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1. Introduction
It is easily verified that the function
e, 9) = - 6+ ¥ D) 1]
satisfies
Ay, = 5.

Go(x, y; &, n) = ug(x — £, y — n) is therefore a Green’s function for the biharmonic equa-
tion, which it is convenient to represent in the complex form

Golox, 3 &, 1) = 2= Rellz — (P{InGz — D) — 1)

where z = x + iy, { =& +in. Further Green’s functions may be obtained, satisfying
various boundary conditions [1]. For example

1 r R 212 C]/z
Gi(x, y;8.m) =§R‘3 IZ*C| ln<m>] (D
vanishes togethér with its normal derivative on the negative real axis,
1 i z—{ =
G 56 =—R —{Pln|——= { 2
2 yidom = CM‘Z ¢ n<Z+C)+(C+s)Z} (2
does so on the imaginary axis [2—3], and
: I N e S U (4 ) ()
Gy &m =g Rel |~ epnf £ =2 )+ B 3

does so on the circle |z| = 1 [6-8], provided in each case { does not lie on the boundary
in question. In none of these cases does the Green’s function have a singularity on the
(smooth) boundary.

The Green’s functions (1)—(3) are strikingly similar in form to the corresponding
Green'’s functions for Laplace’s equation, casily obtained by the method of images and
the use of conformal transformations for either Dirichlet or Neumann boundary
conditions. This analogy might lead one to suppose that similarly simple Green’s
functions for the biharmonic equation could be constructed for more complicated
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regions such as sectors. In the Laplace case, the sector

1 1
z#0, ~§oc<argz<§chn

has the simple Green’s function

L Re[m(i"_‘f_’)]

21 Zn/oc + Cn/a
vanishing on the boundary of the sector, where ( is inside the sector. The expression in
square brackets is holomorphic in z at the corner z = 0 provided n /o is an integer, and
otherwise has a logarithmic or finitely-sheeted branch point there. However, it seems
most unlikely that any such simple Green’s function can be constructed for a general

sector in the biharmonic case. Indeed, Dean and Montagnon [9] have shown that,
provided #» (in general complex) satisfies

sin no = +r sin «, €))
then the real and imaginary parts of the complex expression
"1 Fz2" Da sin(n — Do + (=272 £ z2")n + 1) sin ne

are both bitharmonic functions whose first order partial derivatives both vanish on the
boundary of the sector. Any Green’s function would be expected in general to contain
terms with the above types of singular behaviour at z = 0 for the different roots » of the
transcendental equations (4) [10]. It would therefore in general have a complicated
singularity at z = 0 and could not be simply constructed from elementary functions, as
in (1) —(3). Only in the special cases o = 2r and o = & are the solutions of (4) all integers,
and these are precisely the cases already covered by (1) and (2) respectively.

We shall now prove a result which implies that the inhomogeneous biharmonic
Green’s function for a sector of angle a satisfying 0 <« < = must be singular at z =0,
In fact we shall show that, if «1s any non-constant biharmonic function whose first order
partial derivatives both vanish on a curve which contains a conformal image of a pair of
line segments meeting at an angle « (e.g. a pair of circular arcs meeting at this angle),
then ¥ must be singular at the corner. This result has relevance to numerical work in
elastostatics [11-14] and steady viscous flow [2-35, 7, 8], where Green’s functions are
used extensively.

2. The main result and its proof

Suppose the function A({) is holomorphic, with A'({) # 0, on the open disc U =
{{eC C\ < 8}. Let V be the image in the z-plane of U under the conformal transforma-
tion z = A({), define

r=T,ul,, Iy={re™0<r<d}, I,={re ™% 0<r<é},

where 0 < a < =, and let C, C;, C, (= V) be the images of I, I'}, I, (< U) under 4. Then
C is an analytic contour in the z-plane with a cusp of angle « at z = 4(0). It is the image
under the transformation z = A(Z*") (conformal except at Z = 0) of the open segment
(—id™=, i5™) of the imaginary axis of the Z-plane.

Theorem. Suppose u(x, y) is a biharmonic function on V analytic in the real
variable x = Re z and y = Im z (even at the point z = 4(0)), such that du/dx = 0u/dy =0
on C. Then u(x - y) is constant (on V).
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Proof. Following Muskhelishvili [15], we express the biharmonic function u in the
form

u(x, y) = Re w(z), (5)
where
w(z) = f(2) + zg(2), (6)

for some functions f(z) and g(z) holomorphic on V. It will be more convenient for our
purposes to express the “complex bipotential” w in terms of { rather than z, writing

w(z) = W(0), (7)
where
W) = FO) + OGO, (8)

and F=foh and G =g o h are both holomorphic on U.
It follows from (5) that

du . Ou ou Jdw Ow Ow aw

PR MLl Sl 5;=£+<az—>’ )
where

ow

= =52 =G

Z

by (6), and

ow I oW 1 , —

= hE T g O G
by (8). Thus

ou . du 1 , = _

— i = [F'(O + OGO + G*O), (10)

ox oy T H
where, for any holomorphic function ¢({) on U, ¢* denotes the holomorphic function
on U defined by

