptotics of variances AN?, BN? are determined up to O(N) by just the
covariance function of the process (X;) (1.18), equal to

=%

r(ty= Z a(t+s)a(s). (1.22)

— %

THEOREM 4. Let (Xt) be a linear process. Then

N N
Bi=Var > Pu(X)=m! D r(t—s)+O0(N). (1.23)
1 7, s=1
We note that for a Gaussian process (Xi)
N N
B3 = Var Z H, (X y=m! Z (L —3). (1.24)
1

1, s=1

The next result follows from Theorems 1, 3, and 4 and (1.24).

COROLLARY 1.1. Let the covariance function r(t) (1.22) of the linear process (X¢)
(1.18) satisfy (1.8), where a € (0, 1/m) (m 2 1). Then the convergence (1.21) holds.

Theorem 5 below is also based on Theorems 3 and 4. Let

z{X)=(2m)" 12 Z g(Hye ", xel—-x, w) (1.25)
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be the Fourier transform of the sequence (g(t))iez € L2(Z).
THEOREM 5. Let us assume that the spectral demsity f(x) = |a(x)|? of the linear pro-
cess (X¢) (1.18) has the form
f)= x 1L x .70 XY, (1.26)

where ¢ € (0, 1/m) (m 2 1), L: R.—R, is an s.v.f. which is bounded on compacta, and the
function 8: R,—R, is bounded and such that the following limit exists:

T
limp_, T-* [ 6(0)de=8>0. (1.27)
8

Then the convergence (1.21) holds.

We note that the function 68(1/x) in Theorem 5 is not at all necessarily slowly varying
and the spectral density f(x) (1.26) can behave quite irregularly near the point x = 0 (as,
for example, in the case

6(x)= 2 Lizn, an+1y (x)) .

n=0

We briefly explain the idea of the proof of the fundamental Theorem 3. We consider
the spectral representation

Xo= [ =Z@d (1.28)

bt 14

of the linear process (Xy) (1.18), where Z(dx) = Z(—dx) is an orthogonal stochastic measure
corresponding to the spectral measure f(dx) = f(x)dx = |a(x)]|2. It follows from (1.16) that
the renormalized spectral measure

Fy(dx)=F(dx[N) N*|L(N) (1.29)

converges as N > » to a measure on the line with density D™'(1)[x|®"! at the same time that
the stochastic measure corresponding to FN

Z,(dx)=Z (dx|N) (N*L (N} (1.30)

converges in distribution to the Gaussian measure D'l/z(l)W(dx) fef. (1.3)]. Thus, to prove
the convergence (1.21) it suffices to show that there exists a polynomial in the random vari-
ables ZyN(A-ym), ..., Zy(AM) approximating Sy m)/By in the mean square uniformly in N; here,
A_Ms +-., Ay are intervals independent of N. The proof of existence of such an approxima-
tion occupies the basic part of the paper and is split into several propositioms.

2. Convergence of Spectral Measures

In this section we consider the convergence of the spectral measures Fy(dx) (1.29) and
Zy(dx) (1.30), assuming that the condition (1.16) on the growth of the variance holds, i.e.,

9

Ax

i

P

N
Var > X,=N*"*L(N), (2.1)
1

where o € (0, 1), L: [1, =) >R4 is an s.v.f.

Proposition 2.1. Let us assume that the stationary process (X¢)ie z is Gaussian or
linear and (2.1) holds. Then for each bounded Borel set A ¢ R

F,\'(A)"Fo(A) (2-2)

and



d
where Z,(dx) d D'l/z(l)W(dx) is a Gaussian stochastic measure with variance
Fod\Y=E Z,(dx)*=D"1(1) x* 1dx. (2.4)

The proof follows the argument of [2, pp. 33-34]. For concreteness we restrict ourselves
to the case of a linear process (Xt). According to Theorem 3 of [14], {2.1) is equivalent to

{N1]
RIS -/ (2.5)

