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On finite deformations of space-curved beams

By E. Reissner, Dept. of Applied Mechanics and Engineering Sciences,
University of California, San Diego, La Jolla, California, USA

Introduction

We are concerned in what follows with the manner of derivation and
with an application of large-displacement finite-strain theory of space-curved
beams, as previously considered in [5].

In regard to the manner of derivation we have two objects. One of these
is of an expository nature, with a clarification of the way in which our
descriptions of the state of strain and of the state of stress are shown to be
consistent without the necessity of a “tentative assumption of an implicit
representation of force strains”. The other is an approach to the problem of
relations for components of moment strain in terms of components of
rotational displacement, without use of Rodriguez’ formula, in a way which
involves a symmetric treatment of the two components of bending strain
without a participation in this of the one component of twisting strain.

As an example of application of the general theory we consider the
problem of helical deformations of a helical rod for the case of a simply
symmetric cross section with unequal principal bending stiffnesses and with
non-coincident centroid and shear center locations, in generalization of an
analysis in Love’s Treatise [3].

Vectorial one-dimensional equilibrium equations
and virtual strain displacement relations

We have as equations of equilibrium for a cross sectional force P and a
cross sectional moment M the two vectorial relations

P+p=0, M +RxP+m=0, (1a,b)

with primes indicating differention with respect to arc length s along the
undeformed “center” line of the rod, and with R = R(s) being the radius
vector to points of the deformed center line.

We obtain vectorial virtual strain displacement relations for a force
strain vector y and a moment strain vector » in terms of virtual translational
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and rotational displacement components dR and 4@, as in [5], through use of
the virtual work equation

S2 S2
f(P-oy+M-ox)ds=[(p-oR+m-5®)ds+ (P-SR+M-d)32, (2)
LN $1
in conjunction with the equilibrium equations (1), in the form
0y = (OR)' + R’ x 6@, ox = (0D) . (3a,b)

In this we have that (0R) = 6(R’), but we cannot write 6(®’) in place of
(0®), inasmuch as we do not have the existence of a function @ in
association with the stipulated 5@.

Derivation of scalar strain displacement relations and equilibrium equations

Given the radius vectors r(s) and R(s) to the undeformed and the
deformed center lines, respectively, we introduce in association with these
two radius vectors two triads of mutually perpendicular unit vectors (¢, n,, n,)
and (7, N, N,). In this t is tangent and n,, n, are perpendicular to the curve
r(s) but no such stipulation is made relative to the triad (T, V,, V,) and the
curve R (s), with the determination of R and T, N,, N, being part of the
problem of the rod, in a manner which will become apparent.

In order to derive from the vectorial virtual strain displacement relations
(3) actual scalar strain displacement relations we now take dy and d= in the
form

5))=T(3yt+Ni5Vi, on =T+ TxN;m, (4a,b)
and R’ in the form
R’:atT+aiNi (5)

with the choice of a;, a; left open. In addition to this we define virtual triad
vectors 67, 6V, in terms of the virtual rotational displacement 6@ in the form

T=0DxT, ON,=06dxN,;, (6)
with (6) implying the supplementary relation
20 =Tx 0T+ N; x ON;. (7N

Introduction of (4a), (5) and (6) into (3a) leaves, after appropriate can-
cellations,

Téyt—%Niéyi:Téat—!-Ni&ai, (8)
and therewith,

5611; = 5')/1;, 56[1 = 5])@ . (9 a)
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In order to reduce equation (3b) in a corresponding manner we first
deduce from (7) the relation

®¢y=%{rxaT+Aqua+Txauw+4wxaawn. (10)

To proceed further we make use of Frenet-type differentiation formulas
EA\A N N, T N, T N,

T , N=——+ , Nj=——— . (11)
r1 I T r, P
Introduction of (4b), (10) and (11), with
N. N, 1
5T’=—5—1—+—6—2+N15(—)+N25(L), etc. (12)
y Fa 7T y

into equation (3b) leaves, after some cancellations, three scalar relations of
the form

O(1/r)) = by,  6(1/r5) = 0. (9b)
Having equations (9a, b), in conjunction with the relations ¢ = #’(s), and

n, n, t n t n

'=—+—, np=——+—, nm=——-—— (13)
& & e Ot Q0 Ot

we conclude, on the basis of the fact that ;=1 and a; =0 when R =r, and

% =x;=0 when T=t and N;=n;, that we will have, as expressions for the

coefficients g; and a; in (5) and for the coefficients 1/r; and 1/r;in (11),

ar=1+7y, a=pn, (14a)
and

l 1 | 1

— =, =t (14b)

ry O rg i

At the same time we have from equations (1a, b) in conjunction with the
representations

