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TECHNICAL NOTE

Recession Cones and Asymptotically Compact Sets’
C. ZALINESCU?

Communicated by F. Giannessi

Abstract. The present note is concerned with the study of the relations
between the notions of asymptotic cones introduced by Dedieu and
that of recession cones introduced by Luc. Conditions under which
these notions coincide are given, as well as the fact that the compactness
condition used by Luc is related (more restrictively) to asymptotic
compactness. As an application of these notions, a result on proper
efficiency in the sense of Lampe, established by Luc in finite dimensions,
is extended to the infinite-dimensional case.
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1. Introduction

The notion of recession cones has been known for a long time in the
study of convex sets. The corresponding notion for nonconvex sets was
introduced by Debreu (Ref. 1} in finite-dimensional spaces and by Dedieu
{Ref. 2) in infinite-dimensional spaces. Luc (Refs. 3 and 4) introduced
another notion of recession cones, similar to that of Debreu. One knows
that the pairing between recession cones and compactness gives good results
for closedness of some sets (see Refs. 5, 6, 7} as well as stability results in
mathematical programming (see Refs. 8 and 9) and formulas for recession
cones (see Refs. 7, 8, 9, 3, 4). The above applications are interesting and
useful, not only in normed spaces, but also in topological linear spaces.
For example, sometimes one requires that the sum of two weakly closed
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sets be also weakly closed. So, the main purpose of this note is to present
some situations when these two notions coincide, other than the case of
normed linear spaces mentioned by Luc. We also relate the compactness
conditions of Luc (Refs. 3 and 4) to asymptotic compactness. As an applica-
tion of these notions, we extend a result of Luc (Refs. 3 and 4) concerning
proper efficiency in the sense of Lampe, stated in finite-dimensional spaces,
to the infinite-dimensional case.

2. Preliminary Notions and Notations

Throughout the paper, E is a separated topological linear space and
E* its topological dual. ¥ denotes the family of balanced closed neighbor-
hoods of the origin in E, while % denotes the class of bounded subsets of
E; when E is a locally convex space (in short, L.c.s.), the elements of ¥
are also supposed to be convex. For Ac E, cone(A), cl{A), and int(A)
denote the generated cone, the closure, and the interior of A, respectively
(cone() = {0}). By cone, we mean a nonempty subset C of E such that
txeC for t=0and xe C. If Ue ¥, p, denotes the Minkowski functional
associated to U. If C is a cone, we say that B< E is a base for C if
C = cone(B) and 0£ cl(B). The set A< E is relatively compact (r.c.} if cI(A)
is compact; A is locally relatively compact (1.r.c.) if, for every a € A, there
is Ve ¥ such that An{a+ V) is r.c. Ais asymptotically compact (see Ref.
5), in short a.c., if there are € >0 and Ve ¥ such that ([0, e]- A)n Vis1.c,
where A- A={Aa|A €A, a e A}. Note that, in this definition, one may take
e=1 or other fixed €>>0. Similarly, we say that A is locally bounded if,
for every ac A, there is Ve ¥ such that An(a+ V) is bounded. A is
asymptotically bounded (a.b.) if there are €>0 and Ve ¥ such that
([0, €]- A) n V is bounded. Note that, in this definition, one may also take
e=1 or other fixed €>0. Of course, if the origin of F has a bounded
neighborhood (e.g., if E is normable), then every subset of E is locally
bounded and asymptotically bounded. The asymptotic cone of A (see
Ref. 2) is the set

A=) cl([0, ] A).
>0

It has been observed in Ref. 9 and elsewhere (and it is easy to show) that
x € A iff there exist the nets (£;) < ]0, [, (x;) < A such that -0, t;x;> x.
If the topology of E is metrizable, then we can work with sequences instead
of nets.

In the next proposition, we collect some properties of asymptotically
bounded sets. As its proof is similar to that of Proposition 2.2 of Ref. 9,
we omit it.
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Proposition 2.1. Let A, Bo E and D < F, where F is another separated
topological linear space.

(i) Aisabocl{Ad)isab,;if Aisab. and B< 4, then B and A,
are a.b.

(ii) If Ais ab., then A is locally bounded. If A is radiant in a€ A,
i.e., there exists A € ]0, 1] such that [0, A]-{(A—a)c A—a, and if
there exists Ve 9 such that (a+ V) A is bounded, then A is
a.b. In particular, if A is convex or A is cone, then A is locally
bounded iff A is a.b.

