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Geodesic Convexity in Nor:linear Optimization'
T. RAPCSAK?

Communicated by F. Giannessi

Abstract. The properties of geodesic convex functions defined on a
connected Riemannian C? k-manifold are invesigated in order to extend
some results of convex optimization problems to nonlinear ones, whose
feasible region is given by equalities and by inequalities and is a subset
of a nonlinear space.

Key Words. Generalized convexity, nonconvex optimization, Rieman-
nian manifold, geodesic convexity.

1. Introduction

The concept of convexity plays an important role in mathematical
optimization theory. The usual set convexity in linear topological spaces is
based upon the possibility of connecting any two points of the space, which
has led to the convex and generalized convex functions as well as to the
convex optimization. Since convexity is often not enjoyed by real problems,
various approaches to the generalizations of the usual line segment have
been proposed recently (Refs. 1-16). In these order of ideas, we propose
here a generalization which differs from the other ones in the use of a
k-dimensional Riemannian manifold of R”, k<n, as a definition domain.

In the sequel, only the geodesic convexity will be considered, which
will be denoted as g-convexity. In this case, the linear space is replaced by
a Riemannian manifold, i.e., by a nonlinear space; the line segment is
replaced by a geodesic arc. The advantage of this approach, motivated first
of all by Luenberger’s works (Refs. 17 and 18), is the recognition of the
geometrical structure of the optimization problems which can lead to new
theoretical and algorithmic results.
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In order to check the g-convexity property of a function on the feasible
region, it is necessary and sufficient to state the positive semidefiniteness
of a suitable matrix in this domain. Such a matrix is constructed by means
of the gradient and the Hessian matrix. The corresponding computational
complexity is of the same order as in the convexity and less than in the
pseudo-convexity. When the g-convexity has been proved, it is concluded
that a stationary point is a global optimum point too; consequently, every
algorithm which gives a stationary point gives a global minimum point, too.

The g-convex optimization problems contain the convex ones as a
special case. Let the optimization problem be set in the form

min f(x), (1a)
s.t. hi(x)=0, j=1,...,n-k, (1b)
xeR", (1¢)

where k=0 and f, ;e C, j=1,...,n—k Denoting by h: R" > R"* the
map whose components are the h;’s, we assume that the following regularity
assumption holds: 0 is a regular value of the map h; i.e., the Jacobian
hT(x)e L(R" R"™%) of h at x is of full rank n — k for all xe h™'(0). Under
this assumption, the set A~ '(0) is a k-dimensional submanifold of R" of
class C? (Ref. 19), which is endowed with the Riemannian metric induced
by the Euclidean structure of R". It will be shown that, under g-convexity,
a stationary point of (1) is also a global minimum point.

2. Some Properties of g-Convex Functions

Let MCR" be a connected Riemannian C* k-manifold. As is usual
in differential geometry, a curve of M is called a geodesic if its tangent is
parallel along the curve (Ref. 19).

Definition 2.1. It is said that a set A C M is g-convex if any two points
of A are joined by a geodesic belonging to A.

This definition differs slightly from that of differential geometry,
because here a geodesic appears instead of a shortest geodesic. The
difference between the two definitions is shown by the following example.

Example 2.1. If we consider a sphere and the arc-metric on the sphere,
then a part of the sphere which is greater than a hemisphere is not g-convex
in the former sense, but is g-convex in the latter sense.
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Example 2.2. A connected, complete Riemannian manifold is g-
convex (Ref. 19).

Example 2.3. For every point m in M, there is a neighborhood U of
m which is g-convex; for any two points in U, there is a unique geodesic
which joins the two points and lies in U (Ref. 19).

Definition 2.2. Let AC M be a g-convex set. Then, it is said that a
function f: A= R is g-convex if its restrictions to all geodesic arcs belonging
to A are convex in the arc length parameter.

By the definition, the following inequalities hold for every geodesic
v(s), s€[0, b], joining the two arbitrary points m,, m, e A:

Sy(b)=(1-)f(y(0)) +1f(v(B)), 0=t=1, 2

where y(0) =m,, y(b)=m,, and s is the arc length parameter.

