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Asymptotic Expansions for Dynamic
Programming Recursions
with General Nonnegative Matrices’

W. H. M. Zum?
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Abstract, This paper is concerned with the study of the asymptotic
behavior of dynamic programming recursions of the form

x(n+l)=r}1}1€a;{(Px(n), n=0,1,2,...,

where ¥ denotes a set of matrices, generated by all possible interchanges
of corresponding rows, taken from a fixed finite set of nonnegative
square matrices. These recursions arise in a number of well-known and
frequently studied problems, e.g. in the theory of controlled Markov
chains, Leontief substitution systems, controlled branching processes,
etc. Results concerning the asymptotic behavior of x(n), for n >, are
established in terms of the maximal spectral radius, the maximal index,
and a set of generalized eigenvectors. A key role in the analysis is played
by a geometric convergence result for value iteration in undiscounted
multichain Markov decision processes. A new proof of this result is
also presented.
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1. Introduction

Discrete dynamic programming recursions for probabilistic systems
arise already in Bellman’s pathbreaking book (Ref. 1). In Chapter 11 of
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this volume, Markov decision processes are studied; and, on p. 328, the
question is raised of what can be said about the asymptotic behavior of
dynamic programming recursions of the form

x(n+1)=r11’1a7)[< Px(n), n=0,1,2,...,x(0)>0, (1)

where J denotes a finite set of square nonnegative matrices having the
product property (definition follows below). Using the Brouwer fixed-point
theorem, Bellman showed that, for the case in which all matrices are strictly
positive, the following holds:

x(n)~a&"x, n- o,
where & is the maximal spectral radius over the set of matrices and x obeys

ax= max Px.

Systems of the form (1) arise in a number of well-known and frequently
studied problems in mathematics (Markov decision processes with additive
reward structure, risk-sensitive Markov decision chains, controlled branch-
ing processes) and mathematical economics (e.g., Leontief substitution
systems). For details, the reader is referred to Howard (Ref. 2), Howard
and Matheson (Ref. 3), Pliska (Ref. 4), and Burmeister and Dobell (Ref.
5). In general, however, the matrices involved are only nonnegative, rather
than strictly positive. Furthermore, they are not necessarily substochastic.
The only assumption which will be made throughout this paper is that the
set # of square nonnegative matrices is finite and possesses the product
property. This concept deserves a formal definition (for convenience, we
give it in a slightly more general form).

Definition 1.1. Let J be a set of nonnegative kX m matrices, keN,
meNu {co}, and let P, denote the ith row of a matrix P e %. Then, % has
the product property if, for each subset V of {1,2, ..., k} and for each pair
of matrices P(1), P(2) € %, the following holds: The matrix P(3), defined by

P(l)ia le‘/’

P(3)i:={P(2).‘, ie{l,2,...,kN\V,

is also an element of . ]

Hence, foreachie{1,2, ..., k}, there exists a collection ¥; of nonnega-
tive row vectors of length m (note that m is allowed to be infinite). ¥ is
the set of all kK X m matrices with the property that their ith row is an element
of #;,i=1,2,...,k
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Throughout the rest of this paper, %' denotes a finite set of nonnegative
N x N matrices with the product property (N eN). The objective of this
paper is to study the asymptotic behavior of the vector x(n), defined
recursively in (1), for n—>c0, Apart from being interesting in itself, this
question appears to be important for the determination of matrices which
maximize the growth of systems of the form (1). The following examples
may be illustrative.

Example 1.1. Consider a system which is observed at discrete time
points. At each time point, the system may be in one of a finite number of
states, labeled by 1, 2,..., N. If, at time ¢, the system is in state i, one may
choose an action, a say, from a finite action space A; this results in an
immediate reward r,(a) and a probability p;(a) of finding the system in
state j at time £+ 1. Suppose that

N
r{a)z0, 3 pj(a)=1, iLj=1,...,N,ac A
=1

Let v(0); denote a terminal reward in state i, and let v{n); be the maximal
expected return for the n-period problem. Then Bellman’s optimality prin-
ciple (cf. Ref. 1) implies that

N
v(n); =ma/i({r,»(a)+ Y p,»j(a)v(nul)j}, i=1,...,Nn=1,2,....
ac j:]

(2)

Define a policy as a function f from {1, ..., N} to A. Let F denote the set
of all policies, P(f) the substochastic matrix with entries p;;( f(i)), and r(f)
the vector with components r,(f(i)), ,j=1,2,..., N. Note that the collec-
tion of matrices

{(P(f), r(f))fe F}

possesses the product property. Instead of (2), we may write

v(n)=r}3§ag<{r(f)+f’(f)v(ﬂ—l)}, n=12,..., (3)

where v(n) is the vector with components v(n);, i=1,2, ..., N. By introduc-
ing a simple dummy variable, we obtain

{v(n)]:max[P(f) r(f)Mle*l)], n=1,2,...
1 T 0 1 o

which is a special case of the recursion (1). The process considered here is
called a Markov decision process (with additive reward structure). We return
to it when interpreting our final results.



160 JOTA: VOL. 54, NO. 1, JULY 1987

Example 1.2, Bellman (Ref. 6) considered the following multistage
decision process. At each stage, a decision maker has the choice of one of
a finite number of actions. Let A denote the set of all possible actions. The
choice of ac A results in a probability distribution with the following
properties: ‘

(a) there is a probability p;(a) that the controller receives i units and
the process continues, i=1, 2,..., N;

(b) there is a probability py(a) that the controller receives nothing and
the process terminates.

Let n be a fixed integer, and suppose that the decision maker wants
to maximize the probability that he receives at least a total number of n
units before the process terminates. Let w; denote the maximal probability
of obtaining at least j units before termination of the process. Then,

N
max ), pi(a)uj-ia j>0,

U, = acA

; i=1
1, j=0.
Applying a simple transformation, we may write, for j=1,2,...,n,
Y; pi(a) pn(a) Uiy
uj*l 1 O . 0 uj_z
: =max| 0 1. -, 0 ,
acA R « . ‘. . .
TN 0 0 1 0 U_N

where we start with
(u09' LR ul—N)T’:(l! s I)T'

It follows that the decision maker has to solve an n-step sequential decision
problem of type (1).

A list of further examples, worked out in detail, can be found in Ref. 7.

Let us now return to the recursion (1). As remarked above, we are
interested in the asymptotic behavior of x(n), for n—> 0. More precisely,
the objective will be to prove the existence of an asymptotic expansion for
x(n). If ¥ contains exactly one matrix, P say (hence no maximization
occurs), and if in addition P is aperiodic (which means that its spectral
radius is the only eigenvalue on the spectral circle, compare Section 2),
then, by applying a familiar Jordan transformation, it is easily proved that

x(n)=[yf1]0""‘””*‘y<1)+- - +[3] o"y(»)+0(p"),  n-e,
“
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where o denotes the spectral radius of P, v its index (i.e., the size of the
largest Jordan block, associated with o), p(1) an eigenvector, and
y(2),...,y(v) generalized eigenvectors [compare, e.g., Pease (Ref. 8)].
Furthermore, p < ¢ (in fact, p can be chosen arbitrarily close to the modulus
of the subdominant eigenvalue of P).

