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Efficient Generalized Conjugate Gradient
Algorithms, Part 1: Theory

Y. Liu' anp C. STOREY?

Communicated by L. C. W. Dixon

Abstract. The effect of inexact line search on conjugacy is studied in
unconstrained optimization. A generalized conjugate gradient method
based on this effect is proposed and shown to have global convergence
for a twice continuously differentiable function with a bounded level set.
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1. Introduction

Conjugate gradient methods are some of the most useful algorithms
for unconstrained optimization of large problems by virtue of their storage
saving properties. The general routine is given below.

Suppose that f is a twice continuously differentiable function on its
domain containing a bounded level set L,

L={xeR": f(x)=f(x)}, n=2, N

where x, is an initial point. Then, the minimum point of f is to be found
by a sequence of line searches on directions s, k=1,2,...,

Xp+1 = Xi + Sy, (2)
where
a; =arg min f(x, +as.), (3)
a
Sir1 = — 81+ b 4)
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In (4), g« =f'(x:) is the gradient of f at x,, s, = —g, is the steepest descent
direction, and b, is determined by the conjugacy condition

SIZHk+lsk+1:09 k=1,2,..., (5)

where Hy.;=f"(x+,) is the Hessian of f at x;,, and s is the transpose
of s. Thus, we could have b, of the form suggested by Daniel (Ref, 1),

by = gljc:rlHk%-lSk/sZHkﬂ—lSk- (6)

But in practice, in order to avoid computation of second derivatives
and storage of matrices, condition (5) is changed to its difference form,

S{+1(8k+;"gk)=0, k=1,2,.... N
Accordingly, we have b, of the form suggested by Sorenson (Ref. 2),

bk'_—gzﬂ(gk«n‘gk)/sif(gkﬂ—gk), k=1,2,.... (8)
On the other hand, by (3) we have

Sign=0, k=1,2,...; 9)
then, (8) becomes

bk=_glz‘+1(gk+1‘“gk)/slzgk, k=1,2,.... (10)

We note that s, in (4) is independent of the length of s, when b,
takes the form of (6), (8), or (10). This property is useful in computations.
On the other hand, if b, takes the Polak-Ribiére form (Ref. 3)

bkzgl’{-i-l(gk-fl-gk)/glzgks k=132:-"7 (11)

which is obtained from (10) considering (4) and (9), this property is lost.
We know that, if f is a quadratic function, then

gl’{-#lgk:()a k=1523"'5
and (11) takes the form suggested by Fletcher-Reeves {Ref. 4),
b= g1/ 8ig  k=1,2,.... (12)

Fletcher-Reeves’ method is the simplest of all conjugate gradient
methods and its convergence is proved by Powell (Ref. 5}, where f is not
restricted to being quadratic. Furthermore, Al-Baali (Ref. 6) extends this
result to show the convergence of Fletcher-Reeves’ method with inexact
line search when a, satisfies the conditions

lginsd <algisd, 0<e¢<1/2, (13)

and
S(xe) = f(x) + a8 s, 0<c,<1/2. (14)
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The finite termination property of conjugate gradient methods does
not hold in general for nonquadratic f (and even for quadratic f because
of round-off errors), and so restart procedures are necessary. Fletcher and
Reeves suggest restarting after every n+1 iterations (Ref. 4), but when n
is very large, this has little effect. Shanno (Ref. 7) gives an angle test to
determine when conjugate gradient algorithms should be restarted with a
steepest-descent direction. Touati-Ahmed and Storey (Ref. 8) give three
efficient hybrid conjugate gradient methods in which (11), (12), or a restart
is used according to certain switching criteria.

2. Generalized Conjugate Gradient Method

In this paper, we develop a new kind of method which we call general-
ized conjugate gradient method.

In practice, exact line search is generally impossible and, in any case,
would be very uneconomical. When line search is inexact, conjugate direc-
tions are not the best directions as we will see later. For this reason, we
modify b, by considering the effect of inexact linear search.

