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An Algorithm for Generalized Fractional Programs®
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Abstract. An algorithm is suggested that finds the constrained
minimum of the maximum of finitely many ratios. The method involves
a sequence of linear (convex) subproblems if the ratios are linear
(convex-concave). Convergence results as well as rate of convergence
results are derived. Special consideration is given to the case of (a)
compact feasible regions and (b) linear ratios.
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1. Introduction

The purpose of this paper is to describe an algorithm which solves the
generalized fractional program

(P) 6= irélg(g_asx fi(x)/gf(X)). (1)

We assume that S is a nonempty subset of R”, the functions f; and g; are
continuous on S, and the functions g; are positive on S.

The case p =1 corresponds to tranditional fractional programming and
has been actively investigated in the last two decades; see Ref. 1. Generalized
fractional programming (p>1) has been studied more recently; see, for
example, Refs. 2-4. Fractional programming and its generalization were
reviewed in two recent articles: in Ref. 5, basic theoretical results were

! The research of S. Schaible was supported by Grant Nos. A4534 and A5408 from NSERC.
The authors thank two anonymous referees for their helpful remarks.

2 Professor, Département de Mathématiques Appliquées, Université de Clermont II, Aubiére,
France.

* Professor, Département d’Informatique et de Recherche Opérationelle, Université de
Montréal, Montréal, Québec, Canada.

* Professor, Department of Finance and Management Science, Faculty of Business, University
of Alberta, Edmonton, Alberta, Canada.

35

0022-3239/85/0900-0035304.50/¢ © 1985 Plenum Publishing Corporation



36 JOTA: VOL. 47, NO. 1, SEPTEMBER 1985

surveyed; in Ref. 6, applications and algorithms were discussed. For a
bibliography of fractional programming, see Ref. 7.

The algorithm proposed in this paper is a generalization of a procedure
by Dinkelbach (Ref. 8), which was suggested for the case p=1; see also
Refs. 9-11. An algorithm extending it to the case p > 1 can already be found
in Ref. 2 for the special case of linear functions and constraints, though
the method there is not explicitly related to Dinkelbach’s algorithm in Ref.
8. A convergence proof was not given in Ref. 2. The method gives rise to
finding the root of the equation F(8)=0, where F(0) is the optimal value
of the parametric program

(Py) F(0)= iﬂg( max [fi(x)- 9g.-(x)]>- (2)

When the algorithm is applied, the optimal solutions and the optimal values
of the parametric program (P,) are to be determined. The method is
especially useful when the structure of (Py) is simpler than the one of the
initial problem (P). For instance, when f; are nonnegative and convex on
S, g; are concave on S, and S is a convex set, then (P,) is a convex program
for every positive value of 8, whereas (P) is only quasi-convex.

In Section 2, we shall analyze the general properties of the function
F. The algorithm is then described in Section 3. Special attention is given
to the case of a compact feasible region (Section 4) and to the case of linear
functions and constraints when S is not necessarily bounded (Section 5).
In both sections, we will establish convergence and we will determine the
rate of convergence of the algorithm.

2. General Properties of F

For the special case of linear problems (P), the properties of F were
already studied in Ref. 3, where they were used to establish duality relations
for (P). In the following, we study F in the more general case where f; and
g; are arbitrary continuous functions and S is an arbitrary set in R".

First, notice that F(8) <+, since S in nonempty. We now show the
following proposition.

Proposition 2.1. (a) F is nonincreasing and upper semicontinuous;

(b) F(8)<0 if and only if > 8; hence, F(6)=0;

(c) If (P) has an optimal solution, then F(6)=0;

(d) If F(#)=0, then programs (P) and (Ps) have the same set of
optimal solutions (which may be empty).
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Proof. (a) The monotonicity of F follows from the positivity of g,
The function max,[ f;(x)— 6g;(x)] is continuous jointly in (x, ). Hence, F
is upper semicontinuous in 6.

(b) Suppose that F(6)<0. Then, there exists X € S such that

filX)—0g(£)<0, i=1,...,p
Hence,

8> max f;(£)/g(£) = 6.

Conversely, if 8> 8, there exists X € § such that
max f;(X)/ g(x) <é.

Hence,
Fi(%)—8g,(X) <0, i=1,...,p

implying F(#8)<0.
(c) Let % be an optimal solution of (P). Then, ¥¢ § and

6 = max fi(%)/ g(%).

