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1. Introduction

We use j,, and c,, to denote the kth positive zeros of the Bessel function J, (x)
and of the general Bessel function

C,(x)=J,(x)cosa — Y (x}sina, O<a<m, (LY

where Y, (x) is the Bessel function of second kind.

Similarly we denote with j;, and c, the kth positive zeros of the derivative
with respect to x of J,(x) and C, (x) respectively. As for ¢, the dependence of
¢, on o is usually omitted.

Recently many results have been obtained on the monotonicity, concavity
and convexity with respect to v of j,, and more generally of ¢,,. For example R.
McCann in [9] and J. T. Lewis and M. E. Muldoon in [6] showed independently
that j,./v decreases as v increases provided v > 0.

Later E. Makai [8] proved this property with an ingenious application of the
Sturm comparison theorem, and in [5] the authors obtained similar more strin-
gent properties for ¢, with k = 2,3,.... The corresponding properties can be
extended to k = 1, but only for 0 < a < g

Further properties concerning the concavity and convexity of j,, or, more
generally of c,,, have been discussed in [1], [2], [3], [4], [5]-

We observe that the results cited above were motivated by some physical
problems concerning the explanation for the origin of the vortex lines which are
produced in superfluid helium where its container is rotated [6, p. 171].

The principal tool used by the authors in several works mentioned above is
the following Watson’s integral formula [10, p. 508]

d

_Cvk = 2Cvk j Ko(zcvk SlIlh t)e—z"tdt. (1.2)
dv 0

*)  Work sponsored by the Consiglio Nazionale delle Ricerche — Italy.



Vol. 34, 1983 On the zeros of derivatives of Bessel functions 775

where K, (x) is the modified Bessel function of order zero. Since for ¢, there is
an integral formula similar to (1.2), we hope that we can prove analogues of
concavity (convexity) results for the zeros ¢, of C; (x). However we observe that

the integral formula for d . corresponding to (1.2) (see (2.1) in the next section)

a‘ C
is more complicated, so in general it is not easy to obtain the corresponding
properties for c; .

In this work we are concerned with the concavity of ¢, with respect to v in
the case ¢, > |v].

2. Preliminaries

In this section we recall some results which will be useful in the sequel. The
first one is Watson’s formula for the derivative of ¢;, with respect to v [10, p. 510]

d 26, . o
== [ (¢ cosh 2t — v?) Ko (2 ¢ sinh ) e~ 2" dt 2.1)
dv Co—V 0

where K (x) is the modified Bessel function of order zero.
Concerning the function K, (x) we need the foliowing integrals [10, p. 388]

arc cos a
—, |a] <1
J1—a?
| Ko(x)e ™ dx = A(a) =1 1 , a=1 (2.2)
0
arccosha
, a>1
© a® —1
[ Ko(x)xdx =1. (2.3)
0

Moreover we recall the inequality [10, p. 487]

>V +2), v>0. 2.4)

For our purposes we need an upper estimate for the integral (2.2). This is
given by the following result.

Lemma 2.1. For a > 1 the inequality

arccosha 22 3 2,

— <= - — 2.
a2~—1<15 5a+15a (2.5)

holds.

Proof. Since arccosha = log(a + ./a* + 1) we have to show that the
function

f(a)=\/a—271(%—§-—%a+%a2>—10g(0+\/02— 1)
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is positive. Since f(1) = 0, it is sufficient to prove that f'(a) > O for a > 1. We get
Jat—1f(a) = %(a — 1)® which clearly is positive for a > 1.

3. The function j, and its monotonic properties

Let us denote the kth positive zero of C,, (x) by ¢, where C,(x) is the same
as in (1.1). Now let kx =k — % and let the function j, be defined by

Jwe = Cy (v > 0) where x is considered to be parameter. Hence j.,_ is a solution of
the integrodifferential equation (2.1). It is not difficult to show that the right hand
side of (2.1) is Lipschitzian with respect to c,,, provided c,, > 0 and ¢, # |v|, so
we have the uniqueness of the solutions of the initial value problem at least on
the domain ¢ > |v]. We suspect that this uniqueness cannot be extended to the
line ¢ = [v|. We hope that we can return to the case 0 < ¢’ < |v{ in a subsequent
paper.

