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Optimum Design of Vibrating Cantilevers!
B. L. Karmaroo? axp F. I. Niorpson®

Communicated by W. Prager

Abstract. We determine the optimum tapering of a cantilever
carrying 2n end mass, i.e., the shape which, for a given total mass,
yields the highest possible value of the first fundamental frequency
of harmeonic bending vibrations in the vertical plane.

Three different cases are considered. In the first case, all cross
sections are assumed to be geometrically similai, In the second
case, the cross sections are assumed to be rectangular and of given
width. Finally, we consider a rectangular cross section of given
height. This third case is shown tc be degenerate in the absence of
end mass.

1. Introduction

A straight cantilever beam made of an elastic matetial can perform
small, harmonic, transverse vibrations. The lowest natural frequency
w, for such vibrations depends on the length, shape, and material
properties of the beam. We shail assume that the material of the beam
is homogeneous and isotropic and obeys Hooke's law.

The problem with which we shall deal in this paper is to find
the tapering that yields the highest possible value of w, for a given
length and volume of the beam.

The corresponding problem for a simply supported beam has
been the subject of an earlier paper by one of the authors (Ref. 1).
Although our analysis follows closely that of Ref. I, the extension

! The first author takes the opportunity of thanking the authorities of the Technical
University of Denmark for generous financial aid for his work at the University, We
also thank our collesgue Lic. Techn. Niels Othoff for many valuable discussions
during the course of the numerical computations,

* Assistant Professor, Department of Solid Mechanics, The Technical University of

Denmark, Lyngby, Denmark.
% Professor, Department of Solid Mechanics, The Technical University of Denmark,

Lyngby, Denmark.
638
€ 1973 Plenum Publishing Corporation, 227 West 17th Street, New York, N.Y, 10011,



JOTA: VOL. 11, NO. 6, 1973 639

is not trivial, duc to the different types of singularity encountered at
the free end of a cantilever. It is interesting to note that, while the
increment in natural frequency achieved with optimum tapering of
simply supported beams (with geometrically similar cross sections)
is only approximately 6.6 9%, compared with the unitorm beam (Ref. 1),
the corresponding figure is as high as 6789, for the cantilever, as will
be shown here. An increment of 4259, is obtained by the best tapering
of cantilevers having rectangular cross sections of given width.

We shall also discuss and solve the problery «f optimum tapering
of cantilevers in the presence of a mass at their tip. It will be seen
that even a small mass has a substantial effect on the optimum shape
of the beam. For a very large mass at the free end, the mass of the
beam itself becomes negligible. and the solution can be given in a
closed form (massless cantilever beam of maximum stiffness).

We shall assume throughout this paper that there is a relation
of the following form between tie bending rigidity EI and the mass
per unit length of the beam:

A
I = P, {!

A g

wrere A is the area of the cross section and ¢ is a constant. We are
especially interested in three cascs. viz., p = 1,2, 3. The cases p = 2
and p = 3, curresponding to beams with geometrically similar cross
sections and rectangular cross sections of given uniform width, respec-
tively, have so much in common that they can be treated in much
the same way. For p = 1, however, we have a degenerate case that
needs separate treatment. This case corresponds to a beam. of given
uniform height and tapered width. It will be shown that, in this case,
no optimum shape exists in the absence of mass at the tip. This has
also been pointed out in another work (Ref. §), which considered the
case corresponding to p = 1 for beams with homogeneous boundary
conditious.

2. Transverse Vibrations of a Tapered Cantilever Beam

Let us consider small harmonic transverse vibrations of a tapered
cantilever beam carrying a mass Q at its tip. If shear defcrmations
and rotary inertia are neglected, the differential equation of motion and
the boundary conditions can be written in the following dimensicnless
form:

(o«"y")" — day =0, @
¥(1) =y (1) = a(0) =0, (¥, = 2g3(0). €)
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Here, y is the amplitude of the lateral deflection in the plane of bending,
and a dash indicates differentiation with respect to the dimensionless
coordinate x = £/l The dimensionless area function is. denoted
a = Al/V, where V is the total volume of the beam. In the last boundary
condition (3) we have

A = HyPPEYVPT), ¢ =0fV, @

where ¢ is the constant determined by the relation (1).
From the definition of o, it follows that

[ade=1. )
[

The eigenvalues A of the problem (2)-(3) are uniquely determined
by the function «fx). In the sequel, A will refer io the frst fundamental
eigenvalue and y to its associated eigenfunction. -If the problem under
study has an optimum, our aim is to find the nonnegative function
of ), satisfying the condition {3), that renders A a2 maximum. We shall
employ a variational method for solving our optimization problem.