If MCR" is a connected Euclidean manifold, then the g-convex set
ACM is a convex set and the g-convex function f:A—> R is a convex
function on A (Ref. 18), where

y(tb) = my+ t(m,—m,), (3)

b=|m,—m,|, and |-| means the Euclidean norm of a vector.
In the case of a g-convex function f: A R, define the following set
in R™! lying above the graph of the function:

M+ My ={(x, X,11) +(0, X714 )|(X, x,11) € My, (0, x},41) € M}, (4)
where
M, ={(% X3 )X 1 ~f(x) =0, x € R, x,,, € R}, (5)
M,={(0, x,.,)|0€ R", x},,, € R} (6)

It is clear that, in the case of a convex function, the set M, + M, coincides
with the epigraph (Ref. 20). The g-convexity of the set M, + M, {(g-convexity
means the geodesic convexity in another Riemannian metric) requires
further investigation, because the structure of M, + M, is different from that
of M.

From (2), we achieve obviously the following lemma.

Lemma 2.1. Let ACM be a g-convex set, and let f:A->R be a
g-convex function. Then, the level sets
{m|f(m)=f(mo); m, mye A} 7N

are g-convex.
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Theorem 2.1. Let ACM be a g-convex set, and let f:A—>R be a
g-convex function. Then, a local minimum point is also a global minimum
point.

The proof of Theorem 2.1 is similar to that for the convex case and is
omitted.

Theorem 2.2. Let AC M be an open g-convex set. Then, a function
f:A- Ris g-convex if and only if it is g-convex in a g-convex neighborhood
of every point of A.

Proof. (i) Iffisag-convex functionon A, then the statement follows
from Example 2.3.

(ii) Ab absurdo, assume that the thesis is not true, so that there exist
two points, m,, mye M, a geodesic y(th), O0=t=1, y(0)=m,, y(b)=m,,
and t,€[0, 1] such that

J(y(te0)) > f(¥(0)) + to f(y(£)) —f(¥(O))]. (8)
Let

1(2) = f(y (1)) — f(y(0)) — tLf (¥ (b)) — f(¥(0))] )
and

1(£*) = max I(1). (10)

Then, 0<t*<1. If t* is not unique, then let * be the smallest value. It
obviously exists if the number of the maximum points belonging to [0, 1]
is finite; in the contrary case, the smallest value is the inferior limit point
of the maximum points, since the function value of I(r) is equal to the
maximum value at this point, because of the continuity of I(¢). Let >0,
L=1t*—¢ t,=t*+¢€ be such that y(#,b) and y(5,b) are in a g-convex
neighborhood of y(t*b). Since

I)>1(n),  (M)=U1), (11)
we have

21(¢*) > (1) + (1), (12)
that is,

SN > Lf(v(6.0)) +f(v(:0)))/2, (13)

which is a contradiction. O
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As a matter of fact, the question arises: What is the relation between
convex functions and g-convex functions? The g-convexity means that the
function f: M ~ R is convex along the geodesics. Thus, in order to answer
the question, those Riemannian geometries must be considered where the
geodesics are straight lines. This is a special case of Hilbert’s fourth problem
(Ref. 21), which is characterized by the Beltrami theorem (Ref. 21) as
follows. Let M,;, M, be two manifolds.

Definition 2.3. A homeomorphism ¢: M; > M, is called a geodesic
mapping if, for every geodesic y of M,, the composition ¢y is a repara-
metrization of a geodesic of M,.

Theorem 2.3, (Beltrami). If M is a connected Riemannian k-manifold
such that every point has a neighborhood that can be mapped geodesically
to R¥, then M has a constant curvature.

The above theorem is the basis of the next one.

Theorem 2.4, The g-convexity of a function f: M - R coincides with
the convexity (Ref. 18) in a coordinate neighborhood of every point if and
only if the manifold M has a constant curvature, that is, in the cases of
Euclidean geometries, Riemannian elliptic geometries and Bolyai-
Lobachevsky hyperbolic geometries.

