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Discrete Approximation of Relaxed Optimal
Control Problems

I. CHRYSSOVERGHI' AND A. BACOPOULOS®

Communicated by D. Q. Mayne

Abstract. We consider a general nonlinear optimal control problem
for systems governed by ordinary differential equations with terminal
state constraints. No convexity assumptions are made. The problem, in
its so-called relaxed form, is discretized and necessary conditions for
discrete relaxed optimality are derived. We then prove that discrete
optimality [resp., extremality] in the limit carries over to continuous
optimality [resp., extremality]. Finally, we prove that limits of sequences
of Gamkrelidze discrete relaxed controls can be approximated by
classical controls.
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1. Introduction

It is well known that optimal control problems, without any convexity
assumptions, generally do not have classical solutions. Generalized or
relaxed controls have been used by several authors (Refs. 1-4) to prove
existence theorems and derive necessary conditions for optimality for non-
convex problems. Moreover, iterative methods have been developed for
these problems, which use relaxed controls (Refs. 3 and 5). One must, of
course, discretize the optimal control problems to implement the numerical
methods on a computer (Ref. 6). Accordingly, we study in this paper
properties of discrete relaxed optimality and extremality and their behavior
in the limit, as well as the approximation of relaxed controls by classical ones.
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2. Continuous Relaxed Optimal Control Problem

We state in this section some background information regarding the
continuous problem which is seen in Section 4 to be the limit of the discrete
analogue. For the relevant theory, see Ref. 2.

Consider the following optimal control problem. The state equations are

x(0)=f(t, x(1), u(t)), Ost<T<oo, (1a)
x(O) = X0, (lb)
where x =x", x(t)eR’, and u(¢)e U CR"

We may have also state constraints of the form

Gy(u) =g, (x(T)) =0, g RF>R™, (2a)

Gy(u) = gx(x(T)) =<0, g2:R7>R™, (2b)
The cost functional is given by

Gy(u) = go(x(T)). (3)

The classical optimal control problem is to minimize G,(u) subject to the -
above constraints.

We suppose that U is a compact (not necessarily convex) subset of
R? We set I:=[0, T, and define the set of classical controls by

C = {u: t—>u(r)| u-measurable from I to U}.
We then define the set of relaxed controls by

R = {t—>r(1)|r measurable from I to the
set of probability measures M (U) on U}.

M (U)is aclosed subset of M{U), the space of finite regular Borel measures
on U, which is the dual C°(U)* of the space of continuous functions, with
the weak-star topology. R is a closed subset of B(I x U)*, where B(Ix U)
is the space of Caratheodory functions on Ix U. A sequence {r.} in R
converges to r if

iim J F(t, u)r (t)(du) dt =J F(t, u)r(t){(du) dt,

=y

forevery Fe B(I x U) or F e C°I x U). For simplicity of notation, we write

F(t, r(t))= J F(t, u)r(t)(du).

The sets M (U) and R are metrizable, convex, and compact. We also
identify every classical control u{t) with its associated Dirac relaxed control
8.(ny- Thus, we have C CR.
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The continuous relaxed optimal control problem (CRP) may now be
formulated as follows. We replace Eq. (1) by

x'(6)=f( x(1), r(1)), onl (4a)

x(0) = x,, (4b)
where re R, x =x’, the constraints (2) by

Gy(r)=g:(x(T)) =0, (5a)

Gy(r) = g:(x(T)) =<0, (5b)
and the cost (3) by

Go(r) = go(x(T)). (6)

The continuous relaxed problem (CRP) is to minimize Gy(r) subject to the
above constraints.
The following are relatively weak assumptions concerning general
nonlinear control problems, including the discretization which follows.
Assumption Al. The function f is continuous on the set
D={(t,x,u)|0st<a,|x—x|<bue U}
where a, b>0 and
0< T=min(a, b/ M),
where
M = max||f(1, %, u).