Incidentally we observe that our notation permits to obtain easily an inter-
esting property concerning the behaviour of the zeros ¢/, with respect to « where
the dependence on o is omitted. Qur result complements a similar result ob-
tained by Lorch and Newman for the positive zeros c,, of C, (x) [7]. Precisely we
show that j;, increases as k increases (« = (k — ) n). To this end first we consider

1/2
the case v=1/2; then C,,(x)= —2—) sin(x + «) and the function
Y = y(x) = ji,5,, satisfies the relation nx

tanl'=2y (3.1
1
where I'=sT'(x)=7y+(k—xKx)n. Let us observe that if y= 2 then

1
K =Ko=7 + e 0.90915.... Differentiating (3.1) with respect to x we obtain
T

(1 —2cos®T) =m.

. 1
We shall consider only the case y(x} > 7 Then by (3.1} then I" > 1, hence
1
cos’ I < 5 and 7' > 0 if x > k. This means that j} , , strictly increases as x

increases. Now let ¢ = ¢ (v) be a solution of the differential equation

d _ 20
dva_-az—v2

(c?cosh2t — v?)K,(2osinht)e™ 2" dt (3.2)

Oty 8

1
with the initial condition o (5) = y(x) for k > k. If y(x) > 1/2 then the unique-

ness of the solutions of this initial value problem yields that o (v) = j., and
Joey <Jw, i Ko <Ky <k, and j, . >|[v].
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Since a = (k — x) 7 we obtain that the kth positive zero c,, of C; (x) decreases
as ¢« increases and 0 < u < =, as long as ¢, > |v].

4. Basic results

First we have to compute the second derivative of j,, with respect to v. The
formula (3.2) can be rewritten in the form

d ©
=2 =2 [ f(t,0,v) Ko (2 osinh £)dt
dv h)
where
flt,o,v) == d > (62 cosh2t —v?)e™ 2",

g- -V

The differentiation with respect to v gives

d2 ©
=2 ({[fo0' +f]1Ko(2osinht)dt
0 4.1
+2 f fK,2ocsinht)2 ¢ sinhtdt
0
f _do . .
where f, = f f,==and ¢ =% An integration by parts of the second
integral in (4.1) shows that this is equivalent to
ht
[ sinht SIRE 0 3 rsinh)2 0 cosh tds

oo cosht ) ; , 4.2)
= [f—- tanhtK0(20'sinht)J — | Ko(2osinh)— {fz tanht}dt,
o 0 dt | ¢

0

where the term in the brackets is equal to zero due to the asymptotic relations

1
Oflog—), x>0, x—0
Ky (x) = x

0(e™, X — 00.

Concerning the integral on the right hand side in (4.2) we have

d 1
& {ftanh t} = f,tanht +fC—O§l—2—t’

therefore we get
d2

=2 (faa’ +f, — %f,tanht —%fgo—s—hz—t>K0(2crsinht)dt
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By straightforward calculations we obtain
d’c
dv?

’

2jl:itanh2t+2v£tanht-—2t
ol O g

40 sinh? ¢t ,
T @ T oreoshar = T o° )} @3

-f Ko(2osinht)dt, o #|v].

Now we prove the following two Lemmas.

Lemma 4.1. Let o(v) be a solution of the differential equation (3.2) in a
neighborhood of v = v, and & (vy) > [v,|. Then

d
aO’(V) B >1. (44)

Proof. We make use of the integral formula (2.2) fora =1
:jj Ky(x)ye™*dx =1.

By the substitution x = 2 gsinh ¢ in this integral we obtain
:jj K,(2osinh)e™27%mh12 g cosh tdt = 1.

In order to prove the inequality (4.4) by (3.2) it is sufficient to show that
(0.2 cosh2t — v2)elasinht > (O_z - v2) ez vt

which is clearly true because o > |v|.

Corollary 4.1. Let j, . > |v,], then

j\/vx >j;°K+V—V0, V>V0.

Proof. The result follows from the fact that the function j,, — v increases as

v increases, because by Lemma 4.1 with ¢ (v) = j,,, we obtain o Jae—1>0.
v

Lemma 4.2, If o (v) statisfies the same conditions of Lemma 4.1 and addi-
tionally

d
Yo o0)| <o),

vo
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then

dZ
aﬁo(v) <0.