Proof. It is sufficient to prove the ‘“only if” part. Assume that the
g-convexity of f: M > R coincides with the convexity in a coordinate neigh-
borhood of every point. This means that every point has a convex coordinate
neighborhood U C R* in which n functions x;(u)e C% i=1,...,n, ue U,
are determined by the inclusion map from M to R” such that the composition
function f(x(u)), u U is convex and the function f(x) is g-convex on the
g-convex set x(u), u€ U of M. So, every point of M has a neighborhood
that can be mapped geodesically to R*; consequently, M has a constant
curvature by the Beltrami theorem. [l

1t is possible to introduce some other kinds of generalized g-convexity
property, as in the case of nonlinear optimization. Only the g-quasiconvex
functions are defined here.

Definition 2.4. Let ACM be a g-convex set. Then, it is said that a
function f:A- R is g-quasiconvex if all its level sets {m|f(m)=
f(mg); m, mye A} are g-convex.
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Theorem 2.5. The g-quasiconvexity of a function f: M - R coincides
with the quasiconvexity (Ref. 18) in a coordinate neighborhood of every
point if and only if the manifold M has a constant curvature.

The proof of Theorem 2.5 is similar to that for the g-convex case.

3. First-Order and Second-Order Characterizations

Lemma 3.1. Let ACM be an open g-convex set, and let f:A> R be
a continuously differentiable function. Then, f is g-convex on A if and only
if, for every pair of points m, € A, m,€ A, and a connecting geodesic y(tb),
0=t=1, y(0)=m,, y(b)=m,,

J(my) = f(m) =V f(m,)¥(0), (14)

where Vf(m;) and y(0) mean, respectively, the gradient of f at the point
my and the derivative of y(tb) w.r.t. ¢ at the point 0.

The proof of Lemma 3.1 is similar to that for the convex case.

Definition 3.1. The point me M is a stationary point of the con-
tinuously differentiable function f:A- R if the gradient Vf(m) is
orthogonal to the tangent space, say TM, of M at m.

Corollary 3.1. Let ACM be an open g-convex set, and let f:A->R
be a continuously differentiable g-convex function. Then, every stationary
point of f is a global minimum point. Moreover, the set of global minimum
points is g-convex.

Proof. As the right side of Ineq. (14) is equal to zero at a stationary
point m € A by Definition 3.1, it follows that the first part of the statement
is proved. The second part is obtained from Lemma 2.1. O

Theorem 3.1. Let ACM be an open g-convex set, and let f:A-> R
be a twice continuously differentiable function. Then, f is g-convex on A
if and only if the following matrix is positive semidefinite at every point:

HgszﬁTM+|VfN’BVfN- (15)

Here, Hf;ry is the Hessian matrix of the function f restricted to the tangent
space TM of M, and By, is the second fundamental form of M in the
normal direction of the vector Vf.
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Proof. As the statement is valid in a g-convex neighborhood (Ref.
14), the theorem is a simple consequence of Theorem 2.2. [

Now, it will be shown that H®f determines a second-order, symmetrical
tensor field on A. The most important consequence of this fact is that the
quadratic form w'H®w, we R is invariant under nonlinear coordinate
transformations.

Let ue UCR" be coordinates for a g-convex region of the C? k-
manifold M CR". Then, the inclusion map from M to R" determines n

functions x;(u)e C% i=1,...,n.
Let us introduce the following notations and operations:
Hx (u)
Hx(u)= ,  J=dx/du,
Hx,(u)
where Hx;{u), i=1,..., n, are kx k Hessian matrices,
y =01, y)ER", wh=(w,...,w)eR"
. w T Hx, (u)w
y Hx(u)= ¥ y.Hx(u), w Hx(u)w = : ,
=t w Hx, (u)w