P=PtT+PiNi, M=MtT+MiT)<Nt, (15a,b)

and the corresponding representations for p and m, as scalar equations of
equilibrium

P, P P, P

P+t p =0, P+—+"24p,=0, (16a, b)
ry r ¥y Fe
PP M M

Pé__l_—z“’pt:(): Mi+—— 1+V1P2"V2P1+mt=0=(16c’d)
ry L2 ¥y ¥y
M, M

Mi+—L~=24 (14 ) P,=p,Pi+m, =0, (16¢)
¥y Ft
M, M

]W;———‘E'F——l‘*‘(l+Vt)P2_72Pt+m2=0’ (161)

I/'l F¢
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with these differing from the corresponding equations of Kirchhoff [2] by
way of the presence of the force-deformational terms y P.

Strain components in terms of rotational displacement measures

In order to take account of the duality properties of the two unit normal
vectors n; which sets these part from the one unit tangent vector t we proceed
as follows to introduce three scalar rotational displacement parameters ¢,, @,
and ¢;.

We first introduce two mutually perpendicular unit vectors N;, sym-
metrically in terms of ¢, and ¢,, by writing

o, N,=n—¢ t—fn, o, N,=n—¢,t—pfn,, (17)
in conjunction with the defining relations

G=1+¢i+p, 26=¢.9,. (18)

We next take the triad vector Tin the form T= N, x N,, by writing

o, T=0-p)t+(p,+Bo)n + (o, +Bo)n,. (19)

We thereafter introduce the third rotational displacement parameter ¢; by
writing as expressions for NV, and N,

atN1=N1+gutN2, ’-ZtN2=N2—(/JtN1; ai=1+¢f. (20)

Having equations (19) and (20) we may obtain expressions for , r, and
ry, for arbitrarily large ¢; and ¢, by comparing the expressions for 77 and
N} which follow from (19) and (20) with the corresponding expressions in
(11), in conjunction with equations (13). We are limiting ourselves in this
account for simplicity’s sake to the case of small finite p; and ¢, by stating the
appropriate results including all first and second degree terms but neglecting
third and higher degree terms in ¢,, ¢, and ¢, and the derivatives of these
quantities.

With this we have then as expressions for 7, IV, and N,

T=(1——é—qu—%@%)t-{—(plnl-k%nz, (19,)
and
N1=(1_%wi_%wi)nl—(¢1+(ﬂt§”2)t+(¢’t—%¢1¢)2)n2a

Ny=(=5@—50Dm— (.~ 01 0)t— (01 +5 0, 0) 1y, (20")
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and from this follows, upon again omitting all third and higher degree terms

11 — +3 2+ o
%1=—“—=§”{+§0t¢;—¢2 §D1¢t+¢t 201 P P2 (ot, 21a)
r 01 % (4 291
[ L ot =G0 Gt
K= T =0, et - - s (21b)
7y 9; Q¢ (0 2@2
1 1 / — 4 2 4 2
Ny =— —— =g} + Oy @1 — Py @y +&_ﬁ_(p1 (/’2‘ 1¢)
Feo 0t 2 e 0 2o

As regards the components of force strain y; and y; we obtain, on the
basis of equations (5), (14a), (19") and (20") and with R’ =¢+u’, the
vectorial relation

“'=(%‘%@?‘%@3‘7’1%—)’2%)t
+[(1 +Vt) (01‘*‘?1—‘?2 (ﬂt] "1+[(1 +)’t) §02+ y2+y1 (”t] n, (22)

for the determination of components of translational displacements in terms
of force strains and rotational displacement measures. Alternately, we may
obtain force strains in terms of translational and rotational displacement
measures in the form

pn=@+u) IT—1, yp=(>+u) Ni, (23a, b)

with the form of the final formulas depending on the nature of the component
representation for .

Helical deformations of a helical rod

We now consider a slightly generalized version of the classical problem
of a helical rod, acted upon by forces P the line of action of which coincides
with the axis of helix, and by moments M turning about this axis, with this
condition of loading sometimes being designated as a “wrench”, with the
axis of the wrench coinciding with the axis of the helix. We observe that for
this system of loading we have as explicit solution of the equilibrium
equations (1 a, b) the expressions

P=Pe, M=Me,~PRxe,, (24a, b)

where it remains to determine the shape of the deformed rod, in terms of the
geometrical parameters describing the undeformed rod, and in terms of the
loads P and M. _

With » and @ being polar coordinates in the plane perpendicular to the
axis of the helix and with a and b indicating radius and rise of the center line
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curve, we have as vector equation of the center line of the undeformed rod
r=ae+bhfe, e =e cost+e,sinf (25)

and from this we deduce as expression for the tangent unit vector ¢, with the
help of the relation ds = (a* + b*)¥*? df = ¢ df, and with a = ¢ cos ¢, b = ¢ sin ¢,

t=r=cospey+singe,, e =—e sinfl+e,cosb. (26)

As regards the normal unit vectors n, and n, we first introduce a special
set 7, and 7, of unit vectors by writing

A, =€, fA,=eysing—e,cosqp, (27
with ¢, ii,, #, evidently being mutually perpendicular, and by then writing in
in terms of an angle v,

n,=fa,cosy+n,siny, n,=f,cosy—Asiny, (28)

with the directions of n, and n, coinciding with the principal axes in the plane of
the cross section of the rod.