Thus,
max[ f,() - ()] =0.
Since F(#)=0 [see (b)], we have F(#)=0.
(d) It was just shown that an optimal solution X of (P) is an optimal

solution of (P5). Now, assume that F(#) =0 and that ¥ is an optimal solution
of (Pz). Then,

max] (%) — 0gi(x)]=0.
Hence,

max fi(%)/g(%) =8,

implying that X is an optimal solution of (P). O

Example 2.1 below shows that F is not necessarily finite on R. Further-
more, it demonstrates that the existence of an optimal solution of (Pj) does
not imply F{8)=0.

Example 2.1. Letn=1, p=1,

fix)=1+x, gx)=x, S={x|x=1}
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Then, 6 =1. We have
2-0, ifo=<1,

p(e)=inf{1+(1~—6)x|x21}={_oo if 6> 1.

(P) has an optimal solution, but F(8) =1> 0. (P) does not have an optimal
solution.

The next example shows that F is not necessarily decreasing on the
interval where F is finite. It also demonstrates that F(8) =0 does not imply
the existence of an optimal solution of (P), even if S is closed.

Example 2.2, letn=1, p=1,
filx)=exp(x),  gi(x)=exp(2x), S=R
Then, 8 =0. We have

' ()’ if = (}9
F(6) =inf{exp(x) - 6 exp(2x)|x e R} = {—oo if6>0

2

Thus, F(8)=0, and (P) and (P3) have no optimal solution.

In case p =1, F is concave, since it is the infimum of concave functions
Ji(x)—90g,(x) in 6. This was also shown in Ref. 8 in a different way. It
follows that F is continuous on the interior of its domain of finiteness.
However, the concavity of F is lost when p>1, as we see from the next
example.

Example 2.3, letn=1, p=2,

.fl(x)zzxa gl(x)=2a .fl(x):-xs gZ(x)zla S=[0y 1]'
Then,

F(6) = inf{max[2x —26, —x — 8]|x [0, 1]}

—28, ife=0,
=< —(4/3)8, fo=<0=3,
-1-8, if6=3,

which is not concave.

In Example 2.3, F(#) is continuous at 6. In Examples 2.1 and 2.2,
F(8) is discontinuous at 8 with an infinite gap. The next example shows
that there may also occur a finite gap at 4.

Example 24. letn=2 p=2,
filx)=x,-2, gi(x)=1, fx) =2x,, gAx)=x+x;+1,

S={xeR*x;=0, x,=0}.
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Then, =0 and %= (0, x,), x,=01is an optimal solution of (P). We find that

-0, ifo<0,
F(0)=< 0, ifo=o,
—-2-8, if9>0,

where the optimal solutions of (P,) are

0,0), if 6 <0,
x(8)=1(0, x,), %, =0, if 6 =0,
0, x3), x,=2/8, if6>0,
As we see, F(8) is discontinuous at # with a finite gap. Notice that the
generalized fractional program is even linear and that § is closed. Also, we
observe that (P) does have an optimal solution and still F(8) is not
continuous at 6.
The next example is similar to Example 2.4, except that (P) does not
have an optimal solution. It is obtained by adding +1 to the numerators

Ji fo-

Example 2.5. Let n, p, g, 25, S be as in Example 2.4, but
Filx) =x,—1, Solx)=2x;+1.
Again, 6 =0 but an optimal solution does not exist. We find that
1-8 ife=<0
F = b 2
(6) {~1~@ if 8> 0.

The optimal solutions %(8) are the same as in Example 2.4, since F(8) is
only translated by +1.

We will make use of these examples in various parts of this paper.

We now prove some inequalities that will assist the analysis of the
algorithm in Section 3.

For 8 € R, let M(8) be the (possibly empty) set of the optimal solutions
of (Py). Furthermore, let

g&)*ﬁMl&uL ghﬂ=pmxgwh xes.
= =isp =i=p

Then, we can show the following proposition.