When dealing with a set of square nonnegative matrices, the approach
has to be different (in each step, another matrix may be the maximizing
one). In a companion paper (Ref. 9), the author discusses a number of
structural properties of sets of nonnegative matrices with the product
property or, more precisely, of the nonlinear continuous, convex mapping,
defined for each xeR" by

x - max Px. (5)

Pei

The main result of this paper establishes the existence of an asymptotic
expansion, similar to the one given in (4), for the vector x{n), defined in
(1). Then, o denotes the maximal spectral radius, taken over the set of
matrices 7, while p is some nonnegative number, strictly smaller than o.

We conclude this section with an overview of the organization of the
rest of the paper. After introducing some notational conventions, we list,
in Section 2, a number of basic definitions and results concerning nonnega-
tive matrices which will be needed in the sequel. Also the main results,
obtained in Ref. 9, concerning sets of nonnegative matrices with the product
property, will be given here; they serve as a starting point for the analysis
in Sections 4 and 5.

Section 3 is almost completely devoted to geometric convergence in
undiscounted Markov decision chains (with some minor extensions). The
results in this section were initially published by Schweitzer and Federgruen
(Ref. 10). The proofs in Ref. 10 are unfortunately extremely complicated;
therefore, we present in Section 3 new (and in our view, simpler) proofs
of all results. Although interesting in themselves, these results serve
especially as an important tool in the analysis of dynamic programming
recursions of type (1), studied in Sections 4 and 5. Section 4 treats the case
in which all matrices with maximal spectral radius have index equal to one.
The results in this section are a substantial generalization of those obtained
by Bellman (Ref. 1). In Ref. 11, Sladky proves convergence for the case in
which all matrices are irreducible. In Ref. 12, he also obtains convergence
results for the case discussed in Section 4, however, without showing that
this convergence is geometric. It is precisely this result which proves to be
indispensible in the analysis of the asymptotic behavior of x(n}, for n > o,
in the most general case (Section 5). The results in Section 5 are believed
to be new. Bounds on discrete dynamic programming recursions of type
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(1) were published by Sladky (Ref. 13); they also follow immediately from
our Lemma 2.3 (see also Ref. 9). The one-matrix case was studied extensively
by Rothblum (see, for example, Refs. 14, 15). In Section 6, finally, we
consider briefly several special cases, arising from the theory of Markov
decision processes, and discuss the implications of our results. We end with
mentioning some extensions.

2. Preliminaries

In this section, some notational conventions are introduced. Next, we
summarize a number of basic definitions and results concerning sets of
nonnegative matrices, which will be used throughout the rest of the paper.

A nonnegative matrix is a matrix with all its entries nonnegative. Unless
stated otherwise, all matrices will be square and of a fixed dimension, N
say. The set {1,2,..., N} will be called the state space and denoted by S.

Matrices will be denoted by capitals P, Q, .. . ; column vectors by lower
case letters x, y, u, w,.... The identity matrix is denoted by I, the vector
with all components equal to one by e. The null matrix is denoted by 0,
the null vector by 0. When writing ||.. |, we mean the usual supnorm, i.e.,

[lx]| = suplaxi|.
ieS

The nth power of a matrix P is written as P"; we define
P’=1

The ijth entry of P" will be denoted by p§,~">; if n=1, we write p; instead

of pg}-‘). P; denotes the ith row of P, x; the ith component of the vector x.

A square matrix P is called positive if
p; >0, forall i je S
If P is nonnegative (positive), we write
Pz0 (P>0).
We say that P is semipositive and write
P=0, if P=0and P#0.
Furthermore, we write
PzQ (=0,>0Q),
if
P-Qz=

[
)

(=0, >0).
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Similar definitions apply to vectors. Sometimes, the words “strictly positive”
are used instead of “positive.”

Subsets of the state space S are denoted by A, B, C, D,.... If CCS,
then P€ is the restriction of the square matrix P to C x C. Similarly, x© is
the restriction of the column vector x to C. If {D(0), D(1),..., D(n})}
denotes a partition of the state space, then we often write P*" for the
restriction of P to D(k)x D(I), and x* for the restriction of x to D(k),
k,1=0,1,...,n Note that

P(k,k) = PD(k), k=0,1,... , M.

If P is a square matrix of finite dimension, then the spectral radius
o(P) of P is defined by

o(P)=max{|A||A is an eigenvalue of P}.

It is well known from the Perron-Frobenius theorem that o(P) is an
eigenvalue of P if P is nonnegative (cf. Ref. 16). P is called irreducible if,
for each pair i, j € S, there exists a nonnegative integer n = n(i, j) such that

P> 0;

otherwise, P is said to be reducible. An irreducible matrix P is called periodic,
with period k, if there exist precisely k different eigenvalues A, A5,..., A¢
with

A = o (P), forl=1,2,...,k

If k=1, P is said to be aperiodic.

The Perron-Frobenius theorem states that there exist semipositive
left-eigenvectors and right-eigenvectors, associated with the spectral radius
of a square nonnegative matrix P. If P is irreducible, these eigenvectors
can even be chosen strictly positive (cf. Ref. 16 or Ref. 17).

If P is reducible, we may partition the state space S into classes. A
class of P is a subset C C S such that P€ is irreducible and such that C
cannot be enlarged without destroying the irreducibility. It is well known
that classes can be ordered, at least partially, according to certain accessibil-
ity relations.

We say that state i has access to state j {or j has access from i), if

pgj")>0,

for some nonnegative integer n. Since classes are irreducible, we may speak
of having access to (from) some (and hence, any) state in that class.
Exploiting the accessibility relations between classes, it is easily seen that,
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after possibly permuting the states, P can be written in block-triangular
form, as follows:

P(l,l) P(1,2) . P(l’")
P{Z,Z) . P(Z n}

pP= : : (6)
.P("’")

where P is irreducible and
P™=9,  forizj i j=1,...,n

In other words, S can be partitioned into classes, C(1), ..., C(n) say, such
that C(i) has only access to classes C(j) withj= i i=1,..., n; P/ denotes
the restriction of P to C(i)x C(j). Note that, since the eigenvalues of P
are completely determined by the blocks on the diagonal, the spectral radius
of the restriction of P to a class never exceeds the spectral radius of P itself.
Formally,

o (P Y= o(P), i=1,...,n
A class C is called basic, with respect to P, if
o(P°)=0o(P);

otherwise, it is called nonbasic. A class C is said to be final (initial) if C
has no access to (from) any other class.