Aw Hx(u)w=w AHx(u)w, AcR

Theorem 3.2. H,f+J(J 1) 'V, fyHx(u)(J T JT: TMx TM >R is
a second-order symmetrical tensor field on A, where H,.f denotes the
Hessian matrix of f(x) by x.
Proof. First, the following identity will be proved:
T (H f+ TNV fuHx(u)(J )T )
=w HE fw, ve TM, we R*. (16)
Since
Jw=vy, weR" veTM, (17)
we have
o (H f+ TV fiuHx(u) (1) T o
=0 H, fo+ o T U fiHx(u)(J 7T T )
=wlJTH fIw+w T 717V, S Hx ()T TN Tw
=wT (JTH fT+V  fruHx(u))w. (18)
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But
JTH,.fT=Hfiry and  |Vfy|Bos, =V, fuHx(u);

so, the identity is true. Consider a nonlinear coordinate transformation
u(z), det(du/az) #0 of R*. Then,

HEf=(0u"/az)JTH fT(ou/3z) +V . fuH,x(u(z))
=(ou"/9z)JTH, fI(9u/az)+V  fn(ou" /oz) H,x(u)(ou/dz)
=u"/9z)(JTH fT+V  fuHx(u))(du/3z)
= (ou"/az)H% f(9u/d2), (19)

which justifies the statement. O

Remark 3.1. We observe that
H,f=J H fI+V. fHx(u)

does not determine a tensor field on A.

4. Optimality Conditions and g-Convexity

We consider the problem
min f(x), xe ACM, (20)

where fe C>, MCR" is a Riemannian C* k-manifold, and A is a subset
of M. In order to characterize the local optimality, it is sufficient to investigate
the manifold in a neighborhood, so that instead of (20) we are faced with
the following problem:

min f(x), (21a)
st. x=x(u)eR", (21b)
ue UCRK (21¢)

where f(x), x;(u)e C* i=1,...,n, and U is an open set. The optimality
conditions are obtained by direct computation, elaborated in detail in
Ref. 22.

Theorem 4.1. If u, is a local minimum of (20), then

Vi (x(uo)) = VS (x(uo)) (22)
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and

HE f(x(uy)) is positive semidefinite. (23)
If (22) holds at u; and

HE f(x(u,)) is positive definite, (24)

then u, is a strict local minimum of (20).

Corollary 4.1. It follows from Theorem 4.1 and Example 2.3 that the
function f(x) is g-convex in a neighborhood of u,, if (22) and (24) hold
at .

The optimality conditions (22), (23), and (24) as well as the relation
between the nonlinear optimization problems and (20) were investigated
in Refs. 22-24.

5. g-Counvexity in Nonlinear Optimization

Next, we deal with the problem

min f{(x), (25a)
st hi(x)=0, j=1,...,n—k {25b)
xeR”, (25¢)
where f, e C*, j=1,...,n—k Let
M ={x|h(x)=0,j=1,...,n-k}. (26)

If Vi(x), j=1,...,n—k, x€ M, are linearly independent, then M is a
Riemannian C” k-manifold, where the Riemannian metric is induced by
the Euclidean metric. Assume that M is connected.

It is convenient to introduce the Lagrangian associated with (25),
defined as

n—k
L(x, u(x))=f(x)— 3 wi(x) (), 27
where
p(x)" =V (x)Vh(x) [Vh(x)Vh(x)"]™", (28)
Vh(x)
Vhix)= : ) (29)

th-—-k(x)
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It is emphasized that the multiplier u(x) depends on x and is no longer a
constant term.

Lemma 8.1. If Vhi(x), j=1,...,n—~k xe M, are linearly indepen-
dent, then

n—k
Vfn|Bos = - [ z #j(x)th(x)] , xeM (30)

Jj= |T™

Proof. Since
Vhi(x)#0, j=1,...,n-k xeM, (31)

the level surfaces It(x)=0, j=1,...,n—k, can be given in a small neigh-
borhood of every point as elementary surfaces of (n —1)-dimensions y;(z),
ze ZCR™. We can assume that the (n—1)-dimensional parameter set Z
is the same for all level surfaces and that U C Z is a coordinate domain of
M. These assumptions do not mean loss of generality, for this is always
obtainable with linear transformations.