1

where (Zt(l))t>O is a fractional Brownian motion, i.e., a Gaussian process with mean 0 and
covariance

r, sys=E(ZW @) 2 (s)):l2 (igpe+ s =l —s[*7%). (2.6)

It is well known [6, 7] that the process Zt(l) = Z¢ admits a representation in the form of
a stochastic integral (1.3), from which it follows that

gott)=r (45, 5)—rV(, s)-

] " (2.7)
. SEUT it __ pT SN |y . itx .
_ ! (5__.1,&_ _,”..i}—.) (‘(_Zi}"‘) Fy(dx)= f ' g (dx),
where -
o {dx) = 5Ky (sx) 2 Fo{dx) : {(2.8)

[we recall that K,(x) = (elX — 1)/ix].

hi .
Let YN:’AN]ZE A;.  The convergence in distribution of the vector (Y[Nt]’ Y{Ns]) [cf.
I

(2.5)] together with the convergence of the vector (EY[y¢]?, EY[yg]2) [this follows from
(2.1)] implies the convergence of the covariances

E(Y[M}Yuv,s-])—)rm(’- 5). (2.9}

Consequently,

o (1 Y=1imy_. @x(f). (2.10)

where
gatl)= E((Yu.' (i~ Yivn) Y[Ns])-
Analogously to [2, p. 33], we write ¢n(t) in the form

hAY

an)= [ o™y (. (2.11)
N
where t' = [tN]/N,
tn (dx) = K3, (x) Fy (d). (2.12)
K3 (x) =" (2 — 1) (e= = (N (@™F = 1)) 2, (2.13)
s'" = ([(t + s)N] — [tN])/N, s' = [sN]/N. Since s" » s, s' - s (N » «) it is easy to see that
B3 (x) > sKy(sx) * (2.14)

uniformly in x € [4, b] for finite ¢ < b.
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According to Lemma 2 of [2], from (2.10) we have that py - p, weakly as N » ». We fix
—w < @ < b < += and choose t > s 2 2n/max (|a|, |b|). Since the function Ky(sx) is continu-
ous and does not vanish for |x| < 2m/s < max (|a|, |b|), by virtue of the weak convergence
of measures py to u,, and (2.14), we conclude that

Fy(a, b)—> Fy(a, b).

Since the numbers ¢ < b are arbitrary, and the measure F, is continuous, the convergence
(2.2) follows from the last relation.

We proceed to the stochastic measure Z(dx) in the spectral representation (1.28) of

the process (Xt). It follows from (1.18) and (1.28) that, for each bounded Borel set A c
["‘"9 ‘IT] ’

= < 1 —~isyA(v )y L
Z4)= _Zm( e ;f e~ (1) dy) & (2.15)
It follows from the definition of Zy and Fy [cf. (1.29), (1.30)] that
Zy(AV=(Z (A/N) P (A[N)) Y2 (A) =Wy F L2 (4) (2.16)

under the condition that Aci—=N,nN] (outside the interval [—=N,wN]we set measures Fy and Zy
equal to 0). Since Fy (A)~F, (4)ct. above), for the convergence (2.3) it suffices to show that
It follows from E{W,}*=1 and (2.15), (2.16) that

Wy < K (0., 1).

(2.17)
Wy= 2 05 (2.18)
where
1
9= == (e“"’é(y)dy/ [d( )2d,”""
We note that zi'qx”=:l and
17'ﬂ;max]qs;g( f]ﬁ‘iz)l/g( {' 1)”2 ( {’1{1;2)1/‘-’27‘1/201/]\])_,0 (N —>o0). (2.20)

a AIN AN
where X is Lebesgue measure.

Let Wy' = ReWy, qg' = Regg. We consider the k-th cumulant xy(Wy') of the real random
variable WyN'; k = 2, 3, .... In view of the independence of £g and (2.20),

s (WA = 2 (Z0) Z g J’<const(ma>c,qx;) Z lgy 2= 0,

if k 2 3. Analogously one can show that the cumulants of order k 2 3 of the ranﬁ?m vatiable
Wy" = ImWy tend to zero, as well as of arbitrary linear combination of Wy' and WN'". This
proves (2.17) and thus also Proposition 2.1.