(iii) If A and B are a.b., then Au B is a.b. Let B be bounded; then
Aisab.iff A+Bis ab.

(iv) If A and D are ab,, then AX D is ab.

(v) If A is bounded or asymptoticaily compact, then A is a.b.

Luc (Refs. 3 and 4) defined the recession cone of A as
Rec(A)= ") cl{cone(A\B)).

BeR
As observed in Refs. 3 and 4, A< Rec(A) and they coincide when E is a
normed space.

3. Results

First, we give a characterization of asymptotically compact cones.

Propesition 3.1. Let C< E be a cone. The following assertions are
equivalent:

(i)  C is asymptotically compact;
(ii)  C is locally relatively compact;
(ili} C has a relatively compact base;
(iv) cl(C) has a compact base;

(v) cl(C) is locally compact.

Proof.

(i) (ii) is known (see Refs. 5 and 9) and is very simple to show.

(ii)=(iii). Let C be Lr.c.; then, there exists U e ¥ such that Un C
is r.c. Take Bi= C n (U\int(U)). Of course, B is r.c., being contained in
Un C,and 02 U\int(U) o cl{B). We also have cone(B) < C. Now, letx € C,
x#0. The set A={t: t=0, tx € U} is bounded; otherwise, {tx: t>0}c Cnr
U, contradicting the fact that C ~ U is r.c. Take t;=sup(A); then, 0 <€ A.
If tpx eint(U), then tx €int(U), for some ¢ > 1,, which is a contradiction.
Therefore, tyx € B and so x € cone(B). Thus, C =cone(B).
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(ili)=(v). Let C =cone(B), with0# cl(B) and B r.c. Of course, cl(B)
is compact and cl(C) = cl(cone(B)) o cone(cl( B)); as cone(cl(B)) is closed,
the other inclusion holds, too. Hence, cl(C) = cone(cl(B)).

(iv)=(v). Let cl(C)=cone(B) with B compact, 0¢ B. Then, there
exists Ue V7 such that Un B=. It follows that Uncl(C)<[0,1] B.
Thus, Uncl(C) is compact. Now, for every 0# x € C, there exists t>0
such that x € int(tU). Therefore, tU is a neighborhood of x and tU ncl(C)
is compact.

v)=>(1). As cl(C) is locally compact, there exists U< ¥ such that
U ncl(C) is compact. Therefore, Un([0,1]-C)=UnCc Uncl(C), so
that C is asymptotically compact. O

Remark 3.1.

{a) The equivalence of (iv) and (v) is shown in Ref. 10.
(b} Luc (see Refs. 3 and 4) introduced and used the condition

{CB) 3Be ®& such that cl(cone( X\ B)) has a compact base
for a subset X of E.

The equivalence of (iii) and (iv) shows that condition
(CB) is equivalent to

(CB') dBe B such that cone(X\B) has an r.c. base.

(c) Ifcone(A)isa.c., then A is asymptotically compact. The converse
may not be true (see Example 3.1).

(d) If X < E satisfies (CB) and every bounded subset of X is relatively
compact, then X is asymptotically compact. Such a condition
was used in Refs. 3 and 4 for obtaining the fact that a set has the
domination property or that the sum of two closed sets is closed.

Example 3.1. Let E be an infinite-dimensional reflexive Banach space
endowed with its weak topology, and let A={xe E: ||x||=1}. This set A is
w-compact and therefore a.c., but cone(A)=FE is not a.c. because all
w-neighborhoods of the origin are unbounded.

Similar characterizations hold for asymptoticaily bounded cones.

Proposition 3.2. Let C < E be a cone. The following assertions are
equivalent:

(i) C is asymptotically bounded;
(ii) C is locally bounded;
(iii) C has a bounded base.
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Proof. The equivalence of (i) and (ii) is mentioned in Proposition
2.1. The proof of the implication (ii)=>(iii) is, practically, the same as
that of the corresponding implication from Proposition 3.1. For (iii)=>
(i), let C =cone(B), with B bounded and 0¢ cl{ B); there exists Ve ¥
such that BA V= Then, VA Cc[0,1] B, and so C is asymptotically
bounded. L

Similar to asymptotic compactness, if cone(A) is a.b., then A is a.b.,
but the converse may not be true; the set A of Example 3.1 is w-bounded,
but cone(A) = E is not w-asymptotically bounded.