Proposition 2.1. Under Assumption Al, for every re R, there exists
an absolutely continuous solution x of Eqs. (4) which satisfies

lx = xollo<c= MT.
If f is also Lipschitzian w.r.t. x on D, then Egs. (4) have a unique solution.

Assumption A2. Equations (4) have a unique solution x = x”, for every
re R

Assumption A3. There exists an admissible control re R, i.e., which
satisfies the constraints (5).

Assumption A4. The functions g, g;, g, are continuous for ||x||<c.

Theorem 2.1. Under Assumptions Al and A2, the mapping r—x’,
from R to C°(I), is continuous. Under Assumptions A1-A4, there exists
an optimal control for the CRP.

Now, define the following set, for given ¢’
D' ={(t,x,u)|te L |x—x|<c, ue U,
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Assumption AS. There exists ¢'> ¢ such that f and £, are continuous
on D’ and g, g, g, are differentiable for ||x| <c.

Theorem 2.2. Continuous Relaxed Pontryagin Minimum Principle.
Under Assumptions A1-AS3, if r is optimal for the CRP, then r is extremal,
i.e., there exist multipliers AgeR, A, eR™, A,eR™; A;=0, A,=0, with
Ao+ AL+ Azl =1, such that

z(t) - f(t, x(1), ¥(1)) =32ilr}z(t) < Sl x(8), u), a.e.in I (7)

where x =x" and the adjoint state z is given by the equations

2(0)==2(0) - £l x(0), 1), (58)
AT)= T A gu(x(D)), (8b)

and is such that the following transversality condition holds:

Az - g2(x(T))=0. &)

3. Discrete Relaxed Optimal Control Problem

We now discretize the continuous relaxed problem CRP. For each
neN, choose an integer k = k(n), k+1 points in I:=[0, Tl with

0=1,0<t, <: - <ty=T,

and set
Boi =ty 1™ iy i=0,...,k=—1,
h, = max B,
Li={tw, thiv1)» i=0,...,k-2,
Lixov={toge1s tax )

Let R, be the set of piecewise constant relaxed controls relative to the

partition {I,;}}2,

R, ={r,eR|r,(t)=r,eM(U),on I,,i=0,...,k—1}
let C, be the set of piecewise constant classical controls

Cn :={un€ C'un(t)= Uy, ON Im‘: Uy € U},
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and let RS be the set of piecewise constant Gamkrelidze controls

on I,

Upij 2

P
RnG:::{FnERIFn(t):rin: 2 a""jé
j=0

with u,; e U, f Gpy =1, @y 20}.
j=0

Clearly, C,C RS C R, CR, for every n. R, is convex and compact for the
weak-star topology of [M,(U)]*. However, note that C, and RS are not
compact.

The discrete relaxed optimal control problem (DRP,) is now formu-
lated as follows. The state equations are given by the Euler scheme (for
simplicity)

xn,i+x=xni+hnif(tniaxnia rm‘)a £=09-'-sk‘19 (103)
Xpo = Xp, (10b)

for r, € R,, the state constraints by

Gin(ra) = g1(Xu) = €10, (11a)

Gan (1) = g2 X)) < €20, (11b)
where €, €R™, €,, € R™, €,, =0, are chosen vectors, and the cost by

Gon(1n) = o Xpi) = min. (12)

Theorem 3.1. Under Assumption Al, the mapping r,—x, is con-
tinuous from R, =[M,(U)]* to R***V. Under Assumptions Al and A4,
and if there exists an admissible control for the DRP,,, then there exists an
optimal control.