Remark 2.1. Similarly, one can show that under the hypotheses of Proposi?ion?.l the
joint distribution of the variables Zy(A;), ..., ZN(Ap) converges to the distribution of
the variables Z(A;), ..., Z(A,) for any n 2 1 and any bounded Borel sets A;, ..., Ap.

3. Proof of Theorem 2

For simplicity we restrict ourselves to the proof of the convergence of one-dimensional
distributions for t = 1 (this remark also relates to the proofs of Theorems 3 and 5).
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Let  Dy(x)= Z oY = oix (N )(eix— 1) and K, (X)= Dy (x/N) N =¥ (eix— DN (N — 1)),
i

We note that

Ky (x) = Ko (x) (3.1)
uniformly on each compact set of the real line.

We consider the spectral representation

X, = ftmeﬁh% M={-= =« (3.2)
il
of the process (Xy)tez. Then
N
SYP= 2 Ho(X)= [ Dy(xi+ ... +xn)d" Z. (3.3)
1 o

where, on the right side, one has an m-fold Wiener—Ito integral (cf. [11]). We use the change
of variables y; = x4N, i =1, ..., m, in the multiple integral [11, Theorem 4.4] and by the
definition of the stochastic measure Zy(dx) (1.30) we get

S By =, ( EyOn+ ... +y)d" 2y, (3.4)

g

where My = [-uN, 7N] and v, = Nl'“m/ZLm/z(N)/BN.

According to Proposition 2.1, (3.1), and Lemma 3 of [2], for the convergence in distri-
bution of the integral on the right side of (3.4), it suffices that for each ¢ > 0 there
exist a K > 0 and an N, = N,(e, K) 2 1 such that for all N = N,

Swoe= [ IKn(rit...+xp)RdnFyse. (3.5)
mm-K, K"
Since
1 =Var (S/By)=m!v2, ( { Ky (xy+ ..+ x,) 2d7 Fy+ 3y, x) ,
- K"
and also vp? » C"'{(m, @) (N > =) and for each K < =
[ KyGit.. 432" Fy—> [ Ko+ ... +x)Rd"F,
i~K, K" {—K, ki
according to (3.1) and Proposition 2.1, (3.5) follows from
f PR (v 4+ . X)) 2dF, = Com, a)jm! (3.6)
(—K. K"

as K » ». Obviously (3.6) follows directly from (1.16) and the convergence of the integral
D(m) (1.6). o

4. Proof of Theorem 3

Suppose we have a finite collection ny, ..., np of random variables having finite mo-
ments of any order. By the Appell (or Vick) product of the variables n,, ..., ny we mean
the random variable (cf. [12, 13])
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'{H . ‘7177!: = ()m (exp{ Z :J"}i,i } Ee\p{ E :,77{41' }) {}:1‘ . r-a:m_.‘|*~~~“7m’*‘0' (A'l)
t ' 1
If the collections n;, ..., Nn and Np+1s «-.5 Ny are mutually independent, then
:yll"'ylm:::‘frl"'nn::'Qn-*.-l-'-'run:" (4.2)
If ny = ... =np =n, (4.1) coincides with the Appell polynomial of n, i.e.,
..yl = =P (). (4.3)
where
PO (xX)=dm (es*|Een)]d=" .. m=0. 1. .... (4.4)
are the Appell polynomials connected with the distribution n.

We return to the linear process Xy (1.18). Let Pp(x), Qu(x) (m 2 0) be the Appell poly-
nomials connected with the distribution X, and £,, respectively.