The next result gives a condition for having Rec(A) = A,.

Proposition 3.3. Let A < E be nonempty, and assume that there exists
a bounded subset A, of E such that cone(A\ A,) is locally bounded. Then,
Rec(A) = A.. In particular, the conclusion holds if A satisfies (CB}.

Proof. By the definition of Rec(A), Rec(A)=Rec(A\Aq). So, by
Proposition 3.2, we may suppose that A< cone(B) for some bounded set
B with0g cl(B). Let 0 # x ¢ Rec(A); then, forall Ve Vand neN, (x+ V)n
cone(A\[0, n]- B)# . Therefore, for i=(V, n), there exist =0, g;¢
A\[0, n]- B such that x —t,a; € V. Hence, lim{z,a;) = x. As a;¢ A\[0, n]* B,
a; = s;b; with s; = n. Thus, lim s, = 0. There exist M >0 and i, such that, for
i =1y, t;5; = M. Otherwise, for a subnet, s; > 0. Then, §= lim(tjsj)"(tjaj) =
lim b;; i.e., Oecl(B), which is a contradiction. From the estimate 5, =M
and s; >0, we get ;> 0. Hence, x€ A.. O

The same conclusion can be obtained under different conditions.

Proposition 3.4. Suppose that E is a locally convex space and A< E
is asymptotically bounded. Then, Rec(A) = A,,..

Proof. As A< Rec(A), let us show the converse inclusion. There is
Ue ¥ such that U~ ([0, 1]- A)=: Bis bounded. Let p = p;;, 0# x € Rec(A),
and 1> 0; consider s >max{l, (1+p(x))/t}. For every Ve ¥, V< U, {x+
V) ncone(A\sB) # J, and so there exist ae A\sB, t' =0 such that t'ae
x+V.AsagsBand s>1, s 'a¢ U and so p(a)>s. Since t'a—xe Ve U,
1=zp(ta—x)=t'pla)—p(x)=t's—p(x);ie., t's(1+p(x))/s <t Itfollows
that (x+ V) ([0, t]- A) # . Therefore, x € )~ cl([0, t1- A) = A. £

Note that the hypotheses of Propositions 3.3 and 3.4 cannot be ordered
unless we are in particular spaces.
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The next result was proved by Goossens (Ref. 7) and Zalinescu (Ref.
9) independently for X asymptotically compact and by Luc (Refs. 3 and
4) for E normableJand X satisfying condition (CB). A direct proof is
possible, but the result is substantially included in Refs. 7 and 9.

Proposition 3.5. Let X and Y be nonempty subsets of E. Suppose
that X satisfies the condition

(CA) 3X,e 3 such that X\ X, is asymptotically compact,
and XN (—Y,)={0}. Then, (X + V)< Xt Y.

Proof. We may take X,< X. Because X+ Y =(X,u(X\ X))+ Y=
(Xo+ VYU ((X\X,)+Y) and (Xy+ Y)e = Yo, it is sufficient to suppose
that X is a.c. As cl(X) is a.c. and (cl(A)).. = A, (see Ref. 9), by Corollary
3,12 of Ref. 9, cl(X)+cl(Y) is closed [hence cl(X+ Y)=cl(X)+cl(Y)]
and (X+Y),.< X+ Y,. Condition (C) (see below) was used only to
obtain the converse inclusion; see Proposition 2.1 of Ref. 9. O

The first part of the next result is contained in Ref, 7.
Proposition 3.6. Let X, Y be nonempty subsets of E. Suppose that X
is asymptotically compact and X, (—Y,) = {0}.
(i) If Y is asymptotically compact, then so is X + Y.
(i) If Y is asymptotically bounded, then so is X+ Y.
Proof. Because X is a.c., there exists U € ¥ such that U n[0, 1]- X =
B is r.c. Let us show that
Ve>0, We¥, 36>0, VeV
Vnl[0,8]-(X+Y)c(UnJ[0,1]- X)+(Wn[0,e] Y). (1)
In the contrary case, there are € >0 and We ¥ such that
V6>0, Ve?:
VAl0,8] (X+Y)Z (Un0,1]- X)+(WA[0, €] V)= A.