A reducible matrix P is said to be aperiodic if the restriction to each
of its basic classes is aperiodic; otherwise, P is called periodic.

The existence of strictly positive eigenvectors, associated with the
spectral radius o{ P) of a square nonnegative matrix P, depends heavily on
accessibility relations between basic and nonbasic classes. This is expressed
by the following lemma which, moreover, lists a number of important
properties of nonnegative matrices.

Lemma 2.1. Let P be a square nonnegative matrix with spectral radius
o. Then, the following properties hold:

(a) If P is irreducible and x=0, then Px=ox implies Px=ox.
Similarly, Px = ox implies Px = ox.

(b) P possesses a strictly positive right (left)-eigenvector if and only
if its basic classes are precisely its final (initial) classes.

(¢) If x>0 and Px=ox, then each basic class C of P is final and
(Px),=ox;, forie C.
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(d) If Px=ax, for some real vector x with at least one positive
component, then o= A

{e) If x>0 and Px=ox, then each final class C of P is basic and
(Px),=ox; for ieC.

Proofs of these properties can be found in Ref. 9.
Matrices with strictly positive eigenvectors possess several nice proper-
ties which are used throughout this paper. We have the following lemma.

Lemma 2.2. Let P be nonnegative, with spectral radius o > 0; and let
there exist a strictly positive right-eigenvector, u say, associated with o.
Then, the following properties hold:

(a) There exists a nonnegative matrix P*, defined by

P*:=lim[1/(n+1)] éO o P~ (N

We have
PP*=P*P=¢P* and (P*)?=P*

Furthermore, p% >0, if and only if j belongs to a basic class of P and i has
access to j under P (this implies that the restriction of P* to a basic class
of P is strictly positive). If P is aperiodic, then even

P*=1lim ¢7"P".

(b) If P*y =0, for some y =0, then y;, =0 for every state i belonging

to a basic class of P.
(¢) If Px=ox, for some x, then P*x = x.

Proof. For (a), see Ref. 18, p. 480. The proofs of (b) and (c) are left
to the reader. il

The results stated above, and especially Lemma 2.1, indicate the import-
ance of the position of basic and nonbasic classes of a square nonnegative
matrix P. The definition of the position of a class can be made precise by
introducing chains. A chain of classes of P is a collection of classes
{C(1), C(2),..., C(n)} such that

P

irdx > 09
for some pair of states iy, j, with

ikEC(k), ]kEC(k+l), k=1,2,‘..,n"‘1.
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Such a chain starts with C(1) and ends with C(n). The length of a chain
is the number of basic classes that it contains. The depth of a class C of P
is the length of the longest chain starting with C.

Rothblum (Ref. 19) proved an important relationship between these
concepts and the index of a nonnegative square matrix P. Let P have spectral
radius o. The index v(P) of P with respect to o is the smallest nonnegative
integer k such that

N*(P)=N*"(P),

where N*(P) denotes the null space of (P—oI)*, keN. It is known (cf.
Ref. 8) that

N'(P)g N (P)g---g N”"(P)=N¥*(P), forkz=y, (8)

where v is the index of P. The elements of N*(P)\N*“"'(P) are called
generalized eigenvectors of order k. In Ref. 19, it is shown that the index of
P equals the length of its longest chain. Recalling the definitions above, it
follows that a square nonnegative matrix with index » possesses classes
with depth k, for k=1, 2, ..., v, and possibly classes with depth O (nonbasic
classes which do not have access to any basic class). Rothblum also proved
a number of structural properties of generalized eigenvectors, associated
with the spectral radius o of P. His results have been extended in Ref. 9
to sets of nonnegative matrices with the product property. The results,
obtained in Ref. 9, are basic for this paper. They are summarized in
Lemma 2.3.

Lemma 2.3. Let J be a set of nonnegative square matrices with the
product property; let

¢ =max{c(P)|Pe ¥},
and let

vi=max{v(P)|Pe ¥, o(P)=ad}.

Then, there exist a matrix ﬁe?f, with U(ﬁ)= é and v(ﬁ) =y, a unique
partition {D(0), D(1),..., D(»)} of S, with D(0) possibly empty, and a
sequence of generalized eigenvectors w(l), w(2), ..., w(v), such that the
following properties hold:

(a) max Pw(v)=Pw(r)=dw(v), (9a)
max Pw (k)= Pw(k) = éw(k)+w(k+1),

k=v-1,...,2,1. (9b)
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) w(k);>0, foriel) D), k=1,..., (10a)
I=k
k—1

w(k); =0 forielJ D(),k=1,...,vr (10b)

1=0

(c) P*V=9 fork<Il;k1=0,1,...,v,Pe %,

where P'*" denotes the restriction of P to D(k) x D(I).

(d) max c(PEN=g(PMY=¢  k=1,2,....,v, (11a)
max o(PO) < g, if D(0)# ¢. (11b)

A complete proof of Lemma 2.3 can be found in Ref. 9. The partition
{D(0), D(1),..., D(v)} is called the principalApartition of S with respect to
H. In fact, D(k) contains exactly all classes of P withdepth k, k=0,1,..., ».

For the special case that % contains exactly one matrix, the above
results reduce to those of Rothblum (Ref. 19). If each P < % is irreducible,
we find that

v=1 and D(0)=¢,
and we arrive at

max Pu = éu, (12)

Pe¥

for some u>0 (cf. Ref. 11, Ref. 20). Block-triangular decompositions for
sets of nonnegative matrices are also discussed by Sladky (cf. Ref. 13). A
constructive method to obtain a matrix with maximal spectral radius and
maximal index has been published by Rothblum and Whittle (Ref. 21) and
Zijm (Ref. 7, Chapter 3).

The fact that w(1) has only zero components on D(0), whereas all
other components are positive, is of direct importance for dynamic program-
ming recursions of type (1). It can be shown easily (and it will be done in
Sections 4 and 5) that

-1
I: " ] 67 "x(n) = ce, for all neN, (13)

v—1

for some constant ¢ and &, v defined as in Lemma 2.3. The following result
will be helpful in proving (13).
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Lemma 2.4. Let J be a set of nonnegative square matrices with the
product property, and let

¢ =max{o(P)|Pe¥}.
Then, there exists, for each A > &, a vector w(A)> 0 such that

max Pw(A)y<Aw(A).
Pc¥

Proof. Take
— _py-1
w(A)= r}}gﬁ){:(k[ P) e,

the maximum being taken componentwise. O

However, instead of (13), stronger results can be obtained. Starting
with Lemma 2.3, we will establish the existence of polynomial expansions
for x(n), for n-> o, first in the case »=1, and then, in Section 5, for any
possible value of v. Before presenting these results, we first have to discuss
geometric convergence in Markov decision chains.