Proposition 4.1 [17.

n

N . m !
Pu(X) = Z Z <mv mk> Z ’

k=1 (m, ), (4.5)
a™ (T - S]) e amk (’ - sk) Qm, (251) s ka (Ev,\)

where :J” is taken over all (m)y = (m;, ..., mg) eZ,k, 7z, =1{1, 2, ...}, such that m; +

(m)k

. + my = m, and the sum 2: is taken over all (s))=(51....-5)€Z* such that si#s; for i#j, i j=1,
. s},

.+.s k. The series (4.5) converges in the mean square.

(4.5) is a special case of the so-called multinomial formula for Appell polyncmials
[1]. For finite sums of independent random variables it follows directly from (4.2), (4.3),
and the multilinearity of the Appell product. Indeed,

“

Po(X)=:X":=: Z a(t—s)).. _11(1—s,,,)2_s.,._,55m: =Z a(i—sl)...a(t—s,,,):;,...;\-m:. (4.6)
(.?)m (s}

m

One gets (4.5) from (4.6) with the help of (4.2), (4.3), and a simple transformation of the

sum 25_

») n
We rewrite the right side of (4.5) as a sum 2: §S+}ﬂmh(n. Let
k=1 (lll)A

P (X)Y=P()+R(). (4.7)
where
Piy= S ati—s)...att=smia. . .5, (4.8)
("'m
is the basic term and
R(f)'—‘ Z ZA:V P(nz)k(r) (4-9)
kem (m)A

is the error term. One has



Proposition 4.2 (cf. [1, Step 3]).

N

var ( 3, R(1))=0().

1

Proof. Let (m)gy = (my, ..., mg), k < n and my 2 2 for some i = 1,
EP(m) (0)P(m), (t). Since

N

N bl
Var ( Z P(m)k (’)) = Z ’.(k) (1 —-S)$ N Z ;-“‘) (’) i ’
1

t, s=1 ey

to prove (4.10) it suffices tc see that
Z () < .

Considering the definition of P(m)k(t) and the equality

k

E(Qm: (E”‘) L ka (E-sk) Qm]’ (Evg) s Qm‘: (Es{:)) = I—[ 3 (sj; 5;) E(QmJ E0) Qm; (En)},

j=1

(4.10)

Let r{k)(t) =

(4.11)

(4.12)

which is valid for any s; < ... < sk, s;' < ... < sk', and the independence of £} and the

relation EQu(£;) = 0 V m 2 1, which follow from it, we get

3
rf @) =C Z Z n ai(t—s) "W (sy) E(QmJ Eo Oum, » (Eo))a

(), J—1

(4.13)

where the first sum is taken over all permutations i(1), ..., i(k) of the numbers 1, ..., k

(by the letter C here and below we denote possibly different constants).
it follows from (4.13) that

Wy <C (Y E-aE+r Y 2 az(t——sl)}a(t—s:.)a(sl)|a2(s2)> =C(r (O +r (1)

Here $‘ﬂ(ﬂ<:x and
s

Z r = Z Z a* () Z G(S1+¢—sg)a(s1)‘az(sg)<(Z az(t))3<cf

Since Ia?(t) < o,

according to Cauchy's inequality. This proves (4.11) and thus Proposition 4.2. o

N

We recall the definition of the functionsl&(x)rZS(“xand Kn(x) = Dy(x/N)/N. We also

i
need the equality

| Dy (%) | = sin (Nx/2)/sin (x/2) .

Proposition 4.3. Let Pg(t) be defined as

Po)= > b(t=sp ... 1=$w)Zy.. 5,
(D

where

(4.14)

(4.15)
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m

B(Si1. v Sp)=(2m)"m J<cxp {i 2: xjy,} Ii d(x)Gxyd" v, (4.16)
1

nr

i=1

and the function G(x), x = (x,, ..., %Xy) € I™ is symmetric in the variables x;, ..., Xy and
uniformly bounded in N [G(x) may also depend on N]. Then

m

N
Var > P (t)=m! ‘{ Dy(v+ .4 x)® [ d4(x) G d™x +O(N). (4.17)
1 " j=1

Proof. We consider the sum

N m . m
by (Sy, «..s SpI= Z b(t—=sqy. ..., 1—5,)=Q2n)"™? (exp{ -1 Z X5, } Dy(vy+ .o +X5) n a(x)G(x)dm~. (4.18)
1 n;n 1 j=1
Clearly,
N ’
Var Z Pi(t)y=m! Z by (55 ..., Sp) 2=m! Z by (81, - ..y Sp) T+ m!Ry. (4.19)
1 (), (),