Without loss of generality we may take W = U. Therefore, for every n e N*
and every V =¥, there exist t;€10,1/n] and x; € X, y;€ Y such that £,(x; +
.)€ V\A, where i=(n, V). It follows that ;-0 and #(x,+y;)~>0. Take
p=py. If (p(tix;)) has a bounded subnet, then the corresponding subnet
(4;x;) is contained in ¢B for some t>0; therefore, we may assume that
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t;x; - x € Xw. It follows that £y; > —x. Hence, x = 0. This implies that 1,(x; +
y;) € Aforj = j,, which is a contradiction. Therefore, p{#;x;) - . By Proposi-
tion 2.2(v) of Ref. ¢J there exist a subnet (x;) of (x;) and (s;) < ]0, o[ such
that s;p(x)=1, s5x->x#0. Hence, s(x+y)=(s5/t){t:x+14y)=>0,
whence s;y;, > —x. Thus, x€ X, (—Y,)={0}, which is a contradiction.
Therefore (1) holds.

(i) Suppose that Y is a.c.; then, there exists We 7 such that Y n
[0,1]- W is a.c. Taking 8§ and V given by (1), we get that X+ Y
is a.c., since the sum of two r.c. sets is r.c.

(ii) Proceed as for (i) and take into account the fact that the sum of
an r.c. set and of a bounded set is a bounded one. O

Conditions like X, {— Y.} = {0} are essential in stating the closedness
of X+Y for X, Y closed sets. Even in the convex case, one can give
examples when X+ Y is not closed if X, (—Y.,)# {0} (more exactly if
X (—Y,) is not a linear subspace). From the above results, we see also
that this condition is crucial in stating other properties.

Of course, it is interesting to have sufficient conditions for (X + YY), >
X+ Y. Goossens (see Ref. 7) obtained this relation under the hypothesis
that X is radiant, while we obtained it under the condition

(C) V¥xeX,, Y(1)<10,00[, -0, I(x)<X:tx~>x

Luc (Refs. 3 and 4) got the corresponding relation for recession cones under
the hypothesis

(CD) VaeRec(X), FAcB, Vi=0:(ta+A)nX#.

We observed in Ref. 9 that every radiant set satisfies (C). The next proposi-
tion gives the relation between (CD) and (C), and provides another situation
when Rec(X)=X_.

Proposition 3.7. Let X be a nonempty subset of E. If X satisfies (CD)
then Rec(X) =X, and X also satisfies (C). The converse is not true.

Proof. Let X satisfy (CD), and take ae<Rec(X). There exists a
bounded set A such that (ta+ A)n X # & for every > 0. Let (1) < ]0, oof,
t;~> 0. Then, there exist {a,) < A and {x;) < X such that (1/f)a+a, =x,, i.e.,
4x; = a+ ta;, forevery i As (q;) is bounded and ¢, » 0, we have a = lim{#,x,).
It follows that a € X, (taking ¢, = 1/n) and (C) holds. The other asssertion
is proved by the following example. O
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Example 3.2. Let E=R”and X ={(x, x>} eR*: x=0}. X satisfies (C)
but does not satisfy (CD).

Indeed, X ={J0, u): u=0} and, for u=0 and 0<¢, >0, there exists
(Ge, i) = (((u/ )2, u/t)) = X, t(x;, )= (0, u), ie., (C) is satisfied. Let
A<R? be bounded and M >0 such that |(x, y}|=M for (x,y)eA.
Then, (0, M>*+ M +1)¢ X — A.If not, (0, M>*+ M +1) = (x, x*) ~ (a, b), with
(a,b)e A, x=0, so that x=a=M. Therefore, M+ M+1=x*~b=
M?+ M, which is a contradiction. Hence, (CD) is not satisfied.

4. Application

Let C< E be a convex cone, and let X be a nonempty subset of E.
The element x € X is a proper efficient point (in the sense of Lampe) of X
with respect to C if there exists a convex cone K = E suchthat X n(x - K) =
{x}and C\{0} < int(K); we denote by PropE(X, C) the set of those elements
x € E satisfying the above condition. Note that, for X,< X, one has that
Xon PropE(X, C) < PropE(X,, C), but the converse is not generally true,
even if X, is a lower section of X.