Proof. Let r;'—r, in R,. By induction on i if x> x,;, then

tim = Hm (x50 Bof (s, X, 1) ]
"m0 "0

= X F Bif (bniy Xy i) = Xpit1e

Since x5 = X,o = Xo, it follows that x| - x,,. Therefore, r, — x, is sequentially
continuous, hence continuous. Clearly, ||x,. || < MT = ¢, for all r, € R,,. Since
R, is compact and gy, g,, g» are continuous for ||x|| < ¢, Gy, (r,) = go(Xuc)
attains its minimum on the nonempty compact set

{r" € R’I l “x"k“ = G, gl(xnk) = €1n, g2(xnk)S EZn}- [:]
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Theorem 3.2. Discrete Relaxed Minimum Principle. Under Assump-
tions Al, A4, AS, if r, is optimal for the DRP,, then r, is extremal, i.e.,
there exists multipliers Ay, €R, A, €R™, A5, R, Ay, =0, A,, =0, with
Aon +[|A1all A2, ]| =1, such that

Zn,i+1 ’f(tnia Xnis rni)

=1’nig Zn,i+1 'f(tm, xm-, u)’ i=0,-..,k_1, (13)

where x, is given by (10) and the adjoint discrete state is described by

Znizzn,i+l+hnizn,i+l *Sellnis Xy Tai),s i=0,..., k-1, (14a)
2

Zpg = :Z A i (Xaic)s (14b)
=0

and is such that
Mg [82(%) — €2,]=0. (15)

Proof. By the general multiplier theorem (Ref. 2, p. 303), if r, is
optimal, there exist multipliers A, such that

2
l}: /\In'DGln(rnsr;'"rn)Zoa Vrl,eR,,,
=0

where DG, is the directional derivative of G,, or after some calculations

n—1
Z hnizn,i+l 'f(tm’a xm’a r:u'—rm')zos Vr:lERn’
i=0
which is equivalent to the discrete pointwise minimum principle (13).
Equality (15) is the transversality condition. O

4. Convergence

From now on, we suppose that the partitions {I,;} are chosen such that
h, =max; h,;~>0, as n-> 0,

The following lemma shows that the sets C,, hence RS, R, approxi-
mate R, as n— 0.

Lemma 4.1. Given 7€ R, there exists a sequence {u, € C,} such that
u,->rin R

Proof. Itis proved in Ref. 2, pp. 275-276, that given r € R, there exists
a sequence {i,,} of piecewise constant classical controls such that @, - r
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in R. Let o € C°%(I), y € C(U), and let € > 0 be given. Let {¢,,} be a sequence
of positive numbers such that ¢, - 0. For each m, define the sequence of
controls {u,, € C,} by

(1) =1,(t,;) on I, i=0,...,k—1.

It follows easily that, for every fixed m, there exists N(m) such that
el J [ (um(0)) = Y (@, (D)) dt<€,,  for n=N(m),
I

and we can suppose that N(m) < N{(m+1), for ail m. Now, set
w,(t)y=u,(1), for Nim)sn<N{(m+1).

Then,

it [ W) -t di<e,
for N(m)sn<N{(m-+1).

Now, since #,, -~ r and €, - 0, there exists M{(¢) such that

=¢/2,

by, = ,J.I el (i) —y(r)] dt
and €, < ¢€/2, for m= M(¢). Hence,

<al+bh,<e  for n=N(M(e)).

J: e(Oyr(u,) ~¢(r)] dr

Since the linear combinations of functions ¢ - i are dense in C°(I x U), it
follows that u,~»r in R. ]

For r, € R, define the functions
(1) =x,, tel;, i=0,..., k-1, (16a)
X, (8) = X F{t = i 3 by Xis Fui)s tel,;, i=0,..., k-1, {16b)
where {x,;} -, corresponds to r, by (10).

r

Lemma 4.2. Under Assumptions Al and A2,ifr, > rin R, then x, > x
and X, > x" uniformly on I

Proof. Let €>0. Since f is uniformly continuous on the compact set
D, there exists 8 such that

/(e X' u) = f(2", x", u)|| <,
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for [t'—1"|< 8, |x'—x"| <8, and u e U. Clearly, this implies that
LA, %', p) = (", x", p)|| < &,
for every pe M (U), |t —~t"|=< §, and ||x’ — x"|| < 8. Now, choose n such that
h, = max h, <=min(8, 5§/ M).
Then, by construction of x,(t), we see that
. () = x, (N < Mt =", ¢, t"el,
and
% (1)~ xoll < MT<b,

which show that the functions x,(7) are equicontinuous and bounded on
I For te I,;, we also have