Given equations (26) and (28) as defining relations for the triad ¢, n,, n,
it is then readily established that the coefficients in the differentiation
formulas (13) are

1 COS ¢ COS ¥ _cospsiny 1 sing

2 k

1
1 (29)
o c Qz ¢ o ¢

Given equation (25) for the undeformed center line we now write the
corresponding relation for the deformed center line as

R=Aep+BBe,, ep=e cos®@+e,sind, (30)
with © being given in ferms of 8 in the form & = & 8. We then have from this
, dR dO &k .
R=‘—'d-@“a—=?(Ae@+Beg)a GQZEZCOS@—-EISH‘IQ, (31)

and it now remains to define unit vectors T, IV,, IV, associated with the radius
vector R as given by (30}

We will in what follows restrict attention to cases for which T is tangent
to the R-curve by writing

T=cosPeg+sinde,, (32)

where cos @ =k A/C and sin @ = kB/C, with C= k(42 + B*)V?, and there-
with
C
R =— T, (33)
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so that, in accordance with (5) and (14 a),
C
n=—"-L n=prn=0. (34)

Having T as in (32) we now define vectors N; and N;, consistent with
(27) and (28), in the form

N,=ep, N,=e¢gsin®—e,cos®d, (35)
and
N,=N,cos ¥+ N,sin¥, N,=N,cos¥— N,sin¥. (36)

With T as in (32) and N; as in (36) we obtain as expressions for the
coefficients in the differentiation formulas (11),
_1_=~kcos<1§cos&”’ izkcos@sian’ i=ksin<15’ 37)
c

r c ¥y ¢ ¥

and therewith, in accordance with equations (14b), as expression for bending
strains »; and twisting strain »;

%, =— ¢k cos @ cos ¥ — cos p cos ) , (38a)
x#,= ¢ {k cos @ sin ¥ — cos psin y) , (38b)
s = ¢k sin @ —sin ¢) . (38¢)

Formulation of stress strain relations

We assume that the cross section of the rod in its deformed state will be
symmetric with respect to an axis parallel to N, and we will designate cross
sectional coordinates in the directions of IV, and N, by x, and x,. We further
assume that the origin of the x,, x,-system defines the center line of the rod
which is taken to be the line of shear centers of the cross sections, with the
centroids of the cross sections being on the x,-axis, at a distance x. from the
shear center. Limiting attention to the case of linear stress strain relations we
may then immediately write two of the stress strain relations in the form

Mt=Dt%t> M2=D2%2. (393,b)

Two additional one-dimensional stress strain relations follow from the
integral relations

Pi=[Et(y+x,)dx,, M,=[Et(n+x, %)x dx,. (40a,b)
in conjunction with the defining relations

{Etdx,=S, f[Etx,dx,=x.S, [Etx?dx,=x(5+D,, 41)
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where D, = | E t(x, — x,)? dx,, in the form
Pi=Sy+x.8S%, M=xSyu+xiS+D)xn. (39¢, d)

The four equations in (39) in conjunction with the four defining relations
in (34) and (38) will become a system of four simultaneous equations for the
determination of the four quantities @, ¥, k, C in terms of the given
geometrical quantities ¢, w, ¢ and the given loads P and M, upon expressing
M,, M,, M, and P, in terms of P and M through use of the defining relations
which follow from (15), in conjunction with (24), (32) and (36), in the form

Pi,=P-T=Pe, - T=Psind, (42a)
M,=M-N,=(Me,+ PAeg) - (N, cos ¥ — N, sin ¥)

=— Mcos ®cos ¥+ PAsin ® cos ¥, (42b)
M,=—M -N=Mcos®sin¥— PAsindsin¥, (42¢)
Mi=M -T=Msin®+ PAcos P . (42d)

With 4=kt Ccos @, in accordance with the defining relations in the text
which follow equation (32), we then have altogether as equations for the
determination of @, ¥, k and C,

C c
PsincD=S{(———1') ——i(kcos@cos ¥Y—cosgcosy), (43a)
¢ ¢
C .
—Mcoschos‘FJr?Pcos(DsmchoslP
:S+D
=ch(—€—1)—ﬁ———L(kcosd)cosS”~cosq)cosw), (43b)
c c

C )
M cos @ sin 'I’—?Pcos dsin Psin¥

D
= —2 (k cos & sin ¥ — cos ¢ sin y) , (43¢)
c
C D . .
Msin<15+—k—Pcoszd>=—Ei(ks1n@—sm(p). (43d)

Among the various special cases of the system (43) we mention the
following.