First, we write the Newton approximation of f(xx.1),

F(Xi1) = FOx + agsi) = f(x) + arg i s + aisi Hise/2, k=2
Assume that s; H,s, > 0; then,

ngn(F(xk +as) —f(x) = —(gu s )/ s Hysi) = — Vi /2. (15)

Now, we find the direction s, on the g, — 5., plane,
S = —1g, + s, (16)
such that V, takes its maximum. Clearly, we can write
Vie = (11 g — ugi 8ic1)’/ (g i Higi — 2tug i Hysie— + u’ s Hisie-1)
= [(gzgk)st—lHksk—l “2glfsk—lglrgkgerksk—1
+ (gzsk~l)2g{Hkgk]/[SZ—lHkskfngHkgk - (gI’{Hksk*l)z]
~[1(gi gk Hisi1— & Si—18i Higi)
- “(glfngZqusk% - gzsk—ngHksk—l)]z
/(g Higi—2tug i Hysyy
+ uZSZ—1HkSk—1)(SZ—1HkSk—1gZHkgk - (gZHkSkq)z)]-
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Hence, if
sy Hesi1>0, k=2, (17)
D=s{_HS._1gs Hgi ~ (gt Hisi 1)’ >0, k=2, (18)
then
g T Hig —2tugl Hisi—y+ u’s_ Hysi_, = sp His, >0, (19)

if t#0 or u #0. Thus, V, takes its maximum on a nonnull direction sy,
$ic=[(8k Sc18x HiSieor — gzgkslz-—lHksk—l)gk
+(gl-crgkgerkSk—1"gzsk—ngHkgk)Skfx]/D, (20)
and the descent property holds,
gisi=—[(gk &) i1 HiSi-1 — 28 88k Sk—18k Hiesi1
+(gk $-1) gk Higel/ D <0,

when g g. # 0, since (19) is a positive-definite quadratic form.

We note that (17) is satisfied if f is strictly convex on the line x =
Xx_1+ as,_, at the point x; and that (18) is satisfied if H, is positive definite
and g, and s, are linearly independent.

Before we give the new algorithms, we first establish the following
general convergence theorem.

Theorem 2.1. Let the line search direction be
Sie = [(gh sk_1— tgh 88k + (UG X 8k — Ve Sk—1)Sk—11/ Wis (21)

where t, uy, Uy, w; satisfy

4, >0, v, >0, (22)

1-ui/(to)=1/(4n), ©>nr>0, (23)

(vi/ 8 8/ (t] Sh-1St-1) = T 0> p >0, (24)

W = by — Uy, (25)
or

=1, w=0=0, w,=grg#0, r=0. (26)

Then, the following descent property holds:
g;{sk <0.
If in addition there exists p, > 0 such that

FOrn) = Fa) = ~pi (8 51)°/ Sk Sk (27)
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then if

kE P/ (1+1%) =0, (28)
=1
it follows that
’l(im infglg. =0;
and if
’Eim inf p./(1+r7)>0, (29)

then we have the convergence property

,Eim g1 g =0.

Proof. First, by (22), (23), and (24), we can see that
we>0,  gigi>0.
Therefore,
gisi=—[(8x &)t — 28K 8igh Skt + (&4 se-1) 01/ i <0,
or by (26),
28 =2k 8 <0;
thus, the descent property is proved. Secondly, since
(gisi)?=[(gr &) (8 gt — i Sc1the)”
~ 281 818k Sk—1(8k 8t — 8k Sc—1 i) (X Gith — &4 S—10%)
+ (g Gt~ 8k Si10) (i si-1)’1/ Wi, (30)
and
Sk S = [(k Gt — 8 Si1 )8k &k
—2(gk Gl — & S 11 )G it — &k S—1 Uk ) & k Ske—1
+(gljc~gk“k ~ 8 Sk 0k) S 1Skt 1/ Wi, (31)
then comparing (30) and (31) and letting
ax = glzsk~1/glzgk,
we have
(glfsk)z/slrsk

= gu&/[1+ (u— g ) *(Si_15e-1/ 84 & — 90/ (e —2ugi + 0q2)°},  (32)
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and since
T T 2
Si-15k—1/ 8k Bk —qx =0
and

(e — Vg )/ (B — 2w + 01q3)°

= 0}/ 4o, — up) — (2ui — Ll — 2 Vigy + VRgR)’

/T4 tevr — ui) (B — 2ugi + 01g3 )]
< v}/ 4(h — u3),

then, by (30), (31), (22), (23), and (24), we have

(grsi)’/sise=ghg/[ 1+ visi15i_1/ 48k gt — ui)]

= gig/ (1+1d),
or by (26),
(gisk)’/ Sk Sk = 8k G-
Thus, by (27) and (34) or (35),
SGiierd) = f () = —gigupe/ (1+ 1),

By the fact that f is bounded on the bounded level set L, the series

él 8 gepe/ (1+7%)

is convergent. Therefore, by (28), we have
lim inf g g, =0,

and by (29), we have
lim g{g, =0.