=va

Proof. By our conditions we have

/ /

(e
2vy — tanht — 2¢ < 2|vy| 2t — 21 < 0.
g g

Thus by (4.3) it is sufficient to show that
' ' 4 6% sinh? ¢

tanh? ¢ —00’)<0.
A T T P cosh 2t — ) U T 7)<

S

g =

Q|

Since ¢’ > 1 and v — ¢ ¢’ < 0 moreover

g cosh?t
c?cosh2t —v? > 12, 120

we obtain
gty o 4 1( O_,)_Zva—o’(a"-l-vz)
tanh’t o 22 %07 o (62 —v?)

This gives the conclusion of the Lemma 4.2.

5. The main result

The aim of this section is to study the concavity of j,, forj, > |v|jand x > 1.
According to Lemmas 4.1, 4.2 we have the concavity of j,_ if v < 0. In the case
v > 0 we need additional restrictions for j,, to ensure the condition v’ < ¢ in
Lemma 4.2. These restrictions are formulated in the following result.

Theorem 5.1. If

V2v, for O<v<1/2
a(v) >
v+ 1/2 v=1/2
then
2
d G<O.

v
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Proof. For the proof it is convenient to consider two cases:
a) O<v12
b) v>1/2.
. . c e
Case a). By Lemma 4.2 it is sufficient to prove that ¢’ < —. The substitution
v

u = 2gsinht in the integral (3.2) for ¢’ gives
2 2

o—=g(s«l-\/sz+1)2“\/sz+l

1+

Ko (w)du (5.1)

& e

2
U . . . y y
where s = —. From the inequality ¢ > ,/2v it follows — < 2 and we have
o c

to consider the inequality

1+ vsz
vd y @ 1_5

J— <_—
cdv’ "o g(s+\/sl+1)2”\/sz+1

Now we are going to show that

Ko (u)du.

1+ s*
v
1 —-
2 1 —vy—v?
<1+2—" Y, (5.2)
(s +/*+ 1) /s? +1 1‘%

for s > 0 and 0 < v < 1/2, or equivalently

1—v—y? 1
o) = log(l +2———v—;—v—s) + 2vlog(s + /s + 1) + Elog(s2 + 1)
1 —=
2

2 32>>0.
v

1—=
2

—log<1 +

First we show

1
F(s)=¢(0) =log(2s + 1) +§10g(s‘2 +1)—log2s*+1)>0 for s>0.

This inequality can be proved directly. We should prove that

Rs+1)/s*+1>252+1
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or equivalently

Rs+ 122+ D) —-2%2+ 1) =453+ s>+ 45>0

which is clearly true.
Moreover we have

d _ (1+4v—v3s
&= T 2 v =y TRt TV D)

2

M
T 1= v2)(1 =2 + 257

d
and it is easy to see that ¢ (v) decreases as v increases on [0, 1/2]. Hence ¢ (v)
v
is concave, therefore, min ¢ (v) = min {¢(0), ¢ (1/2)}. Hence we should check
0<vs1/2

the inequality ¢ (1/2) > 0. So we have to prove that

(1 +§s>(s+4/sz+ /s> +1

exp(p(1/2) = >1,
1+ §s2
3
that is
2 1+ 252
90 =1+3 > 0. (5.3)

s+1/s + 1)(s* + 1)

For s >0 a simple calculation shows that

8
1 2
t3s 4

(s+\/sz+1)\/sz+1<§

and this inequality permits us to prove the (5.3) in the case s > 1/2. In fact we
have

2 4 2
l+-s5s—z==(—1/2 >1/2.
9> 1+35—3=36—12)20, s>V
OntheintervalO<5<1/2wehavetheestimates(s+\/sz+1)\/sz+1>s+1
and g s
1+§s2 28(—6—3)
g@e)>1+3s— = >0,

3 s+ 1 s+ 1

which completes the proof of the (5.2).
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Now we use (5.2) in (5.1). Then by the integral formula (2.2) at a = 0 and (2.3)
we obtain
v d < vin
O'dva cl2
Since 0 = /2y
T v 1—v—v-1
< V = o —
h(v,o) < h(v,./2v) 2\/;4— —