$*(©) = (0. (11)

By hypothesis, (10) vanishes on I. It therefore vanishes on I';, where f=e" Br and
so

FQ) +h¥e )G () = —h(OHG*(e ") (12)

on I',. But both sides of (12) are holomorphic functions of { on U, so (12) must hold
throughout U. Similarly (10) vanishes on T',, where { = e™, and so

F Q) + e DG () = —h(OG*Ee™) (13)
throughout U. From (12) and (13), we deduce that
W QIh* e~ DGH(e™0) ~ h*(e )G *e )]

ro= WD) — e D) o
and
G = O G )

h*(eiozé’) _h*(e—iao » (15)
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and hence from (10) that

du_du_hHe )GH(e ) — h*(e "G He ")
ox  dy h*(e™0) — h*(e~"()
_RDIGH(e™) — G*e ()]
h*(ei:xc) — h*(e—iocc)
Suppose now that the holomorphic functions 4 and G have in U the Taylor
expansions

+ G*(0). (16)

(28]

WO =3 aln  GO=1Y b (17)

Substituting these into (15) gives

RSN -

k=1 m=1
+[ Y kakC"”][ > E,n(e"m“—e*fm)cm}o. (18)
k=1 m=1

By considering the coefficient of (", we deduce that

Y ket R it t=Rol(h g tab, =0 forn=1, (19)

k=1
Putting #n =1 in (19) gives

(e™ — e~ ™)(b7a, + a b)) =0.
Since a, = £’(0) # 0 by hypothesis, we must have

2e e (20)

a4 a

for some real number . We now prove by induction on » that

b, =ira, (21)
for all positive integers n. Suppose that b, =irg, fork =1,...,n — 1, where n > 2. Then
the summand in (19) vanishes for k =2,...,n — 1, and (19) reduces to

(e"* — e ~")ay(b, + ird,) + n(e™ — e™a,(b, — ira,) =0,

1.e.

b, —ira, = ~<Sin e )(ﬁ)(bn — ira,). (22)

7 sin o /\4,
Since 0 <« < =, the quantity

Sin no ei(nfl):t_*_ ei(n—B)a + e _’_e—i(n-l)ot
nsin o n

has modulus strictly less than 1 (implying that (4) has no integer solutions »n of modulus
greater than 1), and we conclude from (22) that b, — ira, = 0, thus completing the proof
of (21).

From (17) and (21), we now deduce that

G(0) = irh(0) + ¢, (23)



Vol. 46, 1995 Biharmonic functions clamped at a corner 293

where
¢ =b,—irag.

Substituting (23) into (16) now shows that du/dx — i(du/dy) = 0 throughout V, i.e. that
u = constant in V.

3. The special case of a sector

This special case corresponds to putting
z=h{) =¢, F=f G=g

In this case, the conclusion of the theorem holds under the weaker assumption that the
functions f(z) and g(z) have at worst isolated singularities at z = 0.
To prove this, note first that (14) and (15) reduce to

[e ~img*(eiaz) _ eicxg*(e —iaz)]

£@) = e (24)
lg*(e™z) —g*(e ~"2)]
() = — : . ) 25
g o (29)
Substituting the Laurent expansion g(z) =Y __ b,z" into (25) gives
> sl e sinna)
,13:_00 nb,z" " = ,,Em b"( sin « >Z ’

from which we infer that 5, =0 for |n|>1, and that b, and b_, are both purely
imaginary. Thus

gz)=c+ilrz +r'z71), g¥2)=¢ —i(rz +r'z7Y), (26)
where ¢ € C, r, r’ € R. Substituting (26) into (24) yields
S'(@) = —¢4(2ir cosajz 7!,
whence 7" cos a = 0, since f(z) cannot have a logarithmic singularity at z = 0. Thus
f(2) = — &z + constant. (27)
Substituting (26) and (27) into (6), we see that
w(z) = —Cz + ¢z + ir|z|* + iF'Zz ! + constant,
and hence by (5) that
u(x, y) = —r’ Im(Zz ~') + constant.

But u(x, y) must have the same constant value on C,, where 7 = e ~z, as it has on C,,
where Z = ¢™z. Hence r'sina =0, " =0, and u(x, y) = constant.

Thus we have shown that a non-constant biharmonic function x on the sector z 5 0,
—3¢ <argz <jo must be of the form given by (5) and (6), where f or g has a
non-isolated singularity at z = 0.

We conjecture that the conclusion of the theorem of Section 2 for general A will
likewise continue to hold under the weaker assumption that f(z) and g(z) have at worst
isolated singularities at z = 4(0). Unfortunately the method of proof used in Section 2
breaks down in this case. This is because there is no longer a lower bound to the
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summation over k in the first term of (18) or the summation over m in its second term,
so that there is no way to start the induction.
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Abstract
Let C be a curve which is conformal to a pair of line segments meeting at an angle « strictly between
0 and 7, u a biharmonic function analytic in a neighbourhood of C, whose gradient vanishes on C. It

is shown that u(x, y) must be constant.
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