This completes the proof of the theorem.

3. Algorithms

Suppose that, in the line search,
S =) =—p(gis)/ ks, p>0.

Then, the algorithms are as follows.

(33)

(34)

(35)

(36)
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Algorithm Al.

Step 1.
Step 2.
Step 3.
Step 4.
Step 5.
Step 6.

Step 7.

Step 8.

Set k=1, s,=—g;.

Line Search. Compute x;,; = X; + ais;; set k=k+1.
If g/ g, <e, then stop; otherwise, go to Step 4.

If k>n>2, go to Step 8; otherwise, go to Step 5.
Let t, =511 HiSuo1, 0 = g2 Hige, and u, = g HiSi.
If ,>0, v, >0,1—ui/(tv,) =1/(4r), and
(ve/ghg)/ (t/si-1si) =T, r>0,

then go to Step 7; otherwise, go to Step 8.

Let

$ie= [ (g Si—1 — 18k 1) 8ic T (Ui 8 — VKB k 1) Se—1)/ Wi,
where wy = t,t — u}; go to Step 2.

Set x; to x;; go te Step 1.

Algorithm A2. Algorithm A2 is only different from Algorithm Al in
Step 5 in order to avoid the computation of H, and the storage of matrices.
Step 5 is changed as follows.

Step 5.

Let

te = Sialg = (% — 85c-1)1/ 8,
e =gl g —f" (i~ 85.-4)1/ 8,
e = gilge— 1" (%~ v2)1/ v,

where 6 and vy are suitably small positive numbers.

4. Discussion on Algorithms

First, we see that the descent property and convergence of the two
algorithms hold by Theorem 2.1. Secondly, the hypothesis (36) is satisfied
if the line search is exact. When the line search is inexact, (36) holds when
{(13) with 0< ¢, <1 and (14) hold; for the proof, see Ref. 5 and Ref. 8.

Next, suppose that the Hessian H,, of f is positive definite with condition
number N,. Then, in Algorithm Al,

(vi/ 81 8)/ () Sk-18—1) = N4,
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by the definition of N;, and

1= ui/ (60) = [1 = (81 8k-1)*/ (Si-15k-181 )]/ N
If we take r = N, and the angle between g, and s,, > 30°, then the conditions
in Step 6 are satisfied. Thus, when f is a positive-definite quadratic function
with the condition number N of the Hessian H less than r, Algorithms Al
and A2 are equivalent to the usual conjugate gradient method with n-step
restart when the line search is exact.

Finally, we discuss the parameters used in the algorithms. Let 1 denote
the accuracy of the computer. That is, % is the smallest positive number
such that, when 1.0+ % is computed, the result is greater than 1.0. Then,
we suggest taking

ez\/_ﬁ’ r=1/\/;’ Szﬁ/'s;{—lsk-‘ls 'y=\/77/’g17c—gk'

A preliminary numerical comparison of Algorithm A2 with the Fletcher-
Reeves method and the BFGS method indicated its relative efficiency. A
more detailed examination of a number of different implementations of
Algorithm A2 and comparison with other modified conjugate gradient
methods will be reported in Part 2 of this paper (Ref. 9).

Remark 4.1. On setting

Sie1=(I —gi8ic/ 8k 8)Sk—1 (37)
(20) simptifies to

sp=[(= 51 Hidio) g+ (51 Higio) i 181 81/ D, (38)
with

D = (§{_1H5—1)(gi Higi) = (gk HiSie-1)’, (39)

and the numerator in (38) does not involve the term g H,g,. Consequently,
taking

s =—ge T[(F - Hige)/ (51— HiSi 1) 15k (40)
saves a gradient evaluation when finite differences are used. Clearly, s, is
conjugate to §._,, rather than to s;_,. If we now let

Hysi =~ [8c — 8(%k — 85-1)1/ 6 = (g — &)/ 8, (41)
with § a suitably small number, then since g1 5., =0, (40) becomes
s =~ —[(gh (g — &)/ &8 5i-1)15i-1, (42)

which is a generalization of the Polak-Ribiére formula. A disadvantage is
that the s, given by (40) is not now scaled to give the minimizer of the
Newton approximation, with a steplength of 1, as is the s, given by (20).
A new algorithm, based on (40), has been formulated and preliminary
numerical tests are very encouraging. We hope to report on the details later.
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