Propesition 2.2. Let ¢ be such that F(8) is finite and M(8) is non-
empty. Let x € M(8). Then,

F(p)y=F(0)+(6~-p)glx), ifu>0, (3)

F(u)=F(0)+(6—-un)g(x), ifp<é. (4)
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Proof. Since xe M(8), we have, for all j,
F(8) = fi(x) - 0g:(x);

hence,

F(0) = —pgi(x)+ fi(x)— (0 - pn)g(x),
implying that

F(8)+ (60— u)gx)=fi(x)—pg(x), i=1,...,p
Assume g > 6. Then,

F(0)+(0—pn)g(x)

=F(O)+(0—plg(x)=filx)—pglx), i=1,...,p.

Thus,

F(0)+(6 —p)g(x) =max fi(x) - ugi(x)]= Fp).

In the same way, Ineq. (4) can be derived. 1
In case p=1, we have
g(x)=g(x) =g, (x).

Then, (3) and (4) imply that —g,(x) is a subgradient of F at @ for all
x € M(8), as noticed already by Ibaraki in Ref. 10.

At the end of this section, we present a sufficient condition for F(#)
to be strictly monotonic when finite. As Example 2.2 shows, this is not
necessarily so in general. In such a situation, we may have F(6) =0 for 6 # 0.

Proposition 2.3.  Suppose that there exists m > 0 such that g;(x)=m,
forall xeS and i=1,...,p. Then, for x> 6, we have
F(u)+{(u—8)m= F(8). (5)

Hence, F(8) is decreasing on the interval where it is finite.

Proof. ForallxeSandi=1,...,p
fi(x) = 6gi(x) = fi(%) — pugi(x) + (u — 0) gi(x)
= fi(x) — pugx) +(pn—0)m,
which implies that
mf:lx[f,-(x) —fgi(x)]= miax[f,-(x) —ugi(x)]+(n—8)m, for all xe S.
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Hence,
inf(max[ fi(x) - 6g.(x)]) = inf (max[fi(x) — pgi(x)D + (p — 8)m. O

Proposition 2.3 together with Proposition 2.1(b) shows that F(6)=0

implies 6 = 6, provided the assumption in Proposition 2.3 holds.

3. Description and Analysis of the Algorithm

We now introduce the following iterative procedure to solve (P) via (Py).
Step 1. Start with some x°¢ §. Let
6, =max £i(x°)/ g(x").
Let k=1.
Step 2. Solve (Pg,). Let x*e M(6,).

Step 3. If F(6y) =0, thenstop. Then, x* and x*~! are optimal solutions
of (P}, and 6, = 8.

Step 4. 1If F(6,)#0, take
Brcrt = max f(x*)/ gi(x").

Let k=k+1, and go back to Step 2.

From the construction of 8y, it is obvious that 6, =8 and

max[ fi(x* 1)~ fg(x*)]=0, k=1

Hence, F(6,)=0. Then, in Step 3, F(6,)=0 implies that 6, =4, since
otherwise 6,> 8 would yield F(8,)<0, in view of Proposition 2.1(b).
Furthermore, we see from Proposition 2.1(d) that x* is an optimal solution
of (P). Also, x*™! solves (P), since

O = max f,(x* ")/ gi(x*7),

and @, = @ in this case.

In order to apply the algorithm, one needs to determine in addition to
an initial feasible solution x°, optimal solutions x* of (Ps,), k=1,2,....
We point out that the subproblems (P, ) are convex programs if f; are
nonnegative and convex, g; are concave, and S is a convex set. Instead of
(Pe,), one may solve the equivalent convex program

inf{A|fi(x)—0g{x)~A=0,i=1,...,p, xS} (6)
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These subproblems are linear programs if f, g; are affine and S is a convex
polyhedron (see Ref. 2).

In the following sections, we will consider different situations where
the algorithm above converges to an optimal solution of (P).

In preparation for that, we prove Proposition 3.1 below, for which we
need the following notation: For 8¢ R, xe M(8), let

I(x, 0) ={i|fi(x) - 6g:(x) = F(8)}.
Denote

J(x)={jlfi(x)/ g(x)= max fi(x)/g(x)},  xeS.

Propesition 3.1. We have:

(a) —F(8:)/8(x*)=—F(6.)/ g(x"*) < 0~ O = — F(6:)/ g:(x")
=—F(68,)/g(x*), foralljeJ(x*)andicI(x", 6); (7

(b) 6, =0, for all k; and, if 6,> 6, then 6> 6;.,= 0.