3. Variational Problem
An expression for A is sbtained by multiplying both sides of
Eq. (2) by y and integrating between the limits 0 and 1. If the first

term is integrated by parts and the boundary conditions {3) are taken
into account, we obtain the well-known formula for A

A= ([ oy s [[ wt de + 0], ©)

Application of the variational procedure outlined in Ref. 1 leads to
the following expression for determining a:

PPV — Ny =0 Q)

where 4% is a number independent of x. Multiplying both sides by «
and integrating, we obtain

@=(p-1f "y dx + pay¥0), ®

which indicates that 42 is positive for all p > 1.



JOTA: VOL. 11, NO. 6, 1973 641

Solving Eq. (7) for «, we get
o« = [Ma* -+ (T, 2> ®

which, upon substitution into Eq. (2), yields the following nonlinear
differential equation for y:

([0 + 3)ip( e YY — [(@ + Pp(y PPy =0, (10)

which, together with the boundary conditions (3), constitutes a (non-
linear) eigenvalue problem for the parameter @® (the eigenvalue).

Substitution of « from (9) into (5) and (8) leads to the following
equations for determining a®and A, p > 1,

‘.1 {/\(az .L_yz):/P(yn)g]l.(pun dx =1,

Ve

a=(p—1) J: [Ma® + y*)/p(y"F] D y* dx + pgy*(0)

(1)

In the present context, we shall consider three different cases,
corresponamng to p = 2, 3, 1. The last case, corresponding to p = I,
is degenerate and will therefore be treated scparateiy.

4. Behavior of the Solution Near the Free End

Before we attempt to solve the differential equation (10), it is
expedient to analyze the behavior of the solution near the free end.
For thic purpose, we assume that the sclution y(x) near x = 0 can
be expanded in a power series of x with a characteristic term dx*. On
substituting y = bx* 4 --- into Eq. (10) and equating the coefficients
of leading terms to zero, we get the following equations for determining,
respectively, the smallest noninteger value of & and the smallest integer
value of k:

(—pky +2p — ky + 2)(—phy -+ p — k +3) =0,

(12)
(phy - 2p — kg + 2)(pho +p — ko + 3) — p(p — 1P &yl — 1) = 0.

Here, k, is the smallest noninteger and k, is the smallest integer, p > 1.
The respective values for p = 2 and p = 3 are

k=% and k=14,

g == -2 and kg == ""1.
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Taking
¥ =¥+ ax + o bt 4y (13)

we satisfy the boundary conditions (3) at x = 0.

On the cther hand, the solution near x = 0 must be taken in
the following form in order to satisfy the boundary conditions in the
absence of a mass at the fize end-

¥ = a¥ - ap® 4 e bt oo (149

t should be noted here that, in order to get a correct estimate
of the behavior of function y, and herce of «{x), in the transition region
from no-mass to very small mass at the free end, it was necessary to
analyze the behavior of the solution in more detail at x = 0. This
involved determination of the next term in the series expansion for y
near x = 0 by assuming

y = bxxks + bzxkr*'f e

and calculating & in a manner similar to that described above. The
respective values of k for p = 2 and 3 are: £ = 5.4 and 3.6.

Substitution of (13), or (14) as the case may be, into (9) gives
an idea of the variation of « near x = 0. For example, substitution
of (13) into (9) with p = 2 shows that the area function « is proportional
to x%/2 near x = 0 and that the linear dimension—or diameter—of the
cross section is thus proportional to x1/3, On the other hand, substitution
of (14} into (9) shows that, when the beam carries no mass at its tip,
the area function « is propcrtional to x? for small values of x, and the
linear dimension of the cross section is thus proportional to 2