According to Parseval's identity, the first summands on the right sides of (4.17) and (4.19)
coincide. Thus, it remains for us to verify that

Re=(2 - X ) =0,

), (s},

In view of the symmetry of by (sy, ..., sp),

m—2
Ry<C 3 iby?lo_op<C [ (IDuGit .. A 5mptn) []16G)! [ 1a@-0)d@)ldo) dm*xdu
n

m
), omt j=1

(in the last inequality we make use of Parseval's identity and the boundedness of the func-

tion G). We note that f,ﬁ(a—v)é&ﬁ;dvs f G2dp<C. On the other hand, using the estimate
i o
‘ CN for Ix <I1/N,
DOv®) ) oy for x'BUN

[cf. (4.14)], it is easy to verify that

SuPrerr [ 'Dy(x+u) *du<CN.
I

Consequently,

Ry<CN | 1:] ld(x;) 2dm=2x=CN.

o™t i=l

We preface the rest of the proof of Theorem 3 with the

Proof of Theorem 4. We recall that |d(x)|? is the density of the spectral measure F
of the process Xt (1.18). We note that if G(x) = 1, Pg(t) (4.15) coincides with P(t) (4.8).
Using Propositions 4.2 and 4.3, we have that
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~
CVar 3 Pp(X)=m! [ (Dy(xi+ ... +Xm) BA"F+O(N). (4.20)
1 e

Using the equality r(/)= fe“‘dF and the definition of the function Dy(x), we see that the

a N

integral on the right side of (4.20) is equal to ZS;“(I—S) o
?, s=1

Let
G (x)= 1[_K/N' KINT ®). "@W=1pm(x)=-G"(x)

and P'(t) = Pgr(t), P"(t) = Pgn(t). It is clear that

P(@)=P () +P"(1), (4.21)

where P(t) is defined in (4.8). As follows from Proposition 4.4 below, one can neglect the
summand P"(t) for our purposes in what follows.

Proposition 4.4. Let (1.15)-(1.17) of Theorem 3 hold. Then for each ¢ > 0 there exist
K > 0 and Ny 2 1 such that for all N z N,

AY
Var 3 P'(1)<cB}.
1

Proof. According to Proposition 4.3 and the definition of the measure Fy (1.29), we
can write

N KIN
Var 3 P'(1)=m! f f | Dy(X1+ ... +Xn) 2d"F+0(N)=
1 —K|N
K

=m! N2-am [ () f f‘gKN(x1+...+x,,,);2d"‘FN+0(N).
-K

Dividing both sides by By? and considering (1.15), we get
N 5
. -2 ’ m! . . - ; m —_
th——.»:n BN Var Z P (’) = ?Gn.,_a)_ th_,.y_ f e ,‘ KN (.\1+ e +,\m) 24 -}TN“
! -K (4.22)
.
f... [ Ko(xy+ ... +x)2d"F,

_ m!
T C(m, o)

In the last equality, as in the proof of Theorem 2, we have used Proposition 2.1 and the
relation

sup x <k Ky ()~ Ky(x) — 0. (4.23)

We complete the proof by an argument analogous to that which was used in the proof of Theo-
rem 2. According to (1.17) and (1.6), (2.4),

m!