Luc (Refs. 3 and 4) established the following result. Let E be a
finite-dimensional space, let C < E be a convex cone with nonempty interior
such that cl{C) n{—cl{C))={0}, and let X < E be nonempty. Suppose that
X {—cl(C))=1{0}. Then, xcPropE(X, C) iff there exists e x+int(C)
such that x€PropE(X n(e—C), C). We want to extend this result to
general locally convex spaces and so, throughout this section, E is such a
space. In order to do this, we need the following result that does not seem
to be new, but we cannot find a reference for it.

Proposition 4.1. Let {0} # C < E be a convex cone.

(i) If C has a convex base B, then there exist x*e E*\{0}, Bc
ker(x*)= E a convex set, and X€E, (X, x*)=1, such that C=
cone(%+ B). The set Bis bounded if B is. Moreover, x € C\{0}
iff {x, x*)>0 and (x, x¥y” xex+B

(ii) Let C-cone(x+B) with £ and B as in (i); then, 5+beint(C)
iff beintz B.

Proof,

(i) Let C =cone(B), with B convex and 0#£cl(B). By a separation
theorem (cf. Ref. 1), there exists x* e E* such that (x, x*)=1 for all xe B.
Take Bo={xe C:(x, x*y=1}, £€ By, and B=B,—-%<E. Itis easy to see
that C =cone(¥+ B) and xe C\{0} iff {x, x*)>0 and (x, x*)~ 'xe %+ B.
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Assume now that B is bounded. If x € By, then x = tb with >0 and be B
Thus, 1 =(x, x*)= Kb, x*) = ¢. Therefore, By =[0,1]- B,andso B is bounded.

(i) LetC —c;me(x-!—B) with Bc E convex and (%, x*y=1, and let
x+ be mt(C) There exist U € ¥ such that £+b+Uc cone(x+ B) Then,
b+UnEcB. Indeed, if ue UnE then X+ b+ uecone(i+B), so that
there exist t=0, beB with x+b+u— t(x-f-b) Hence, 1—t{x+b x }-t
It follows that b+ue B. Hence, beintz £ B # . Conversely, let Feintz £ B.
Then, there exists Ue 7 such that b+UNEcB As the mapping
@ {u (u, x*y> -1} E, ¢(u)=(1+{u, x®) " (F+b+u)—%—b is contin-
uous, and ¢(0) =0e U, there exists V€ ¥ such that p(u)e U forue V. As
o(u) e E for every u, we see that ¢(u) € U A E for u € V, so that b+ o(u) € B
for ue V. It follows thatx+b+uecone(x+B)"" Cforue V,andso i+bhe
int(C). O

First we give the following partial extension of Luc’s result.

Proposition 4.2. Let C< E be a cone with convex base and non-
empty interior, and let X< E be a bounded set. Suppose that xe
PropE(C n(e—C), C) for some e x+int(C). Then, x € PropE(X, C).

Proof. By hypothesis, there exists a convex cone K such that C\{0} <
int(K)and X n(e-C)n(x-K)= {x}, and we must show that there exists
a convex cone K such that C\{0}<int(K) and X n {x ~ K)={x}. Without
loss of generality, we may assume that x =0 and replace X by —X. Thus,
our hypothesis becomes

C\{0}cint(K), Xn(C—e)n K ={0}, (2}
and the conclusion
C\{0}cin(K), XnK={0}, (3)

for the same K and K. By using Proposition 4.1, there exist x*e E*\{0},
BcE= ker(x*) a convex set, and XeE, (%, x*)=1, such that C=
cone(x+B) As 1nt(C) #{J, intg Bz, Moreover, we may assume that
Ocint; B and e=_ % with >0, otherwise, e = t(x+b) >0, beintz B,
and replace B by B — b and % by £+ b. As X is bounded, there exists M >0
such that [(x, x*)|=M for every x€X. Let us consider the Minkowski
functional p=pj of B in E. Then,

intgI§={xel§:p(x)<1}cEC{er:p(x)fsl}=cl(l§).
For se€]0, i/ M], let B$={xel§:p(x)sl+s} and C,=cone(¥+B,). Of
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course C; is a convex cone with C\{0} < int(C,). Moreover,
C\(C—e)
={x:3t=0,be B, x=t(X+b),x¢ C—e}
={x:3t=0,be B, x=1t(X+b),(t+ )X+ tbg C}
={x:3t>0,be B, x=t(X+b), %+ (t/(t+ )be %+ B}
c{x:3t>0,be B, x=t(x+b), p(b)=1+1{/t}
c{x:3t>0,be B, x=t(X+b),s=1/t}
c{xe E:{x, x*y={/s}.
So, X n(C\(C —e€)) =. Therefore, by (2),
Xn(C,nK)
=Xn((C\(C—-e))u(C;n(C-e)))nK
=(XnKn{(CNC=-e))u(XnCin(C—-e)nK)
= C,n{0}={0}.
Taking K = C, n K, (3) holds. The proof is complete. O
Remark 4.1. The result of Proposition 4.2 is true if x*(X) is

bounded in R.
The result stated in Proposition 4.2 can be extended to unbounded sets.