3. Geometric Convergence in Stochastic Models

Our main results concerning the asymptotic behavior of dynamic pro-
gramming recursions of type (1) will be based heavily on similar results for
Markov decision chains. Several authors (e.g., Refs. 22, 23, 24, 33) studied
the asymptotic behavior of the n-period reward for Markov decision chains.
Geometric convergence in undiscounted multichain MDC was studied
initially by Schweitzer and Federgruen (Ref. 10). Unfortunately, the analy-
sis, given in Ref. 10, is extremely complicated and, moreover, not suitable
for direct application to the recursions studied in this paper. Therefore, this
section is devoted to a new, and relatively simple, proof of geometric
convergence in undiscounted Markov decision chains.

Consider a finite set I of stochastic N X N matrices. With each Pe ¥
is associated a sequence of vectors {r(P), r(1, P}, r(2, P),.. .}, such that the
set

{(P,r(P), r(1,P),r(2, P),...})| Pe X} (14)
possesses the product property. Furthermore, assume that
ir(n, P)—r(P)|| = 8", forall Pe ¥, neN, (15)

for some 8, 0=56<1, and some c>0.
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In the next two sections, it turns out that a detailed analysis of the
general dynamic programming recursions of type (1) ultimately leads to a
study of the following recursion:

v(n)=1}r’1€a;[<{r(n, P)+ Po(n—-1)}, n=12..., (16)

with p(0) fixed.

This recursion also arises in the study of value iteration in undiscounted
MDC. In order to facilitate the analysis in the next two sections, we present
a separate treatment here.

Lemma 3.1. Let 5 be a finite set of stochastic, aperiodic NXx N
matrices, and let vectors r(P), r(1, P), r(2,.P),... be given such that the
set of rectangular matrices (14) possesses the product property. Suppose
furthermore that v{n), defined recursively by (16), is bounded uniformly
in n. Finally, let {15) hold. Then, lim,_. v(n) exists.

Proof. Since v(n) is bounded, we may define finite-valued vectors a,
b such that

b; = lim sup v(n),, i€s,
a;=liminf v{(n);, ieS.

Choose i€ S fixed. Let ny, n,,... be a sequence such that

llcim v(nk-f-l),- = b,‘,

and such that

= lim v(ng)
k-—>co

exists. Then, x = b. Putting n = n, in (16) and letting k - 0, we obtain [use

(15)]
b,’ = I};la;;{r(P)')f‘ Pb}g.

Repeating the same procedure for each ie S, we get
bérgla;{;{r(P)+Pb}=r(ﬁ)+I3b, for some Pe . (17)

Similarly, we get
a%rg%)[i{r(}’)-i-l’a}zr(f’)-i'ﬁa, (18)

with P chosen as in amn.
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Repeated substitution in (17) leads to

m—1 - -
b= Y P*(P)+P™b, for all meN.

k=0

On the other hand, (16) yields
m-—1 a N
v(n+m)z ¥ Pr(n+m—k, P)+P™v(n), for all n, meN.
k=0
Combining these two results with (15), we obtain

“ ” m—1
b—P"b=v(n+m)—P"v(n)+c" Y 8™ e (19)
k=0

Take neN fixed. As before, we may define, for each i€ S, a sequence
{my;; k=1,2,...}, such that

lim v(n+my;); = a,,
k-—>00

which, together with (19), leads to (apply Lemma 2.2)
b-P*b=a—P*v(n)+c5"(1-8) e (20)

Clearly, (20) can be derived for any neN. Let now x be an arbitrary limit
point of v(n). Then, a =x. By choosing an appropriate subsequence, we
find that

b—P*b=a- P*x (21)
Multiplication with P* yields
0= P*(b— P*b) = P*(a— P*x) = P*(a —x).

However, since

a-x=0,
we have
P*(a—x)=0,

and hence g; = x; for every state i belonging to a basic class of P. Since x
was chosen arbitrarily, this implies that b, = a; for every state i belonging
to a basic class of P.

Finally, let E be the set of all states which are not contained in any
basic class of P. From (17) and (18), we deduce that

(b—a)=P(b—a); (22)



JOTA: VOL. 54, NO. 1, JULY 1987 171

and, since a; = b; for i € S\ E, this reduces to
bE —af = PE(bF - a®), (23)
which implies

bE —a®

iA

0,
since a‘(ﬁE }<<1 (use Lemma 2.1). Hence, b = a, which proves the theorem.
O
Remark 3.1. Taking limits in (16) yields

v= I;g){({r(P) + Pu},

from which we easily deduce that
max P*r(P)=0.
Ped

In general, it can be shown that, if we omit the boundedness assumption
in the formulation of Lemma 3.1, there exists a vector w* such that

lim (v(n) —ng*) = w*,

where v(n) obeys (16) and g* is defined by

O -
g*=max P r(P). (24)

This result is well known if r(n, P)=r(P) for all n, P; see, e.g., Derman
{Ref. 31). A proof of the more general result is contained in Ref. 7,
Appendix 4A.

The next lemma provides the basis for the proof of the geometric
convergence of v(n), for n-> o0,

Lemma 3.2. Let J be a finite set of stochastic, aperiodic N x N
matrices with the product property. Choose z(0) fixed, and define z(n)
recursively by

Z(n)x[pa%( Pz(n—1), n=1,2,.... (25)

Then, lim, ., z(n) exists. Denote this limit by z. Then, the convergence of
z(n) to z, for n-> 0, is geometric.
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Proof. Clearly,
lz(n)| =||z(0)|,  forall n;
hence, we may apply Lemma 3.1, with
r(n, P)=0 for all n, P,
Let
= an; z(n).
Then, obviously,

max Pz =z,
Pe¥X

by taking limits in (25). Let
H(1)i={PeH|Pz=1z}.
Since # is finite, there exists a positive integer n, such that

= - =
z(n) lelge}(xl)Pz(n 1), for nz n,.

Let
w{n)=z(n)—z, neN.
Then,

= Pw(n— nz
w(n) max (n—1), Ny,

lim w(n)=0.

(26)

(27)

Hence, it suffices to show that the convergence in (27) is geometric. With
respect to w(n), we will prove that, for some fixed integer m >0 and for

some €, 0= e <1, the following two assertions hold:

(i) Oémasx w(n+m),-§(1~e)megx w(n);, for n= ny;

(ii) Ozmigl w(n+m),-§(1——e)miél w(n);, for n=n,.

We will use only (26) and (27) to prove assertions (i) and (ii). Together,

these two assertions imply that the convergence in (27) is geometric.

Proof of (i}. If

max win);=a <0,
ieS
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then, for all i,

w(n+1);= o max(Pe); = a;
PedH

therefore, for all m,
wn+m),=a<0,

contradicting (27). This proves the first inequality in (i). Now, define
C(n)={ie S|w(n),>0},

and suppose that C(n,) # P, otherwise the result holds trivially with e =1.
Define R{ny) = C(ny) and, for n = ny, recursively,

R(n):{ieS[EPe%(l): Y p,»j=1}.

jeR(n—1)

Choose i€ R(ny+1), and let P be such that

Y p=1l
JeR{ng}
Then,
win,+1), 2 ¥ pw(ng);= %  pyw(ng);>0;
jes jeR{np)
therefore,
R{n,+1)C Clny+1).