Thus, in an arbitrary coordinate domain U of M given in the form
x(u), ue U is contained in every level surface; that is,

y(uy=x(u), j=1,...,n—k  ueUCR~ (32)
It turns out that

hi(x(u))=0, j=1,...,n—k; (33)
and differentiating (33) twice w.r.t. u, we have

V.hi(x(u) Hx(u) = —J"Hh(x(u))J, j=1,...,n—k (34)
Multiplying both sides of Egs. (34), respectively, by u(x), ..., pru-r(x)
and adding term by term leads to an equation equivalent to (30). O

Theorem 5.1. Let
M ={x|h(x)=0,j=1,...,n—k, xeR"}

be connected; let f: M - R be a twice continuously differentiable function;
and let Vh(x), j=1,...,n—k, x€ M, be linearly independent. Then, f is
g-convex on M if and only if the matrix HEL(x, u(x))r is positive
semidefinite at every point xe M.

Proof. Because of the assumptions, M is a complete Riemannian
manifold. From the Hopf-Rinow theorem (Ref. 19), it turns out that any
two points in M can be joined by a geodesic segment, i.e., M is g-convex.
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Since
n—k

HEL(x, (X)) 70 = [fo(x)—- 2 /J'j(x)Hxhj(x)}l , XxeM, (35)
j=1 ™

the thesis follows from Lemma 5.1 and Theorem 3.1. |

Corollary 5.1. Let
M={x]hj(x)=0,j=1,..., n—k,xec R"}
be connected; let f: M - R be a twice continuously differentiable function;
and let Vhi(x), j=1,...,n~k, x€ M, be linearly independent. If Hf{x),
—u(x)Hhi(x), j=1,...,n—k, xe M, are positive semidefinite, then f(x)
is g-convex on M.

Example 5.1. Let

x(w) =[x =u, =0, %= (1 —x?“xé)vz} ER’, (36)

U={(u;, u)|-1<u, <1, ~1<u,<1}CR?, 37
e 0 014 x

F) =[x, %, %10 1 0 x |=exi+Ix3+gx3. (38)
0 0 gl x

Then, we can compute the Hessian matrix of the composition function
f(x(u)), ue U,
e—q 0
H.f= , 39
=l 2] (39)
and the geodesic Hessian matrix of f(x{u)), ue U,
1+Xx7/%3 X%/ %3
HEf= - 24 ()= 2[ 1/ X3 1X2/ X3
f=le=pir-g)| VG L
+ {ie’*'qx%/?;% qxlxzz/xi}. (40)
gxixy/x5 1+ qx5/x;

If e>gq, I>¢q, >0, then f(x{u)), ue U, is convex and f is g-convex on
x{u), ueU. If 0<e<g<] then f(x(u)), uc U, is not convex, but is
g-convex on x(u),

ue Un{(u, w)|u>[(q-e)/(1-9)]" u}; (41)
that is, a local optimum is also a global optimum.

Remark 5.1.  The matrix H5L(x, u(x));ra formulated in (35) and (28),
{(29) can be given explicitly at every point via the gradient vector and the
Hessian matrix. After this, the computational work to check the g-convexity
consists of the study of the positive semidefiniteness of HEL(x, u(X))ram
similarly to the convex case.
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The determination of the matrix H5L(x, u(x))rn is presented in the
quadratic case.