Rod with doubly symmetric cross section

Setting x.= 0 in equations (43a, b) we may use equation (43a) in order
to reduce (43b,c,d) to a system of three equations for @, ¥ and k, upon
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setting in these three equations C=c¢+ S~ Psin @. In general, this latter
relation will be effectively equivalent to C= ¢, as implied by the original
Kirchhoff form of the theory. Strictly speaking, we will have C=c¢ upon
stipulating S = oo, with P then being reactive. Aside from the fact that it is
possible to imagine cases for which this would not be justified (as for
example for a rod with helical spring cross sections) it should be noted that,
on the basis of equations (41), the stipulation S = co should by rights be
associated with a stipulation D, = oo, that is with a stipulation of complete
circumferential fiber inextensibility. This difficulty, however, may be by-
passed by considering the problem with C = ¢ and D, < oo as the first step
of a perturbation expansion in powers of P/S.

Rod with kinetically symmetric cross section

By kinetic symmetry we mean, in accordance with Love [3] that, in
addition to x. = 0, we have D, = D, = D;,. We obtain the results stated in [3],
and there credited to Kelvin and Tait [1], within the present context by
recognizing that when D, = D, then part of the solution of the system (43) is
given by the relation

V=y. (44)

With this equations (43b) and (43c) are both equivalent to the one
relation

C : D
Mcos(D——]:Pcosqﬁsm@=—b(kcosq§—cosgp), (45)
c

with (45) and (43d) now being two equations for the determination of @ and
k, in terms of M and P, [with C = (P/S) c sin @]. We will limit ourselves here
to using (45) and (43 d) for the derivation of the set of relations

D D
Mz—tsintp(ksin & — sin gp)—!——bcos & (k cos @ —cos ¢), (46a)
c c

D Dy .
—E—Pcos@z—tcos@(ksindi—sin(p)~—b—sm @ (k cos @ — cos ¢)
C C
(46b)

which may readily be recognized to be equivalent to equations (40) on
page 415 in {3], upon setting C = c.

Finite pure bending of a circular ring

We obtain equations for this problem upon setting ¢ = @ =0, ¢ = a and
P =0 in the system (43). We then have (43d) satisfied automatically and
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equations (43a, b, ¢) assume the form

A
——l—f—c(kcos‘lfwcosw)z(), 47a)
a a
D,
Mcos ¥ = ¥ — cos ), 470b)
. D, . .
Msin¥=—(ksin ¥—sin y) . 47¢)
a

Equations (47b, ¢) imply as implicit relation for & in terms of M, for given
values of a, w, D, and D,

< D, sin y )2+( D, cos y )221, (482)
aM—-D,k aM—D,k
with ¥ given in terms of & and M in the form

tan¥ D, aM— D, k (48b)

tany D, aM—D,k’

Bending and twisting of a partially rigid rod

Given a rod with narrow cross section, such that D, < D., we may
consider the problem of bending and twisting approximately, by considering
equations (43) subject to the assumptions D, = o0 and S = o0. We now have,
from (43 a, b), as constraint conditions

~kcos@cos¥—cospcosy=0, C=c, (49a,b)

with k, @ and ¥ to be determined, in terms of M and P, by means of
equations (49a) and (43c,d). We note that the special case ¢ =0 of this
problem is the one-dimensional analogue of a problem of inextensional
bending in two-dimensional shell theory which has been considered in [4].
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Summary

A recent generalization of Kirchhoff’s equations for the analysis of spacecurved beams, in
which account is taken of force-deformational effects in addition to the deformational effects of
bending and twisting moments (Studies Appl. Math. 52, 87—95, 1973), is re-derived more simply,
including a new description of rotational displacement states, and including an application to the
problem of helical deformations of originally helical beams.

Zusammenfassung

Eine Verallgemeinerung der Kirchhoffschen Stabgleichungen, in welcher der EinfluB der
Stabkrifte auf die Verformungen beriicksichtigt wird, zusitzlich zu dem EinfluB3 der Biege- und
Torsionsmomente (Studies Appl. Math. 52, 8795, 1973) wird neu und vereinfacht abgeleitet,
einschlieBlich einer neuen Beschreibungsweise fiir rotationelle Verschiebungszustinde, und ein-
schlieBlich einer neuen Anwendung auf das Problem der schraubenférmigen Verformungen von
urspriinglich schraubenférmigen Staben.
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