2
Letu= \g and

p)=[1—h(, 22—V =4u*+7u®> —7u+1, 0<u<1/2.
Clearly the function p(u) is convex for u > 0, hence

pW = p(3) +p (1/3) (- 1/3),

f—v—v21
YTV A ah,0).
g

v
1—-
2

1 1 .
where p(§> = 0.4500... and p’ (?) = — 1.5018.... This gives

p)>p(1/3) +p’(1/3)<% — %) >0, 0<u<1)p2

and by the definition of p(u) we have h(v,0) < 1 and, consequently

Case b). For v > 1/2 we use the inequality sinh ¢ > ¢, (z > 0), in (3.2) and the
property that K, (x) decreases as x increases. We have

do 2g?cosh2t —v? _,
a<20‘ 6{77_6 2 2!{0(2(7'1')dt

X
o?cosh = — v2

9 ek (x)d
X)ax.
62 —v? °

]
Ot 8

If o is defined by cosx = Y with 0 < o < g then
o

do 1 1 1 ., O
—— <775 |A|cosa+—]+ A{cosa — ~ | | - cotan® o ——,
dv  2sin’« c G sino
where we have used the integral formula 4 (@) in (2.2). Since A4 (a) is defined only

1 v 1 e
for a>—1, we must have cosxy ——~=——~>—1 or v+ ¢ >1 which is
c ¢ ©
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satisfied because in the present case 6 > v + 1/2 > 1 and v + ¢ > 3/2. In order

. . do o .
Fo appl}.f Lemma 2.1 we should prove the inequality ™ < STy that is the
inequality
1 1 7
A(cosoc+—>+A<cosa—-><://(a), O<a<=
o o 2
where
2sin?
Y@= | 2costa (5.4)

cos SIn o

By (2.2) it is clear that the function A({a) is convex, hence the sum
1 1\ .
A (cos o+ —> + A4 (cos o — ;) increases when o decreases.
g

Now g and v = ¢ cos « satisfy the restrictions ¢ v + 1/2 and v = 1/2, hence

1 1
2 - H M
? oﬂ‘i’i,z {2 (I —cosa)” 2cos a}

consequently
1 if O<a<n/3
—_— T
2(1 —cosa)
o=
< 2
2cosa’ y3sa<n

so we need to show the inequalities

A(Bcosa—2)+ AR —cosa)y< y(x) if O<a<m/3 (5.3)
and

A(—cosa)+ AQBcosa) <y (o) If m3<a<m/2. (5.6)

First consider the case 0 < o < /3. Since 2 — cos o« > 1, by (2.2) and (2.5) we
have the estimate

2
A(2——cosac)<%——(2 cosoc)—i—E(Z—cosoc)z:B(oc), (5.7

where

B(x) = +1c +2cosa
o 508 + 7%

Let the function 8 = f(«) be defined by cos f = 3cosa — 2 with B(0) =
By this definition we have 0 < f(x) <—72E for 0 <« <§ and ﬁ(%) = g By
(5.5) and (5.7) it is sufficient to show the relation

Y@=[¢(@—B@]snf—p>0, 0<a<mnr/3. (5.8
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Since ¥ (0) = 0 and

o)-p) ()£

therefore it is sufficient to show that the function ¥(x) is increasing on the
interval (0, o,) and decreasing on (x,, 7/3) with some o € (0, 7/3).
Differentiating s («) we obtain

., .
) =220 2 +2<sinoc+ _ >(1—“C°S“>,
sin o

cos? o sin o

and clearly ¥'(2) > 0 for 0 < a < /2.
Recalling that the function f(x) is defined by cos f = 3 cosa — 2, we have
sin § ' = 3sina, hence by (5.8)

.. d . ,{ 6 68 2
smﬁa—o—cx//(a)— 3sina(l — cosa) <—§coscx +1~5—— coszcx>

6 cos? 6 -2
4 6sina(l — cosa) cos?a + 6cosa (l_occosoz>’

1+ cosa sino
or
5., cos?a(l+cosa) . ; cos o o COS ot
(a)—3sinoz(1——c0soc)2 sinp¥(@) =, @)+ C, (a)l—cos oc< "~ sina >’
where
6 6
Cil)=(1+ coscx)(—gcos%c +T§coszcx - 2>,