_C_(m, &)

[1KoGot ... +x)RdmFy=1.
Rm

Consequently, from (4.22) we have that for any ¢ > 0 there exist K > 0 and N, = Ny{(e, K) 2 1
such that, for all N z N,

B Var : Pn-1 ge. (4.24)

139



On the other hand, since N/By? + 0, by virtue of Proposition 4.2

N N
limy_.. B33 Var 2 P(1)=limy_., B3* Var S PN =1. (4.25)
t

1

The assertion of Proposition 4.4 follows from (4.24), (4.25), and (4.21). ]

Thanks to (4.23) and the continuity of the function K¢, forany € > 0 and K > 0 we can
find Ny = Ny(e, K) 2 1 and a step function

Fa(X)=ga (N, oo s X Z gar...A, ax..xa, (¥) (4.26)

(@)
such that for all N 2 N,

sup m Ky 4 ... +Xp)—8a (X2, -o.0 Xm)|<E. (4.27)

xe[—~K. K}
In (4.26) the sum :: is taken over all intervals A;, ..., By € {A('M), ehes A(M)}, where
(M

A('g), vy M) form a partition of the interval [—K, K] satisfying the conditions p(-1) =
—A(l), i=1, ..., M, and

BEmHX,; g]\,{).(A(“)—\O (E—)O): (4.28)
A being Lebesgue measure. Let
I,= Z ba(Sie «oos S i s s (4.29)
),
where [cf. (4.15), (4.18)]
R KN m m
Pa(S1e vues Sp) =(2m)~™2 f ( exp { —i Z X5 } Nga(xN) n a(x))dmx. (4.30)
Y kN 1 j=1

As in the proof of Proposition 4.3, we have

N KN
Var(z P’(l)—]A) <m! [ oo [ Dyvi+... +x)—Nea(uNo ... X N)2dmF=
1 —KIN

(4.31)

K
=CB]2V ” " jKN(XI—" ..,+xm)—'gA(,\'1, ‘e xm)izdeN G C::B}VFX{[—K. K]
K
Since Fy[-K, K] » Fo[-XK, K] (cf. Proposition 2.1), we have thus proved

Proposition 4.5. For any € > 0 and K > O there exist an N, 2 1 and a step function
gy (4.26) such that for all N 2 N

N
TG WAOEYNELY S (4.32)
1

Recalling what the spectral measures Z and Zy are equal to for a linear process {cf.
(2.15), (2.16)2, one can note that the sum I, (4.29) is almost the polynomial in the random
variables Zy(al™M), ..., ZN(A(M)) whose convergence is established in Proposition 2.1. In
order to get rid of the word "almost' we must take two more steps, namely:

1) to remove from I, the 'diagonals" 4; = A4
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2) to replace the sum Z:, in (4.29) by the usual sum E:.

(s),,, )y

One takes the first step easily. We denote by ZS the sum over all 4;, ..., 8 €
(&

{A('M), cees A(M)} such that Aj # tAj for i # j, i, j=1, ..., m, and by gA'(x), x € RO

the step function on the right side of (4.26), where in place of the sum :5 one has 251
(A) )

Finally, we shall denote by I,' the corresponding sum of (4.29), (4.30) with g, replaced
by gpo'. As in (4.31),

K K
Var(y=1)<CBY [ [ 1ga—gh 2dmEy SCRERH=K K1 [ [ 100 aies) @2 Fne (4.33)
—K -K

As N > =, the integral on the right side of (4.33) converges to the corresponding integral
with respect to the measure F, (cf. Proposition 2.1), which one can make arbitrarily small
by the choice of a small § > 0. The following proposition is a consequence of the argument
just made:

Proposition 4.6. Proposition 4.5 remains true with I, replaced by I,'.

We rewrite I,' in the form

=N 3 20 8aes, dan(s). . .as (5m) 3. Eos (4.34)
) (5,
where
ar ()= [ ema(x)dx, (4.35)
AIN

A€ {A('M), N A(M)}. We denote by J, the corresponding sum (4.34), where 23, is re-

placed by :S. “M
(s)

"

Proposition 4.7.

Var (J, — I4) = 0 (B%). (4.36)

We postpone the proof of Proposition 4.7 until the end of this section, and now we
finish the proof of Theorem 3.