Example 5.2. Consider the problem

min[(1/2)x"Cx+p'x], (42a)
s.t. (1/2)xTC}x+p§x=0, j=1,...,n-k {42b)
x€R". {42¢c)

Let
M={x|(1/2)x"C;x+p/x=0,j=1,...,n—k x€R"}

be connected; and let the vectors Cix+p;, j=1, ..., n—k, x € M, be linearly
independent. Then, by Theorem 5.1, the necessary and sufficient condition
of the g-convexity of the objective function on M is the positive semidefinite-
ness of HEL(x, u(x))mn at every point x € M, where

HEL(x, I-L(X))|TM = [C_”g‘ Mj(x)C}]lTMa (43)

p(x)" = (Cx+p)"Vh(x)T[Vh(x)VR(x)"]", (44)
(Cix+p)"

Vh(x)= : . (45)

(Cn—kX+pn—k)T

The restriction of the matrix HEL(x, u(x)) to the tangent space TM is
obtained via the projection matrix (Ref. 18)

P=I-Vh(x)T[Vh(x)Vh(x)"]'Vh(x), (46)
so that
n—k
chL(x, /.L(x))‘TM = PT {C - 'Zl }L](x)q] P, (47)
=
If the matrices —C, C;, j=1,..., n—k, are negative semidefinite and if

w(x)=0, xe M, u(x) given by (44), then the function (1/2)x"Cx+p"x is
g-convex on M by Corollary 5.1.

6. g-Convex Optimization Problem

Introduce the g-convex programming problem as follows:
min f(x), (48a)
st g{x)=0, i=1,...,1 (48b)
xeACMCR", (48¢)
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where M is a Riemannian manifold, Aisag-convexset,and f, g;,i=1,..., ],
are g-convex functions on A. The constraint set of (48) is g-convex, and
the problem (48) contains the so-called convex programming problem as a
special case.

7. Concluding Remarks

In this paper, the g-convexity (geodesic convexity) of functions is
developed and characterized in nonlinear optimization. It is likely that this
is the appropriate generalization of the classical convexity notion for the
case of nonlinear constraints defining a subset of a Riemannian manifold.
This characterization can be useful for solving nonconvex problems.

After checking the g-convexity property of a problem, it is possible to
use any algorithm to find the global optimum point, because in this case
every stationary point is a global optimum point. In order to check the
g-convexity property of a function on the feasible domain, it is necessary
and sufficient to state the positive semidefiniteness of the geodesic Hessian
matrix in this domain, where this matrix is given by the gradient vector and
by the Hessian matrix. To show the positive semidefiniteness of a matrix,
there are efficient computer codes (e.g., to state the nonnegativity of the
smallest eigenvalue).

By using the property of the g-convexity, it is possible to obtain sufficient
conditions for the connectedness of the feasible region of complementarity
systems (Ref. 25). In case of a linear complementarity system (Ref. 25),
these conditions can be formulated in explicit form.

Consider the linear complementarity problem as follows:

x"Mx+q"'x=0, Mx+q=0, x=0, x, g€ R", (49)

where M is a symmetrical n X n matrix. Assume that 2Mx+g#0and n=2.
The equality in (49) determines a Riemannian manifold, so the g-convexity
of the feasible region is a consequence of the g-convexity of the linear
functions appearing in the inequalities of (49).

The necessary and sufficient conditions of the g-convexity of the func-
tions —x;, i=1,...,n, and —(m;x+gq;), j=1,..., n, are the positive semi-
definiteness of the following matrices at every point satisfying the equality
in {49):

Hex; = (2Mx+ q) PMP, i=1,...,n, (50a)
HE(m;x+ g;) = m(2Mx + q) PMP, j=1,...,m (50b)

Here, 2Mx+q);,i=1,..., n, is the ith component of the vector 2Mx + ¢;
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m;, j=1,..., n, is the jth row vector of the matrix M; and
P=1-(2Mx+q)2Mx+q)"/2Mx+q)°. (51)

The following example indicates that the class of complementarity
systems which satisfies the g-convexity property is not empty.

Example 7.1. Let

1 0 -1 -1 1
01 0 0 0

M: = .
10 -1 117 9T (52)
-1 0 -1 -1 1

Then the complementarity region determined by (49) and (52) is equal to
the g-convex set

{x1+X3+x4=1, x2=0, xl,X3,x420}.

In this domain, the conditions (50) hold because x "PMPx = 0.

Some questions are open, for example: How wide is the class of
complementarity systems which satisfies the g-convexity property? Is it
possible to generalize the concept of epigraph to the g-convex functions?
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