[EROESMESN
hence,
xn () =11, %, (), ra ()|
= f(tuis Xniy Foi) = (8 X, (0), ru(0))| <€, fortel,, i=0,...,k—1.
Therefore,

xn() = [, x, (1), 1, () + @, (1),

where «, >0 uniformly on I Now, we have
t
x, (1) =xo+J LACs, x4(s), 72(8)) + e, (5)] ds.
0

By Ascoli’s theorem (Ref. 2, p. 109), there exists a subsequence {x,} (same
notation) such that x, - x uniformly. We have

x,(t) =xo+J” LfCs, X, 70) —f(s, %, )] ds
¢]
+J.r ff(ss X, rn)ff(sa X, r)} ds

H H
+J S(s, x, r) ds+J' a,(s) ds.
0 4]
Since f is uniformly continuous and r, - r in R, we find that, in the limit,

x(t) =xO+J’f(sa x(s)a r(s)) dS,
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which shows that x = x". The convergence of the whole sequence {x, } follows
from the uniqueness of the limit x". Finally, it follows easily that also £, - x”
uniformly. O

Lemma 4.3. Under Assumptions Al-A4, we can choose the sequences
{€1.}, {€2,} Of vectors in (11) such that the DRP, have an admissible control.

Proof. Let r be admissible for the CRP. By Lemma 4.1, there exists
a sequence {r, € R,} converging to r. By Lemma 4.2 and the continuity of
g1, & for |x||<¢, we have

,EEE) Gln(rn) = ’I‘i_’nole gl(xnk) = gl(xr{:r}) = Gs

lim GZn(rn) = rlll—fg gZ(xnk) = g2(xr(T)) = 0'

-0

Now, for each n, choose any solution r} of the minimization problem
min {|| Gy, (r) |+ |max[0, G, (r)][?h,

ryE Ry,
where the max between vectors is taken componentwise, and set
€1n=G1a(1%),  €n=max[0, G, (r})].
Then, r¥ is admissible for the DRP,, and clearly €,,, €, 0. O
From now on, we suppose that the sequences {¢,,}, {€,,} are chosen

as in Lemma 4.3.

Theorem 4.1. Under Assumptions Al-A4, let r, be optimal for the
DRP,,forn=1,2,.... Then, the sequence {r,} has cluster points and every
cluster point is optimal for the CRP,

Proof. Since R is compact, let {r,} (same notation) be a subsequence
such that r, » r. By Assumptions Al, A4 and Lemma 4.2,
lim Gy, (r,) =lim g(x. ) = g{x") = G(r), for I=0,1,2.
Since r, is optimal for the DRP,, we have
Gon(r )< Gou(r),), Vr'e R,.
Let ¢ R and, by Lemma 4.1, a sequence {r, € R,} converging to r". Then,
Go(r)=1im Gy, (r,) =lm G, {(rh) = Gy{r'),
G(r)=lim G,,{(r,)=lim ¢, =0,
Gy(r)=1lim G,,(r,)<lim e, =0,

i.e., r is optimal for the CRP. O
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Now, for z, given by (14), define

Z,(1) = Zy i1 onl,, i=0,...,k—1, (17a)
Zn(t) = Zn,i+1 + (tn,i-H - t)zn,i+l * f( tnia xni’ tni)a
onl, i=0,...,k—1. (17b)

Lemma 4.4. Under Assumptions Al, A4, AS, if r,->r and A, — A,
1=0,1,2, then z,~ z and Z, - z uniformly on I, where z [resp., z,] is given
by (8) [resp., (14)].

Proof. Setting
M= max| £,

from (14) and Lemma 4.2, we get

nzm‘}} = (1 + hniMl)Hzn,Hﬂl“ = I:Il (1 + hanf)ﬂznk %k

k-1
<esp| T M Izl <erp(T

2
<exp(TM’) “ 12:'0 A (X)) || S €, fori=0,...,k—1.