By induction, we obtain
R(n)C C(n), for all n= n,.
Let m:=2" (recall that N is the dimension of the state space S). If
R(n)# @, for n=ny+m,

then
R(k)=R(D), for some k, IeN, with ng=k<I=ny+m,

since there exist at most m —1 nonempty subsets of S. Define
R:=R(k)= R(I).

By definition of R(n), there exists a finite sequence of matrices P(k+1),
P(k+2),..., P(l) such that, for Q defined by

Q=P(HP(I-1) - P(k+1),
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we have

Y g;=1, forie R

JER
Let
8 = min w(k);.

icR
Then, as
R=R(k)C C(k),
we have that 8> 0. From (26) we derive

w2z Y guw(k);= Y gyw(k);Z 8, for all ie R;
jeS JjeER

and, by induction,

w(k+n(l—k));Z6>0, forall ieR, neN,
contradicting (27). Hence,

R{n)=®, for n=ny+m

Let now e(P(1) - - - P(m)) be defined as the smallest positive entry of
the matrix P(1) - -+ P(m); and let

e:=min{e(P(1)P(2) - - - P(m))| P(1), P(2),..., P(m)e ¥(1)}. (28)
Then, 0<e=1. For n=n,+1,..., ng+m, choose P(n) such that
w(n)=P(n)w(n-1),
and let
T:=P(ny+m) -+ P(ng+1).
Since
R{ng+m)=9®,
we have, for all i€ S,

w(ng+m),= Y t,w(ng), = 3 Lw(ng);
jes jeR{nyp)

= 1; max w(ng),=(1—€} max win
LIt max wing)y=(1-€), max w(no),

=(1-¢) max w(ng),.

Hence,

max w(ng+m); ={1—¢€) max w(ng),.
ie8 ieS
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Similar results are obtained when starting with C(n,+1), C(ny,+2),....
Since m and € do not depend on n,, assertion (i) follows.
Proof of (ii). If

misn w(n+m);>0,
then (27) would be violated (by arguments similar to those given above);
hence, the first inequality in (ii) must hold. Define

D(n)={ie S|w(n),<0}.

If D(n,)=®, nothing is left to prove. Hence, suppose that D(n,)# ®.
Define U(ny) = D(n,) and, for n > ny, recursively,

U(n):={ieS| ¥ p,-j=1,forallP€7{(1)};
jeU(n—1)

note the difference in the definitions of R(n) and U(n). Then, U(n) C D(n)
and

Un)=2ao, for n=ny+2",

by arguments similar to those given in the proof of (i). Again, let

m=2",
Since
U(n0+ m) = (D,

there exists a sequence P(1), P(2),..., P(m) such that the matrix O, defined
by

é:: P(m)P(m——l) e P(l),
obeys the relation
Y §;>0, forallies.

Jje U(neg)
Defining € as in (28), it follows that

min w(ny+m); = (1 —€) min w(ny),.
icS ieS

Since m and ¢ do not depend on n,, assertion (ii) follows.
Combination of (i) and (ii) yields

{masx w(ng+ mk); —mi;l w(ny+ mk),-}

é(l—e)k{rrilealsx w(no),-—rpeig w(no),}, keN.

This completes the proof of Lemma 3.2, since 0<e=1. Ll
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Once having proved Lemma 3.2, it is relatively easy to show the
geometric convergence of the recursion (16).

Lemma 3.3. Letthe assumptions of Lemma 3.1 hold. Then, the conver-
gence established in Lemma 3.1 is geometric.

Proof. Let
v=lim v(n).

By taking limits in (16), we obtain
v =max {r(P)+ Pv}.
PeX

Let
H(1)={Pe¥H|r(P)+ Pv=v}.
There exists some n,€N such that [use (15)]

v(n)= max {r(n, P)+ Po(n—1)}, for n=n,.
Pe (1)

Define
w(n)=uv(n)—uo.
By definition of J#(1), we find that
w(n)=Pr£32[1()§){(r(n, P)y—r(P))+Pw(n—1)}, for n=n,,

lim w(n)=0.

Choose k= n,, and define w(k, n) by

w(k,n)=P1£ya}(xl)Pw(k,n—l), n=1,2,...,
with w(k, 0)=w(k). By Lemma 3.2, w(k, n) converges geometrically to
some vector w(k), as k- cc. Hence,

|w(k, n)—w(k)|| = ap”, n=1,2,..., (29)
where @ >0, 0= p < 1. Note that @ and p can be chosen independent of k
(compare the proof of Lemma 3.2). From (15), we derive

|w(k+n)—w(k, n)| < c8* 'ZI 8'=c6*"1-8)7", n=1,2,...;

- 30)

hence, for n - o,

(k)| = cs* ' (1-8)7". (31)
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This argument can be repeated for any k = ny,. Combination of (29), (30),
(31) yields

w(k+n)| = |lwlk+n)—w(k, n)||+]lw(k, n)—w(k)||+ ][ w(k)]|
=c¢6*'(1-8) "tap"+c8 N (1-8)7"

in particular,
Iw(2n)|| =28 (1-8)"'+ap”

Since

IW(2n+l),l—Prg;;gg)JZPUIW(Zn),I_Prg%)§pu||W(2n)!| [w(2n)|,

and therefore
Iw2n+ 1| =|w2n)],
the geometric convergence of w{n), for n- 00, is proved. O
The next lemma relaxes the stochasticity assumption.
Lemma 3.4. The conclusions of the preceding three lemmas remain
valid if the stochasticity assumption is relaxed to

max Pe=e,
PeX

and aperiodicity is assumed only for those matrices P with o(P)=1.

Proof. The proof follows easily by extending all matrices to be
stochastic by adding a single absorbing state. Consider, for example, Lemma
3.1. Define

S=SU{N+1}={1,2,...,N,N+1};
and define P by

~

By =Py j=1,2,..., N,

N
Pinai=1-% py, i=1,2,...,N,
j=1

Prn+1,;=0, j=1,2,...,N,
Pn+in+ = L

Let, furthermore,
#(n, P), = r(n, P),, for all n and P,
5(0); = v(0),, i=1,2,..., N,
#(n, P)niy =0, for all n and P,

6(0)N+1 =0.
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Then, applying the dynamic programming recursion (16) to the extended
model, it follows easily that

o(n); = v(n),, forallm, i=1,2,..., N,
and
(n)ne =0, for all n.