5. Solution by Successive Iterations

As a solutien of the differential equation (10) cannot in general
be obtained in a closed form, the solution was found numerically by
successive iterations; the method is based upon 2 formal integration
of the differential equation, with the introduction of one of the boundary
conditions at each integration. Care was taken to separate the differential
operator of the highest order on the left-hand side at each step, This
was found nccessary in order to obtain convergence by successive
iterations. We demanstrate the numerical procedure briefly with respect
to two specific cases.
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5.1, p = 2 and ¢ = 0. By formal integration of (10) with p = 2,
we find, after satisfying the boundary conditions at x = 0, that
s

y@ = [+ [ o] 09

from which we could construct a procedure for successive iterations.
However, in order to take care of the singularity in y near x = 0,
we proceed in a slightly different way. The expansion formula (14),
for y near x == 0, indicates how to define a finite function f(x) in the
closed interval 0 < & < 1 by the following equation:

f(x; = =y(x), (16)
such that

¥ = ) = 4 ) + 6 )
Furthermore, we define

a(x) = " — dxf" - 6f, (17

such that
¥ = x%(x). (18)
The functions f(x) and z(x) introduced above, are regular in the
interval 0 < x < 1, and we have f(1) = f'(1) = 0, since y and y’
vanish at x = L.

By a formal integratiox of (17) and by taking into account the
boundary conditions irap.sed on f(x) at x = 1, we have

f@==[ [ wia,  0<s<L (19)
i1
From (15) and (17), we get
2 a2 173
o) = " = @ +y2 [ [ e +50007 ] @0)
which can thus be written as
2(3) = [(att + 2 22 L l L (@t + £7) 52f17] dxz}”a. 1)

Here, it may be noted that, in numerical integration procedures,
it is often preferable to operate on single integrals instead of double
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integrals. By the rule of transformations, the expression for f(x) and
the double integral in the expression for =(x) can be written 2s

1) = [ [=0R — o

) | T8 st = (1Y) ) " $n) nilx — ) di.

By a change of variables, the expressions for f(x) and s(x) can
be further reduced to the following expressions containing only single
integrals between limits 0 and 1:

1) = =) it — e+ — e+ 9 (22)

) = [(e = P2 gtoite — e ag] )
where ¢(x) is defined by

$(x) = (&% +[3)fis% )

The scheme for successive iterations can now be written as follows,
wherc only finite functions are subject to numerical treatment?:

() fulx) = 21 — 2 fo zu(n — 7% + D)[ni(n — 7% + 2 d,
(i) a,® = [fa(f. /=) de]/[fo (x*/2,)2 dx],
(i) $uslt) = (@2 + £,91, /2,2
(¥) 2ua(%) = (@20t + £.922 fo buaal )Y — 43) dgJ1,

The sequence of successive iterations is started with an arbitrary
regular function z,(x) (not necessarily satisfying the boundary condi-
tions). The new functions 2, and f; will satisfy all the boundary
conditions. The sequence of iterates 3, , f,, converged very rapidly to
functions = and f, from which the solution y(x) and its derivatives
were determined using equations (16) and (17). The optimum eigenvalue
A (corresponding to w,) was then found from the following equation,
which is obtained by solving the system of equations (11) in @2 and A:

y=2fif s+ [[ e [ oarad L @)

¢ The expression for a* is obtained by solving the system of equaticns {11).
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Using tke relation (9), we finally computed the area function «(x) and,
hence, the linear dimension v/a of the optimum cantilever in the interval

0oL

5.2. p = 3 and ¢ = finite. The formal integration procedure
leads to the followisg equation for y(x):

[(@® + )31 2
(x) = 173 4%, (26)
d f f U I A(x)y dx? —rj gv(0) dr[ Alx} dx}

where
dl(x) = [(a® + ¥*)/3]* (Ly")- 27

The expansion formula (13) indicates that we can define a finite function
g(x) in the closed interval 0 < x < | as follows:

&%) = V5 y(x). (28)
Furthermore, we define
Alx) = A*(x) v/x, 2%
where
A¥(x) = [(a® + ¥?)/3P - [Lgla)l (30

The functions g(x) and 4*(x) introduced now are regular in the interval
0.

The iteration process, involving integration of finite functiens only,
is carried out in the following sequence:

() ya'(x) = —Jz [g.(x)]712 dx,
(i) yux) = —L3.(%) dx,
Gii) a2 = 2[5 4, *(x) vy, 2(x) dz] (o 4. (x) Vx dx] + 3g9,%(0),

where
A5 = (@ + y.3(2))31V2 [1iga(x)}.
(iv) Mm-l(x) == {f; .’\g An*(x) \/xiyn(x) dxg
+ 15 £ya(0) dx fo [4,X(x)]'2 dx},
(V) £ana(®) = Yra(®) « Ve = Va[(a,? + 3,730/ [M, ()2

The expression for ¢ and A are obtained by solving the system
of equations (11). As the expression for @® is an implicit one, a,? is
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determined in an ¢nner loop in the iteration scheme. Similar situations
often arise in optimization problems of vibrating plates (Ref. 2\.