Proposition 4.3. Let C < E be a cone with convex base and nonempty
interior, and let X < E be a nonempty set satisfying condition (CA). Assume
that X n(—cl(C))={0}. If xePropE(X n(e—C),C) for some eec
x+int(C), then x € PropE(X, C).

For the proof of this result, we need the following lemma.

Lemma 4.1. Let C= cone(X+B), where x*e E*\{0}, 0cBc
ker(x*)=tE is convex, X€E, with (£, x*)=1, and take C,=
cone(X+(1+1/n) cl{B)) for neN*, Then, cI(C)=( =1 cl{C,).

Proof. As B (1+1/n)-cl(B), C< C,, and so cl(C) (=, cl(C,).
Conversely, let xe( ),=; cl{C,) and Ue ¥ be such that |[(u, x*)}|=1 for
u € U. Then, for every Ve ¥ with Vc Uandne N*, (x+ V) C, # J; i.e.,
thereare v,e V, 1,=0, b, (1+1/n)-cl(B) such that x + v; = t,(X + b;), where
i=(n, V). Hence, (x + v, x*) = f;, whence |1;| < [(x, x*)| + 1. As n(n +1)"'b; €
cl(é), there exists w; € V such that n(n+1)"'b,+w; = l;,- € B. Thus,

x+u=t(F+(n+Dn"'b—(n+1)n"'w)

—1~

=t(n+Dn " (F+b)—tn F—t(n+1)n" w,
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Hence, x+ v, + t,(n+ 1)n"'w,+ tn"'% e cone(% + B) = C. Taking the limit,
we find that x < cl{C). O
I

Proof of Proposition 4.3. Let X, < X be bounded such that X\ X, is
a.c. Of course, we may suppose that x =0. Let x*, %, and B be as in the
proof of Proposition 4.2. and take C, =cone(£+(1+1/n)~cl(§)). There
exists #eN* such that x*(X n{~C;)) is bounded. Otherwise, for every n,
there exists x, € X n (—C,) such that [(x,, x*)|= n. Thus the sequence (x,)
is unbounded. Because X, is bounded, we may assume that (x,) < X\ X,.
As X\ X, is a.c., by Proposition 2.2(v) of Ref. 9, there exist a subnet (y;)
of (x,) and (#)< 10, oo such that -0 and #,y; >y # 0. Of course y € X
As C,., < C,, it follows that —yecl(C,) for every n. By the preceding
lemma, we get that —yecl{C); ie., ye X (—cl(C)), which is a contra-
diction.

Let A be such that x*(Xn(—-C;)) is bounded. As O¢
PropE(X n{e—C), C), it follows that 0 & PropE(X n(-C;)n (e~ C), C).
As x*(X n(=C;)) is bounded, by Proposition 4.2 (see also Remark 4.1),
0¢ PropE(X n(—C;), C). Therefore, there exists a convex cone K such
that C\{0}cint(K) and X ~(—C;) " (~K)}={0}. But K~ C, is a con-
vex cone with C\{0}<int(C;)nint(K)=int(K n C;). Hence, x=0¢
PropE(X, C). O

Note that, for E finite-dimensional, the result stated in Proposition
4.3. is a little bit more general than Luc’s result, because we do not suppose
that C is acute, i.e., cl{C)n(—cl(C))={0}.

The above notion of proper efficiency with respect to C is exactly
Lampe’s minimality. Other notions of proper efficiency are also known.
Among them, there are those due to Slater, Gerstewitz, and Iwanow-Nehse
{denoted by S, G, E in Ref. 12). It is easy to see that Propositions 4.2 and
4.3 still hold for G-minimality and E-minimality (in fact, with the same
proof), but they do not hold for S-minimality.
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