Application of Lemma 3.1 to the extended model now yields the desired
result. A similar argument applies to Lemma 3.2 and Lemma 3.3. d

The main result of this section, Theorem 3.1, is in fact a further
generalization of the preceding results. However, it is this theorem that will
be exploited extensively in the next two sections, when analyzing dynamic
programming recursions of type (1).

Theorem 3.1. Let J be a finite set of nonnegative N X N matrices,
and let vectors r(P), r(1, P), (2, P),... be given such that the set of
rectangular matrices (14) possesses the product property. Suppose that

max Pw = Gw,
Pe¥

for some strictly positive vector w, where
& =max{a(P)|Pe¥}>0.

Let all matrices P with o(P)= & be aperiodic. Suppose also that
l&™"r(n, P)=r(P)| = cd", forall Pe ¥, ncN,

where 0=6 <1 and ¢>0. Let finally v(n) be defined by (16) again and
suppose that

max||& "v(n)|| < co.
n
Then, ¢ "v(n) converges geometrically to some vector v, for n - o,

Proof. Define 5(n), P, #(n, P), #(P) by
o(n);=6""w;v(n);, ieS neN,
F(P);=w;'r(P);, ieS, Ped,

Fin, P),=¢""w'r(n, P);, ie8 Pe¥ neN,
Py =67 wipyw, i,jeS, pe

The result now follows easily by applying Lemma 3.3 and Lemma 3.4.
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4. Asymptotic Expansions of x(n): Case » =1

Throughout the rest of this paper, # denotes a finite set of nonnegative
square matrices with the product property. By & we denote the maximal
spectral radius, i.e.,

¢ =max{o(P)|Pe ¥},

and by v we denote the maximal index among the indices of those matrices
with maximal spectral radius, i.c.,

v=max{v(P)|PeH, 6{P)=é}.

In order to avoid complicating technical difficulties, we assume &> 0
for the rest of this paper. The case & =0 is treated separately at the end of
Section 5. A sensitive analysis of the case & =0 is contained in Rothblum
{Ref. 32).

In this section, we suppose » = 1; hence, the principal partition of §
with respect to # can be denoted by {D(0), D(1)}. The aim of this section
is to show the convergence of & "x(n), for n—co, where x(n) is defined
by (1). First, we need boundedness.

Lemma 4.1. Let {D(0), D(1)} be the principal partition of S with
respect to ¥, and let x(n) be given by (1), forn=0,1,2, ..., where x(0)> 0.
Then,

lim & "x(n); =0, for ie D(0), {32)
Bw(1), =6 "x(n); = yw(l),, for neN, ie D(1), (33)

with w(1) as defined in Lemma 2.3 and B, y some positive constants.

Proof. Let P*" denote the restriction of P to D(k)x D(l), for
k, =0, 1. Then,

PP=9,  forall Pe¥.
By Lemma 2.3(d) and Lemma 2.4, there exist a positive real number A, with
A <&, and some vector w'” >0, defined on D(0), such that

max POOw@ = w®,
PedH

We note in passing that, by appropriate scaling, it is possible to choose w'®
such that

r;la;[((P“"’)w(O’),- =w(1);,, forieD(1), (34)

where w(l) is defined as in Lemma 2.3; note that
w(l);,>0, for ie D(1).
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Choose a >0, such that
x(0); = aw'®, for i e D(0),
x(0); = aw(l),, for ie D(1).
By induction, we find that
x(n);=ar™w®,  for neN, ie D(0), (35)

which establishes (32) immediately, since A <. In fact, (35) implies that
the convergence in (32) is geometric.
Let 8> 0 be such that

Bw(1) =x(0),
and recall that
max Pw(1)=6w(1).

Then, the first inequality of (33) follows trivially.
Furthermore, the choice of «, together with (34), implies that

x(l)f-'-'r;lajgg{_ X opyx(0);+ X p,}x(O)j}
€ jeD(1) je D)
= adw(l);+aw(l);=a(F+1)w(l),, for ie D(1);

and, by induction [use (34) and (35)],

x(n)=Sa {6"‘ + zl &""‘_k/\k} w(1);

={
n—1
=a&”{1+&"* Y (m-l)"} w(l), =y "w(1),,  ieD(1),
k=0

where we choose
y=a(l+(6-1)""). O

Once having boundedness, the convergence of {¢ "x(n),n=
0,1,2,...} follows almost immediately from the results of the preceding
section. We have the following theorem.

Theorem 4.1. Let {D(0), D(1)} be the principal partition of S with
respect to 7, and let x(n) be givenby (1), forn=0, 1,2, ..., where x(0) > 0.
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Suppose that each Pe %, for which o(P)=4, is aperiodic. Then, there
exists a vector x, with

x; =0, for ie D(0),
x;>0, for ie D(1),
such that

lim & "x(n) = x, (36)

and this convergence is geometric. Furthermore,

max Px = &x. (37)

PeX

Proof. The geometric convergence of & "x(n)” to 0, for n >0, was
already established in the proof of Lemma 4.1 [compare (35)]. Furthermore,
we may write

x(n)“):lyam)g{P(””x(n—1)(”+P(1’°)x(n—1)(0)}, neN. (38)

Note that, since
w(l); =0, for i€ D(0),
we have

max POV w(1® = & )
max (DY =aw(1)",

where
w(1)V>0.

The geometric convergence of ¢ "x(n)", for n >, to some vector
x" now follows immediately from Lemma 4.1 and Theorem 3.1. Note that
(33) implies that

)

x“)>(_).

n

Multiplying (1) with 6" and taking limits yields (37), since

x©=0. [l
Partial results in the case v =1 have also been published by Sladky
(Refs. 10, 11). In fact, he proved convergence of & "x(n), for n - o, without

mentioning the fact that this convergence appears to be geometric.
Without proof, we state a periodic analogue of Theorem 4.1. Define

H={Pe¥|o(P)=6}.
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Now, let some P e % have k basic classes, B(1), ..., B(k) say, and let d,( P)

denote the period of P*", for I=1, 2,..., k Define d(P) as the least

common multiple of {d,(P),..., d,(P)}, for each Pe . Finally, let
d:=gcd{d(P)|Ped}

Then, the following result can be formulated.

Theorem 4.2. Let {D(0), D(1)} be the principal partition of S with
respect to ¥, and let J/, d be defined as above. Then, there exist vectors
w(l)=0,1=0,1,...,d—1, such that, for x(n) defined by (1), the following
holds:

lim ¢~ “**x(I+kd)=w(l), forl=0,1,...,d-1. (39)

k-0

Furthermore, we have
r;lay)[(Pw(l)=é‘-w(l+1), for [=0,1,...,d—-1,

where w(d):=w(0). Finally, the convergence, established in (39), is
geometric.

In Section 5, more general results concerning the asymptotic behavior
of x(n) will be proved. The results of this section (in particular Theorem
4.1) will serve as a first step in an inductive argument.