C,(x) =2cosa(6cos?o + 6cosa — 2).
Since lim ¥ (2) =16 > 0 and ﬁ(g) < 0 it is sufficient to show that ¥ (a)

strictly decreases. Since the functions C, (x), C, («) are clearly decreasing and
C, (o) > 0, we need only to show that

COS o oACOosS o
Ci(0) = 1 (1 - )

— cos o sina
is also decreasing. To prove this first consider the derivative of log C5 ()

Ci(@) asino 1+ cosa + cos?a

Cs(®) sina - acosa SIn & Cos &

and prove the statement C, (x) < 0 for 0 < a < 7/2, where

_ Ci(w)sina(sing — ocosa) Y — tany 1+ cosa + cos? a
T Cy(0) 2 + cosa h 2 + cosa

Cal®)
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For C,(0) = 0, we have to show C} (2) < 0 for 0 < « < 7/2 which is clearly
true because
sin? (1 — cosa)cos® + 4cosa + 2)
B cos?a(l + cos )

Calo) =

is negative. Thus we have that ¥ («) is strictly decreasing, hence there is only one
value a4 (0,7/3) with ¥ such that ¥(x,) = 0 and ¥ (x) > 0 for 0 < a < a, and
P () < 0 for oy < o < 7/3. Consequently the function ¥ () has a local maxi-
mum at o = o, and

¥(2)> min {T(O), T(-Tf)} -0
O0<asn/3 3

i.e. the relation (5.8) holds, hence the inequality (5.5) is also true.
To prove the inequality (5.6) we observe that the function A4, (a)

= A(— a) + A(3 a) is well defined and convex if — é— < a < 1 and, by (5.10) the
function ¥ («) is strictly increasing, hence

max {A(— cosa) + A(3cosa)} = max {A <—~—;—) + A (§> 2A(O)}

rf3<a<n/2 2

and

min  ¥(%) = ¥ G)

w3 S a€n/2

1 3
Therefore we should check the inequalities A (— E) + A4 (E) <y <§> and

S

T
3
has been already proved. The second inequality is also true because by (2.2)

240 < z,b( ) The first is true because it is the inequality (5.5) at o = g which

A0) = g and by (5.4) ¢ (g) = 3.45.... The proof of Theorem 5.1 is complete.

Corollary 5.1. For x = 1 and v > 0 the function j;, is concave respect to v.
The same is true for k¥ > 1 and v < 0 under the additional restriction j,, > |v|.

Proof. If v > 0 the inequality (2.4) implies that j; satisfies the conditions of
Theorem 5.1, hence j;, is concave. Clearly the same is true for j,, with x > 1,
because by (3.3), . > Jj,,- Finally in the case of v < 0 the conclusion of Corollary
5.1 is a consequence of Lemma 4.1 and 4.2.
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Abstract

In this paper we are interested in the behaviour respect to v of the kth positive zero ¢/, of the
derivative of the general Bessel function

C,(x) =J,(x)cosa — Y,(x)sina, O0<Sa<n,

where J, (x} and Y,(x) indicate the Bessel functions of first and second kind respectively. It is well
known that for ¢}, > |v|, ¢}, increases as v increases. Here we prove several additional properties for
¢y~ Our main result is that ¢, is concave as a function of v, when ¢}, > |v| > 0. This implies the

concavity of ¢, for every k = 2,3,... . In the case of the zeros j, of dd J,(x) we extend this property
to k=1 for every v= 0.

Sommario

In questo lavoro il nostro interesse € rivolto al comportamento, rispetto a v, del k-esimo zero
¢, della derivata delia funzione cilindrica

C,(x) =J,(x)cosa — Y,(x)sinz, 0<a<m,

dove J,(x) e Y, (x) indicano le funzioni di Bessel rispettivamente di prima e seconda specie. E’ ben
noto che nel caso c¢;; > |v|, ¢, & una funzione crescente di v.

Qui, proviamo parecchie ulteriori propricta per la funzione ¢},. Il principale risultato & che ¢},
€ concava rispetto a v, per ¢, > |v| > 0. Questo implica la concavita di ¢}, per ognik = 2,3,.... Nel

caso degli zeri j;, della funzione (% J, (x) possiamo estendere questo proprieta anche a k = 1, per
ogni v > 0.
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