Proof. Let jeJ(x"). Since x*e M(6,), we have
F(,)= m?x[f,-(xk) - 0kgi(xk)]

= fi(x") = 68, (x*) = g;(x*)(Bicer — 6i).
Let i I(x¥, 6;). Then,
F(6;) = fi(x") — 0gi(x*) = g (x*)(fi(x*)/ 2:(x*) = 6,)
= gi(x*)(Brs — 61).
As seen before, 8, = 6, forall k=1,2,....If 8,> 6, then F(8,) <0, in view
of Proposition 2.1 {b}. Hence, the first and last inequalities in {7) hold using

also the definition of g(x) and g(x). Furthermore, if F(8;) <0 in (7), then
€k+1 < ek' O

From Proposition 3.1, we see that, in case p=1,

Br+1= 6 — F( Bk)/('”gl(xk))-

Above, we concluded from Proposition 2.2 that, in the single-ratio case,
—g,(x*) is a subgradient of F at 6,. Thus, the proposed method coincides
with Newton’s method for p=1; see also Ref. 10. However, for p>1,
Newton’s method does not coincide with our algorithm. To see this, consider
two of the examples above. In Example 2.3, let x°¢ (01] be a starting point.
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Then, the algorithm generates the sequence
8.=(1/3"Yx°,  k=1,2,...,

converging to 8 =0, whereas Newton’s method converges in one step. On
the other hand, Example 2.5 shows that Newton’s method may not even
converge when the algorithm above does. To see this, let x°=(1,1) in
Example 2.5. Then, 6, = 1. The sequence 8, generated by Newton’s method
is

6=,  k=1,2,...,

which does not converge. On the other hand, the algorithm above yields
the sequence

x*=(0, 2/ 6y,
and hence

b =1/(1+2/6), k=1,2,....
Then,

k—1 -1
Gk:(z 21) s k:].,z,..w,
=0

which does converge, and the limit is § =0.

In the following, we want to discuss under what conditions the
algorithm above converges. In order to apply the method, we need the
assumption M(8) # &, for 8 € (6, 8,1;1.e., we need to assume that F(8) >~
for such # and that an optimal solution X(6) exists. In case of a linear
generalized fractional program, this is true provided F(#8,) > —co for at least
one ;> 8, since the equivalent linear program (6) always attains the optimal
value F(6). Note, however, that, even in the linear case, F(6)=—c, for
all 8> 6, is possible as Example 2.1 shows.

In addition to M(6)# &, for 9<(8, 6,], we will assume that (P) has
an optimal solution % (i.e., §>—c0) and the optimal value is attained.
However, as Example 2.5 shows, the algorithm may still converge if (P)
does not have an optimal solution, as long as § > —co.

We now prove the following proposition.

Propesition 3.2. If (P) has an optimal solution ¥ and M(6,)# J,
k=1,2,..., then

(O~ ) =(1—g(x)/8(x))(0.-6), k

i

L,2,.... 8)

Proof. By Proposition 3.1, we have
—F(6:)/ §(x") = 0 — O
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thus,
Orsr = O+ F(6,)/ 8(x"),
yielding
Bei1— 0=0,— 0+ F(8,)/8(x"). 9

The existence of an optimal solution % of (P) implies that F(8)=0 and
e M(8), hence M(8)# (& [see Proposition 2.1(b), {¢)]. Then, Proposition
2.2 can be applied, where (3) implies that

F(6)=F(8)+(6-6)g(%) = (6 - 6,)g(X).
This, together with (9), yields

Or1— 0= (6, — 0)(1—g(%)/g(x")). O

Corollary 3.1. If (P) has an optimal solution %, if M(6,)#J, k=
1,2,..., and if sup, g(x*) <o, then {6,} converges to # and it does so
linearly.

The algorithm may still converge if some of the assumptions in Corol-
lary 3.1 do not hold. This can be seen from Example 2.5. There, § =0, which
is not attained. Starting with x°=(1, 1), we obtain the sequence {6,} which
satisfies

(9k+1 - é) = [1/(2+ 6 ) 16— 5);
see above. Since
%Sl/(z_}_gk)s%s k:1:23°-‘3

{6,} converges to 8, and it does so linearly. Note that, in this example, (P}
does not have an optimal solution and

51’1cp g(x*) = Sl;lcp(l +2/8,)=0.

In the following, we study two special cases: the case where S is
compact and the linear case.
4. Compact Case

We show the following theorem.