5. Asymptotic Expansions of x(n): General Case

In this section, it is shown that an asymptotic expansion, similar to
(4), can be obtained for x(n), when » is arbitrary. As mentioned already
in Section 4, we assume & >0 (at the end of this section, the case §=0 is
discussed briefly). The main result of this paper reads as follows.

Theorem 5.1. Let {D(0), D(1),..., D{»)} be the principal partition
of S with respect to #. Suppose that all matrices P € %, with o(P)= & and
v(P) = v, are aperiodic. Then, there exist unique vectors y(1), y(2), ..., y(»)
and constants ¢> 0, p < &, such that x(n), defined by (1), obeys

x(n)—{(vfl)&"—”“yww- : +(f) &"”y(2>+&"y(1)}
forall neN. (40)

n
léw,

These vectors y(k) satisfy
y(k);>0, ie D(k), k=1,...,7, (41a)

k-1
y(k); =0, ie U D), k=1,...,v (41b)
=0
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Furthermore, the following relationships hold:

max Py(v)=dy(»), (42a)
Péx;[z(il)i”Py(l)=&y(l)+y(l+l), I=v—-1,...,2,1, (42b)
with
HK(v)={Pe¥|Py(v)=0by(v)}, (43a)
H(D)={PeH(I+1D)|Py(D)=3dy(D)+y(I+1)},
I=v—1,...,2,1. {43b)

The proof of Theorem 5.1 will be given by an inductive argument. A
key role in the analysis is played by the following technical result, which
will be proved before we verify Theorem 5.1.

Theorem 5.2. Let {D(0), D(1),..., D(»)} be the principal partition
of § with respect to %, and suppose that all Pe ¥, with o(P)=¢F and
v(P) = v, are aperiodic. Let y(1), y(2), ..., y(») be vectors satisfying (41)
and (42), and moreover

»—1
~,8"=x(n);— % (lfl) &n-HI}’(z)f

=1
£¢,8", for ie S\D{(v), neN, (44)
for some ¢, > 0 and some 8, 0= § < &. Then, there exists a vector $(1), with
§(1)i=y(1);,  for ie S\D(»),
such that

n . n An— AnAa n
—p éx(n)i—{lz (l—l)o "y, +6 y(l),}éczp ,
=2

for ie S\D(v), neN, (45)

for some ¢,> ¢; and some p, 8 = p = 6. Moreover, the set of vectors j(1),
y(2),...,y(v) also satisfies (41) and (42).

Proof. In order to simplify notations, we assume & = 1. Define

z(n):z[vil:‘y(v)—&-w-+[:]y(2)+y(1), neN.

The conditions of the theorem state that (x{n)—z(n)) converges geometri-
cally to zero on S\ D(»), for n - o0; note that y(»), =0, for i€ S\D(v). We
are concerned with the behavior of (x(n)—z(n)) on D(v).
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First, we establish boundedness on D(v). Note that (42) implies that

max Pz(n)=z(n+1), for all neN. (46)
PeX(2)

Since

m[ﬂ/ [k:} -

there exists an integer n, such that

= =
max Pz(n) Prgya}()g) Pz(n), for n= n,. (47)

Since y(v)* >0, it is possible to choose a constant a > 0 such that
x(n)” = z(n) ™+ y(»)™. (48)
Obviously, we also have for n= n, [since y(v); =0, for ie S\D(v)],

max P(z(n)+mp(v))=z(n+1)+1y(v), for any 7= a. (49)
Finally, choose B such that

v—1
max ¥ PP = gy(v)™. (50)

PeX j_q

By induction, it is now easily shown that [combine (43), (47), (48), (49)]

n—1
x(n)(”)éz(ﬁ)(”)+(a—l—ﬁc1 ¥ §k)y(:/)("), for n= n,. (51)
k

=ng

Hence, (x(n)"™ - z(n)"*?) is bounded from above.
On the other hand, we may choose y> 0 such that

x(0) = y(1) ~ yp(») = 2(0) — yp (1) (52)
and since, for n=n,,
max P(z(n)—yy(»))= max P(z(n)-yy(»))=z(n+1)= (),
(53)
it follows easily that [combine (43), (49), (51), (52)]

x(n)‘"’éz(n)"”—(y+,8c1 ng ék)y(v)(”’, for n=0. (54)

Together, (50) and (53) imply the boundedness of (x(n)'”’ — z(n)'*"), since
8<1.
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Our next step will be to prove that x(n)*’ — z(n)"”’ converges geometri-
cally to some vector, for n - 0. To this end, notice that, for n large enough,
n=n, say,

max Px(n)= max Px(n), (55)

Ped Pe(2)
by (45) and the boundedness shown above. Also note that, for all P e %(2),
P(z(n)—y(1))+y(2)=z(n+1) - y(1). (56)

Hence, if we define

o(n) = x(n)—z(n)+ y(1) = z2(n)— 3 [ " }ym,

=2 L1-1
then v(n) is bounded uniformly in n, and by (1), (53), (56),
= - =
v(n+1) ngy%é)(Pu(n) y(2)), for nzn,. (57)

In particular,

v—1
v(n+1)" = max (P(””’)v(n)(”)-l-{ ¥ P("")v(n)(”—y(Z)(”’}),
=0

Pedl(2)
n=n,. (58)
Note that, for each P e %(2),

v—1
2 P(v,f)v(n)(l} _,y(z)(v}

=0

converges geometrically to
v—1
L PP -y,  n-w.
1=0

Furthermore,
PYy(n)” =y(»)*'>0,  for each Pe X(2).

Since v(n)™ is bounded, we may apply Theorem 3.1. As a result, we find
that v(n)™ converges geometrically to some vector, v'”, say, for n- .
From (43) and the definition of v(n), we know that v{n); converges
geometrically to y(1),, for i€ S\D{(»), n—> 0. Hence, if we define (1) by
(») :
(1), = {”" . 1eD0),
y(l)ia IES\D(V),

then (45) follows immediately. Taking limits in (57) yields
y(2)+y(1) = max Fy(1);
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hence, {42) is satisfied also by 7(1), y(2), ..., y(v). Finally, (41) is trivially
verified. O

Before we proceed with the proof of Theorem 5.1, one additional
remark must be made.

Remark 5.1. It follows immediately from (43) that the sets #(I) also
possess the product property. Hence, for each i€ S, we may write

.ZS piy(v);= &J’(V)i},

H(v)= {P,»e?{,-

Hi(l)= {Pi eXi(1+1)| X pyy(D);= 6y(l)i+y(l+1),-},
jies

l=v-1,...,2,1.
Then, obviously,
H()={Pe¥H|PeciH(l),icS}

Hence, instead of #(I) we may also consider sets ¥;(l), i € S. This relation-
ship will sometimes be used in the next proof.