Since

> ay()E=Z(A/IN)
{cf. (2.15)], one has

Ja=N 3 gan.n, Z(AJN). . . Z(A/N)

@
and

JaBy=(C(m. )7 3 gy s Ze(A). .. Zn (A

(A)
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Since on the right side of the last equality there is a polynomial in a finite number of
variables Zy(al™M)), ..., ZN(A(M)), on the basis of Remark 2.1 we conclude that

JuBy 5 (Cumy )12 S g s Zo(A)). - Zy(An). (4.37)
(A)

Of course the sum on the right side of (4.37) is nothing but the multiple Wiener—Ito integral

| 8a) Zyd). . Zydxy) = [ ghd" 2,
R’" ¢
of the step function g,'. It is known that

1‘2

!
£ : f gA(-\‘)d"‘Zu—_f Ko(«\'1+...+xm)dmzol =m! f;g’A(x)—-KO(xl-i-...+x,,,)52d'"F0. (4.38)

Using (4.23), (4.27), (4.28), and also the continuity of the measure F,, we see that the
right side of (4.38) can be made arbitrarily small by suitable choice of K and e. Together
with (4.37) and Propositions 4.1-4.7, this completes the proof of Theorem 3. o

Proof of Proposition 4.7. We set py = (Jy — Ip')/By. Then

A= Z Z gAl...AmY(V),(_\)’ - (4-39)
@ W
where the sum z: is taken over all partitions (V) = (V,, ..., V.) of the set {1, ..., m}
)
such that |V;| 2 2 for some i =1, ..., r;
! . 7R 4,40
Yy, )= 25 pv.@ﬂ---pn(&)%f*-..gf', ( )
(),
=] 956 Feil. ..., m} (4.41)
ieV
and
ga(8)=a (5) (N/L (N))12 (4.42)
[up(s) is defined in (4.35)]. It follows from (2.2) and (2.19) that as N » =,
maXeez ga(s), — 0, (4.43)
> 4a(e) P=Fy(d)—~ F(A) (4.44)
and
Z f/_\i<:)(]Aj(s)=FN(Afn(_ﬁj))=0 (4.45)
under the condition that i # j, i, j =1, ..., m (we recall that the cases 45 = iAj for

i # j do not occur in the sum 2:). From (4.43)-(4.45) it is easy to derive the following
Y

relations for the coefficients py(s) (4.41) of the polynomial form (4.40):

Db €C V22 (4.46)

> opv(e)=0. V. =2, (4.47)
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2 Py =0, [Viz3. (4.48)
To prove {4.36) it suffices to show that as N - «,

Eix2—0 (4.49)
for eachy = y(y), () in {(4.39). We have

E;Y@:Z Z pV’(Sl)...pV’(Sr)
©), 9, (4.50)

v, (5D oy, (50 vy

where

; IV, iglVat R
Z‘L(V)=E(E"51V1 .C_L as{ ""”s’f ‘). (4.51)

Let |V;! 2 2. We divide the double sum on the right side of (4.50) into r + 1 sums

25 , i=0,1, ..., r, as follows. Into the sum 25 we put collections (s),, (s'), satis-

) ©

fying the condition s; = s,', ..., s; # s,.', and into the sum z: (i=1, ..., r)collections
)

(s)y, (s')y such that s; = s;'. Considering that the random variables &5, s € Z are indepen-

dent and have mean 0, and using (4.46) and (4.48), it is easy to conclude that

D=0 (=1, ., ) (4.52)
0]

We consider the remaining summand 2:. Let (ZK)! be the collection of all collections
o
(s)x €2¥ such that sy # sy for i # j, i, 3 =1, ..., k. We note that for s; # s,', ...,

sy' the mean u(y) (4.51) is independent of s,. Hence :a can be represented in the form
©

Soe(Zme) T3 -3 SE%. =33

© &y, ), - k

~
~

]
t

where (s)yp-y = (s;, ..., sp) € (ZT~1)', and the sum » " is taken over all collections
(8)p-, € (Z¥71)", (s')y € (Z¥)' satisfying the condition sy = s, for 2 < k < r and sg.,' =
s, for r < k € 2r. But then 25 -0 by virtue of the same reasons as for (4.52), and for

E:'-+G one must use (4.47) in addition. o

5. Proof of Theorem 5

As usual, let F(dx) = f(x)dx = [d(x)|2 and r(/)= (e"’dr denote, respectively, the
n
spectral measure and covariance function of the linear process (X;).