Theorem 4.1. Assume that S is compact. The following results hold.

(a) Programs (P) and (P,) always have an optimal solution, 8 is finite,
and F(8)=0. Hence, F(8)=0 implies §=6.
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(b} F is finite, continuous, and decreasing on R.
(c) The sequence {8,}, if not finite, converges linearly to 6, and each
convergent subsequence of {x*} converges to an optimal soluton of (P).

Proof. Part (a) follows from the compactness of S and the continuity
of f, g;; in view of Proposition 2.1, we have F(8)=0. In Part (b), continuity
of F follows in the same way as upper semicontinuity in Proposition 2.1(a),
now using the compactness of S. The strict monotonicity of F is a con-
sequence of Proposition 2.3. Part (¢} follows from Corollary 3.1, since § is
compact. Let {x"} be a convergent subsequence of {x*} converging to £€ S.
Since x € § and S is compact, we have %€ S. Also,

F(8,)= m;’ix[ﬁ{xk‘) - ek,gi(xk‘)]-
By continuity,
F(6) = max[f,(%) - fg.(£)]
Since F(6)=0, it follows that £ is an optimal solution of (P). o

For p =1, it was shown in Ref. 9 that the factor 1 — g,(%)/ g,(x*) in (8)
converges to 0. Hence, the method is superlinear. Unfortunately, this is no
fonger true if p>1 as Example 2.3 demonstrates. Starting with x%e(0, 1],
the sequence

8= (1/3"x°

is generated as seen before. This sequence converges to 0, but only linearly.
Hence, the step from one to two ratios in (P) already destroys superlinear
convergence.

Also, (8) indicates that, with increasing p, the algorithm becomes slower
and slower, since g increases with p. The more ratios are involved, the
slower the method will be.

We saw before that, for p=1, our method coincides with Newton’s
algorithm. For p>1, Newton's method may be quite different from our
method, as Examples 2.3 and 2.5 above illustrate. Cur algorithm may be
slower than Newton’s method in general. However, it has two advantages:
{a) a subgradient of F, not readily available, need not be calculated; and
(b) even for nonconcave functions F, our method converges.

We finally show under which condition we have, at least locally,
concavity of F.

Proposition 4.1. Let
Ie)y= U I{x,8).

xe M{8)
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Assume that, for some 6, the set I (6) is reduced to a singleton. Then Fis
concave in a nelghborhood of 9 and, for ie 1(9) and all xe M(G) —g:(x)
is a subgradient of F at §, where F is the restriction of F to the neighborhood.

Proof. Denoteby i the unique element of I{ 5). Since M (é) is compact
and f, g; are continuous, there exist e >0 and a neighborhood V of 8 such
that

Si(x) — 0g:(x) > fi(x) — 6g:(x),
for all i # zA, #eV,xe M(é)+B(0, €),

where B(0, €) denotes the ball of origin 0 and radius . Now, the compactness
of § and the continuity of all the functions invelved imply that the
correspondence M is upper semicontinuous; i.e., there exists a neighbor-
hood U of € such that

M(6)= M(6)+B(0,¢), forallfeU
(maximum theorem). It follows that, for all e UV,
F(8) =inf{f:(x) ~ 0g:(x)|x e M(8)+ B(0, €) ~ S}.
Then, F is concave, since it is the infimum of concave functions in 6. [

Note, thf.t, in Example 2.3 above, F is not locally concave at 6=0.In
this case, I{#) is not a singleton. The algorithm converges only linearly.
5. Linear Case

In this section, the feasible region S is allowed to be unbounded.
Consider the linear generalized fractional program

+
(P) 9—“1nf{max &XT % CxSy,xZ()}, (10)

1si=p b, x+ f3;

where a;. [b.] is row i of a p X n matrix A[B]. Let
A=(a.,...,a.,), B={(b,,...,b.,),
a-—‘—(al,...,ap)T, Bz(ﬂl,...,BP)T.