Proof of Theorem 5.1. Again, &=1 is assumed, in order to simplify
notations. The proof will be given by induction with respect to ». If v =1,
the results follow immediately from Theorem 4.1. Hence, let »=2, and
suppose that the theorem has been proved for all sets of matrices with
maximal index v —1.

Consider now the recursion (1), where % is a set with maximal index
v. Since

p;=0, for ie S\D(»), je D{(»), for all Pe ¥,
it follows that the asymptotic behavior or x{n),, for i € S\ D(»), is completely
determined by a set of matrices with maximal index » —1. Hence, according

to the induction hypothesis, there exist vectors w(l), w(2),...,w(y—1),
defined on S\ D(v), such that

—(:,6"éx(n),-—vix (I " )w(l)iéc,B", ie S\D(v), neN, (59)

I=1 _'1
for some 8 <1, ¢,>0. Furthermore, we have, for all i S\D(»),
max Y pw(r—1),=w(r—-1), (60a)

P,e; jeS\D(v)

gW(l); = w(l), + +1);,
Pieq?};a(?(+l)jes\zzp(,,) p]W( )] W( ) W(l 1)

[=v—2,...,2,1, (60b)
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where

%(V_l):’:{Pie-%i > PijW(V‘“l)j:W(V_l)i},

jeS\D(»)

9‘4(1)=={Pf€9’4(1+1) )2 Pi,-W(l),-=W(l),-+W(l+1)i},
)

jeS\D(v
l=v-2,...,2,1
Finally,
w{l); >0, for ie D(1},
-1
w(l); =0, foric | J D(k), I=v—1,...,2,1.
k

=0

So far we have only used the induction hypothesis. It is now easily
verified that, if there exist vectors y(1), y(2), ..., y(v) such that (40), (41),
(42) hold, such vectors must satisfy the identities

y(v); =0, ie S\D(v), (61a)
y(D);=w(l),, ieS\D{»),1=1,2,...,v—1. (61b)
Furthermore, again since

p; =0, for ie S\D(v), je D(v), for all Pe ¥,

we choose
Hvy=3, ie S\D(v), (62a)
H (=23, ieS\D(v),1=1,2,...,v—1. (62b)

Therefore, we may concentrate on y(I);, forie D(v),1=1,2,..., v. Substi-
tution of (61) in (42) yields

max Y )Pij.V(V)sz’(V)i, ie D(v), (63a)

P ed; jeD(v

max { z opy)+ L PqW(l)j}=y(1)i+y(1+1)i,
) jeSAD(»)

Ped(I+1) jeD{»
ieD(w),l=v—1,...,2,1. (63b)

The set of equations (63) has been analyzed in detail in Ref. 9 (a special
case was studied by Miller and Veinott, compare Ref. 25). Here, we only
remark that a solution {7 (»)”, 5(v— 1, ..., 5(1)*’} to (60) indeed exists.
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Except for 5(1)*, these vectors are even uniquely determined; moreover,
7(»)™ is strictly positive (compare Ref. 9, Lemma Al). Hence, define

y(; =50,  ieD(w),1=1,2,...,» (64)

Recall that (63) was obtained by substituting {61) in (42). It follows that
we have found a solution to (42) which also satisfies (41) and, by the
induction hypothesis, (44) with & =1. Application of Theorem 5.2 yields
the final result. (I

Theorem 5.1 yields rather strong results concerning the asymptotic
behavior of dynamic programming recussions of type (1), at least under
suitable aperiodicity assumptions. The results for arbitrary &>0 are
obtained immediately from the corresponding results for & =1.

However, the proof given above cannot be copied when ¢=0. If P is
a nonnegative N x N matrix with o(P) =0, then it is easily seen that {i},
the set containing state i only, is a basic class of P, for all i€ S. Hence,
p; >0 can only occur for i<j (P is in fact a nilpotent matrix). It follows
immediately that, for & =0 and for ne N, each product [[z_, P(k), with
P(k)e ¥, is equal to the zero matrix. Hence, the conclusions of Theorem
5.1 remain valid for the case ¢=0.

Finally, we remark that results similar to those of Theorem 5.1 can be
obtained without assuming that certain matrices have to be aperiodic.
Instead of (40), we get results for certain subsequences. Details will not be
given here.

In Section 6, some implications of our results with respect to the theory
of controlled Markov chains are discussed briefly.

6. Extensions and Implications for Controiled Markov Chains

Consider the Markov decision process introduced in Section 1. Let
v{0) >0, and define v(n) recursively by

v(n)zl}‘xeag({(z> r(f)+P(f)v(n-—1)}, n=1,2,..., (65)

where ke N, is fixed [for k =0, we obtain (3) again]. Recall that each P(f)
is stochastic and that the set of N X (N -+ 1) matrices

{(P(N), (/)| feF}

possesses the product property. In addition, assume that each P(f) is
aperiodic.
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Recursions of type (65) play an important role in the study of k-average
optimality criteria in Markov decision processes (cf. Ref. 26). Van der Wal
{Ref.27) showed that there exist vectors y{(1),{2), ..., y(k+1) and a positive
constant g <1, such that

u(n)=(k:’_1)y(k+2)+- - -+(;’)y(2)+y(1)+@(p"), 1t = 00

However, by a simple trick, (65) can be reformulated as

Fo(n) ] [P(f) r(f) © 0[v(n—1)7
(") o 1 1 0 ("_1)
k : . . : k
=max| - : s n=1,2,....
: feE | oo U :
(n) Qrvnvronennn 11 (n_l)
1 1
| 1 | L 0 ............ 0 1_ 1 1 ]

Using this translation, the asymptotic behavior of v(n) for n> is
obtained immediately from Theorem 5.1. For k=0, the geometric conver-
gence result of Schweitzer and Federgruen (Ref. 10) is obtained again.

The reader may also verify that, for this example, Eqs. (42) turn into
the policy-iteration equations for k-average optimal policies. In particular,
for k =0, Howard’s optimality equations with respect to the average reward
criterion are obtained.

Results similar to those obtained in this paper exist for continuous-time
models. In Ref. 28, the following nonlinear differential equation is studied:

dz(t)/ dt = glgé Qz(1), z(0)> 0, t€[0, ), {66)

where /( is a set of M-matrices with the product property (an M-matrix is
a square matrix with all its nondiagonal entries nonnegative). Without going
into details, we remark that a solution z(t) of (65) exists which obeys

2() ={expAOH" 'y(v)++ - -+ 1y(2)+ y()}+ Oexp(p1)), 1>,

where A and p are certain real numbers, completely determined by .4, with
w <A, while furthermore veN and y(1),...,y(v) is a set of vectors.
Specialization of these results to continuous-time Markov decision chains
is possible again. Exponential convergence in undiscounted continuous-time
Markov decision chains is one of the new results which are obtained in this
way (compare also Ref. 29).
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Finally, we remark that extensions to models with a denumerable state
space are discussed in Ref. 7 and Ref. 30.
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