It follows from Theorems 3 and 4 that to prove Theorem 5 it suffices to verify that
the following relations hold:

N
A= > rt—s)~L(N)N:-" (5.1)

£ 5=

and

N
Biy=ml D rm(t-5)~C(m. a)L7(N) N2 (5.2)

1, £=1
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where
Ll(.\’)=éD(l)L{A\') (5.3)

is the s.v.f. differing by the constant 6D(1) from the s.v.f. L(-) in (1.26).

Passing to the spectral representation of the covariance function just as in the proofs
of Theorems 2 and 3, we have

=N

AL (N N2 = [ Ky (0 2 dFy (5.4)
—nN
and
N
ByLp(NYN=*m=m! [ [ Ky(xq+... +x,) 2d"Fy. (5.5)
’ —nN '
where
Fy(dx)=F(dx/N)N%L,(N). (5.6)

We consider the convergence of the spectral measures Fy (5.6).

Proposition 5.1. Under the hypotheses of Theorem 5,

Fr(A)Y— Fy(A). (5.7)
where A is an arbitrary bounded Borel set and F,(A) =D-1(l) f‘x“’ldx {cf. (2.4)].

4

Proof. According to (1.26) and (5.6),

Fy(@)=(@D) [ w3 (LW x JL(N))BN] x1)dx
A

(we assume that A ¢ [-=7N, mN]). According to a well-known property of s.v.f. (cf., e.g.,
[7}, Lemma 4.1) for any € > 0 and 0 < X, < », one can find a 0 < C < « such that L(N/x)/
L(N) < Cx"€ uniformly with respect to N 2 1 and x € (0, x,). Since the function 68(:) is
bounded, one has

lilg o SUPw1 Fr( =3, A< Climpne [ x'*re-1dy=0 (5.8)

under the condition that o + € < 1. Thanks to (5.8) and the symmetry of the measures Fy,
it suffices to prove the convergence (5.7) for the intervals A = («4, b), 0 < ¢ < b < e,

In view of the fact that L(N/x)/L(N) - 1 uniformly with respect to x € A = (a, b),
(5.7) follows from

b b
Iv= ,r.\"-‘lf)(x\i'/x)d.ﬂ: -0 f.\'““ld,\:

d a

Let E(x)= fﬂ(yyhx Then =(x)/x > 6 as x » » [cf. (1.27)] and

0

b
Iy= =Nt [ x*1dE(Njx)= = NV (N/x) s+ L+

u
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b o

b
+{a+)N-1 f E(WN/x) x*dx — =D (0~ a)+ 0@+ 1) fx"“ldx =6 [x““la’x. o

a a M

To prove (5.1) and (5.2), it suffices to see that on the right sides of (5.4) and (5.5)
one can pass to the limit under the integral sign. In view of Lemma 5.1 and the uniform
convergence on compacta of the functions KN(-), for this it suffices that the following con-
dition hold uniformly with respect to N 2 1, where [K]€¢ = [—uN, aN]®\[—Km, K]M:

limgoe | Ky(xg+ ... +x,) 2d" Fy=0. (5.9)
(&

Since the measure Fy(dx) is majorized by the measure Fy(dx) = F(dx/N)N®/L{N), where
F(dx) = C|x|%L(1/|x|)dx and € = supys,6(x)/(6D(1)), it suffices to verify (5.9) for Fy in-
stead of Fy. Such a verification is made on pp. 35-36 of Dobrushin and Major [2] (the veri-
fication of condition (2.8) of Lemma 3 of [2]). o
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