Furthermore, C is a m X n matrix and ye R™,
We make the following assumptions (see Refs. 3, 4):

(H1) feasibility assumption: there exists £=0 such that CL=vy;
(H2) positivity assumption: B>0 and 8>0.
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As before, we are only interested in the case where 8 is finite.
In Refs. 3-4, the following dual program of (P) was introduced:

T, T, T T
-~ L feu—y'w . ajutcsw
A:
(D) it;;ﬂ){mm( BT, bTu , (11)
u7#0
wz0

and it was shown that A = @ if (H1), (H2) hold.
The dual can be written as follows:

Ty T v el
{sup[min(d YV Y min a.}u+c.]w)}}. (12)

T, * N T
Lo BTu isi=x  blu

8= sup
w=0
T

The feasible region of (P) may be unbounded. However, the feasible region
of (D) is at least bounded in u. We now want to study whether our algorithm
converges when applied to (D), rather than (P). For this, we write (12) as
a minimization problem:

T . T T T
~ . . —a'u w —~alu—clw
§=— inf {1nf[max( :y , max — 2 )]} (13)
1%20 w=0 ﬂ 1] 1=j=n b,ju
€ u=1

Let gi=—60. We want to determine the F-function of the minimization
problem in (13),

Fp(p)= inf {ing[max(—aTu +yTw—puB Ty,

€ u=4%

max ~alu—clw—pblu)l} (14)
=j=n
Hence,
Fp(u)= inf h(u; p), (15)
eTu_=1
where

h(u; p)= igg max[~aTu+vy"w—puBTu, max (—alu—clw—pblu)l.

=j=n
(16)
Then,
h(us p) = inf{tlt=—aTu+yTw—upTu 1
teR
=—alu—ciw—publu j=1,..., n}

= inf {fo"w+tl—y 'wH+iz=(—a—puB) Ty, ciwt+t
w=0,t

=(—al-pbDu,j=1,...,nk an
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From (16), we see that h{u; u) <o, for all u, p. Also, h(u; u)> —0, for
all u, 1 since assumption {H1) implies that there does not exist w =0 such
that C™w =0 and "W <0. Hence, h(u; u) is finite for all u, u. On the other
hand, we see from (17) that A(u; ) is the optimal value of a linear program
in the parameters u, u. Hence, h(u; 1) is continuous in u, w. Then, (15)
implies the continuity of Fy(u). Such reasoning, together with Proposition
2.3, shows the following proposition.

Proposition 5.1. Suppose that (H1), (H2) hold and 4 is finite. Then,
the function Fp(u) is finite, continuous, and decreasing for all w e R.

From Proposition 2.1(b), we conclude that the following corollary
holds.

Corollary 5.1. If (H1), (H2) hold and 6 is finite, then & = —@ is the
unique zero of Fp; ie., Fp(i)=0.

In view of Proposition 2.1(d), an optimal solution #, w of Fp(gZ)=0
is also an optimal solution of (D). Furthermore, as already said, Fp(u) is
attained for all p at some @(w ), w{u), where w(u ) solves the linear program
(17). Hence, the assumptions of Proposition 3.2 are satisfied if our algorithm
is applied to Fp{u). Thus, (8) holds. Moreover, the additional condition
in Corollary 3.1, requiring that

sup max(87y, max bXu) <o,

=0 =j=n

eTu=1
w0

is satisfied. Therefore, we have shown the following theorem.

Theorem 5.1. The sequence {u,.}, if not finite, converges linearly to
g=-0.

Note that this is true even if the primal feasible region § is unbounded.
If the primal optimal value # is attained in S, such a primal optimal solution
can be calculated from a dual optimal solution {(#, w} with the help of the
complementary slackness conditions established in Ref. 3.

We demonstrate the algorithm by the following example where (D),
but not (P), can be solved by the algorithm.

Example 5.1. Consider the following problem:
(P) inf{1/(x+1)]—-x=-1,x=0}=0.
Then,

Fw):{l—& ife<0,

-0, if6>0.



JOTA: VOL. 47, NO. 1, SEPTEMBER 1983 49

Thus, our algorithm cannot be applied to (P), since F(8) = o0, for all 6> 8.

On the other hand, (P) does satisfy all the assumptions of Corollary
5.1; therefore, the method converges if applied to the dual (D). To see this,
we determine the dual program

(D) sup{min[(u~+w/u), —w/ul}=sup{min(1+w, —w){w=0}

= sup{—w|w=0}.
Then,
Fp(u)=inf{iw—pulw=0}=—pu, forallpeR

Hence, Fp(u) is continuous and finite. Obviously, our method converges
in one step starting with any w®> 0,
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