Hence, by (17) we have

22(8) = 2, (") || < &y M(t' — 1)
and

24 (8) =~ zp]| S ¢ M'T,

which show that the z,(f) are equicontinuous and bounded. As in Lemma
4.2, it follows that

2= % N gn3u(T))

+J [za(s) - fu(s, X4 (5), ra(5)) + Ba(s)] ds,

where B, - 0 uniformly, and we can pass to the limit in this equation, since,
by Lemma 4.2, X, -» x uniformly. 0

Theorem 4.2. Under Assumptions Al, A4, A5, let r, be admissible
and extremal for the DRP,, for n=1,2,.... Then, the sequence {r,} has
cluster points and every cluster point is admissible and extremal for the CRP.
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Proof. Setting 7,(¢)=1¢,,t€l,, i=0,..., k—1, the discrete necessary
conditions for optimality can be written as

j z2,(0) - f({(1), %, (2), ro(0) = 1o (1)) dt =0,  Vr,eR,.

Let {r,}, {A;.} be subsequences converging to r, A, respectively (note that
the A, are bounded). Let any r' € R and, by Lemma 4.1, a sequence {r,, € R}
converging to r'. By Lemmas 4.2 and 4.3, we can pass to the limit in the
above inequality,

J z() « f(t, x{(1), r'(t)—r(£)) dt =0, Y¥reR,

which is in fact equivalent to the pointwise minimum principle (7), and in
the transversality condition (15),

Az g(x(T))=0.
Therefore, r is extremal for the CRP. It is easily seen that r is also
admissible. O

5. Approximation by Classical Controls

In relaxed numerical methods for solving nonconvex optimal control
problems, it seems computationally more efficient to use Gamkrelidze con-
trols (cf. Ref. 3). Since one must discretize anyway these problems to
implement these methods on a computer, it is natural to use discrete
Gamkrelidze controls RS in the DRP,. Note that, by Caratheodory’s
theorem (Ref. 2, p. 139), for every r, € R,,, there exists a control 7, = {F,;} =0 €
RS, where

P

Fm' = Z anij’su,,ip (18)

j=0
which has the same effect on the discrete state equation (10) {(and hence
gives the same cost),

p
xn‘i+1 = Xni + hnif( tnia Xnis rm‘) = Xni + hni Z C“nijf( tni: Xnis “m’j))
j=0

since f(tnia Xais rni) € COf(tm', Xnis U)

Now, given 7,€ RS, as defined by (18), we construct an associated
approximate discrete classical control as follows. Subdivide each I,;, i=
0,...,k—1, into p+1 subintervals I,; of length a,;h,;, j=0,..., p, and
define i, by

i, (1) = Uy, onl; j=0,...,pi=0,...,k—1.
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Theorem 5.1. Let re R, and let 7, € R, be a sequence converging to r
in R. For each n, let 77 € RS be a sequence converging to r, in R,. Let @
be the discrete classical control associated to 7, . Then, there exists an
integer function M(n) such that

lim @y =r, in R.
n,m->co
m=M/(n)

Proof. Let o e C%(I), y € C°(U), and €>0 be given. Define @, by
() =9(ty), onl, i=0,... k-1

Clearly, ¢, ¢ uniformly on I Now, write
e, = J ely(ay)—g(r)]dt=ay+by+cy+d,,
H
where

a71=| j (0= BLE) ~ 0] di| <27 o = e,

by = J Guly(iay) — (7)1 de =0,
1
by construction of i, ,

len]=

[ aatwEm - s <o T o - win),
and

d,= J-l ely(r.) —¢(r)] d

It follows that there exists N and M(n), for each n, such that
leni=<e
for n= N and m= M(n). ]

In practice, r may be an optimal [resp., admissible and extremal]
control for the CRP, r, an optimal [resp., admissible and extremal] control
for the DRP,, and the sequences {r'} - are computed by applying some
relaxed optimization method (descent method, penalty method, etc.) on the
DRP, using discrete Gamkrelidze controls. The discrete classical controls
i, thus approximate the relaxed control r for n, m sufficiently large.
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