As in the previous case, the iterations were started with an arbitrary
regular function gy(x). The iterates g, , 4,%, »,, ¥, converged rapidly
to the functions g, 4%, ¥ and y, from which " was obtained using
equation (28). The optimum eigenvalue A was then found from the
following expression, which is obtained by solving the system of
equations (11} with the designation (30):

A= I/U:A*(x) \/xdx]

Using the relatiors (9) and (30), we did finally compute the area
function ofx) of the optimum cantilever for various values of non-
dimensional mass ¢ from the expression

2
.

€2

ofx) = /A A*x) x. (32)

Numerical integration was performed by subdividing the interval
0 < x <1 into a number of equal parts and applying a polynomial
formula. The mesh length d was varied, and the re<ult was extrapolated
to d = 0 by means of Newten’s formula. Starting with an arbitrary
initial function (2, = 1 for p = 2 and g, = 1 for p = 3), the accurate
estimate of solution y(x) was obtained within a few iterations.

(a)

(b}

@
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Fig. 2

Figures 1 and 2 show the variation of linear dimensinn of-cross
section as a function of nondimensional x for various values of non-
dimensional mass ¢ for p = 2 and 3, respectively.

Dotted lines in the figures for ¢ = 0 indicate a cantilever beam
of uniform cross section and the same length and volume as the optimum
beam. The corresponding percentage increase in the lowest natural
frequency w, in comparison with that of the cantilever beam with
uniform cross section and the same volume, material, and iength as
the optimum beam is indicated in Table 1.

Knowing that A, = 12.35 for a cantilever beam of uniform circuler
cross section or with uniform rectangular cross section (Ref. 3), we
conclude that the most appropriate (optimum) tapering—keeping the

Table 1. Ratio of 1/(A/A,) for varicus values of ¢ (p = 2, 3).

g=10 = 0.0003 g = 0.03 q = 100

p=2 6.78 5.48 3.36 1.27
(Fig. 1a) (Fig. 1b} (Fig. 1¢) (Fig. 1d)

p=73 4.25 i 2.30 1.33
(Fig. 2a) (Fig. 2b) (Fig. 2¢) (Fig. 2d)

8og/11/6~6
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total volume constant—will increase the lowest natural frequency by
as much as 6789, in the former case (p = 2), and 4259%, in the lattcr
(» = 3).

It may be noted that optimum shapes corresponding to ¢ = 100
closely approximate the classical solution obtained by considering the
corresponding static problem of a massless cantilever with a heavy
mass at its tip.

6. Cantilever o Given Constant Height and Varying Width

=N

It is evident from Eq. (9) that, for p = 1, we have a degenerate
case. {'urthermore, « drops out of Eq. (7) for p = 1, suggesting that
the preblem under study Coes not have an optimum in the sense used
in this text. For a cantilever beam carrying no mass at its ti;, this fact
—which is not so evident at the first sight—can be explained physically
in the following way.

For a cantilever of given height and varying width, whick is
symmetrica! with respect to the plane of bending, we can always divide
the cantilever into two symmetriczl halves alomgz the plane of bending,
each half vibrating with the frequency of the original cantilever. Now,
by symmetrically superimposing one-half on the cther near the clamped
end, thereby retaining t! ¢ volume of the original cantilever, the frequency
of vibrations of the resulting cantilever will be increased. Follov ing
this process of division of .the cantilever into two symmetrical halves
indefinitely with subsequent superimposition of one-half .n the other
symmetrically near the clamped end, the frequency of the resulting
cantilever can similarly be increased indefinitely while at the same
time retaining its total volume. However, the same argument does not
hold in the case of a cantilever carrying a mass at its tip. In fact, as
will be shown later in this section, such a cantilever does have an
optimum shape in the present sense. We will presently try to give
a mathematical interpretation of the former case. We will show briefly
that, for a certain family of curves defining the area function a(x),
the first fundamental frequency of the cantilever can be increased
indefinitely with zn increase of the characteristic parameter of the
family of curves, the total volume being retained.

Let us assume that « = kx™ is a family of curves defining the
area function, where n can assume any value between —c0 and co.
The coefficient & is determined by the condition that the total volume
of the cantilever is constant (5).
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From (6), we obtain for ¢ = 0 and o = kx™

A= U: (¥R dx] / [J: xny? dx].

The upper limit of the first eigenvalue A; can be obtained by
Rayleigh’s method, taking y = (1 — x)?, which satisfies the kinematic
boundary conditions at x = 1. After performing the simpic integrations,
we get

A < 22+ 108 + 12.

Obviously, the upper limit of the first fundam- atal eigenvalue of the
cantilever tends to approach < for n — co. However, it is also necessary
to determine the lower beund of the first cigenvalue. To de so, we
adop* a procedure similar to the Dunkerley method involving Green’s
funciion.

Green’s function G(x, £) is the deflection at x due to a unit load
2t ¢ which, in terms of the normal modes v, and by making "se of
the Bessel inequality (Ref. 4), can be wriiten as

(G, &)lome = i (o) 0,2(3)]

Multiplying both sides of the above expression by m(x) (mass
per unit length at x) and irtegrating over the length of the cantilever,
we get

i (Yoo?) = f ' G(x, x) m(x) dx,

n=1 (1]
since

r m{x) v 2(x)ydx = 1.

Obviously, .
ot < [ G, ) m(x) d,
]

where , is the first fundamental frequency of the cantilever. With

the assumed family- of area functions, Green’s function G(x, x) turns

out to be®

G(=, x) = (12/ER)[2{{n — 1)(m — 2)(n — 3)(1 — 2)"~3 — 2/(n — 1)(n — 2){n — 3)
—2fm—Dr—2)—2(n—1)], =n+#123

% For the sake of convenience, the origin has been taken at the clamped end,
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Thus, we get
w® > (E[129)[2(n—1)(n +1)(n-2)(n+3)/[(1-2n)(n+ 2)(n + 3) +(3n -+ 4)(n -+ )]}

As the degree of # in the numerator is greater than that in the denomi-
nator, the lower limit of w, tends to approach infinity as # — o0,

We have therefore been able to show that, for a cantilever of
prescribed Lieight and with no mass as its free end, the first fundamental
frequency can be increased indefinitely (at least for the family of curves
used here for defining the area function) or, in other words, that the
problem at hand does not have an optimum solution in the sense used
in this paper.

However, as mentioned earlier, the same is not true if the cantilever
carries a mass at its tip. We proceed here inm a sort of inverse way, as
will become clear later. We specify the first eigenvaluc A and try to
find the optimu . width function and the corresponding g giving this .
Clearly, a backward interpretation leads us to the optimum design
in the sense it has been used so far in the text.

7. Caantilever of Given Height and Varying Width {p = 1)
with a Mass at the Free Ead

Equation (7) can be rewritten as

(3"F = Ma® + 7). 33
Making the substitution
y = af(x V), (24)

we get, instead of (33), the following differential equation for f(x ¥/A),
which is independent of a:

(S P=1+f (35

Note the difference in the arguments of furnctions y and f. For con-
venience, the origin is taken at the clamped end, so we have

f(0) = f'(0) =0. (36)

After satisfying the kinematic boundary conditions (36), we see that
the solution of differential equation (35) is given by

f= fo ™ VI V(L + f2) + arcsinh(f)] d(x V). G7)
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The function y and its derivatives can thus be readily obtained
from (34) to the accuracy of constant a, knowing that

J = —=vEf v +f%) +arccosh(f)],  f* = /(1 +f3).

Having thus found the function y and its derivatives, we return to
the -original differential equation (2) in order to find the corresponding
optimum shape function.

By a formal integration of (2) and by satisfying the boundary
conditions (3), we get

e o) [ [ o e 4 det = [ oy ds!
o) = VA N[ [ aluste i ae [ e ay. (8)
From (6}, we have

A= U: aa®ry"? dx} / U: aa®y® dx — ga* V{4 /\)],

whence
g = [y Y] [ jo ") " ) dy — fo ") 32 ) dx]. (39)

Substitution of (39) into (38) gives the fellowing :mplicit expression
for ofx):

o) = Ay N [ a5t )
+ [ 0stn {[ oty $ ) dx = [ o)y v ] ] (40)

Having found «(x) from (40), we can now determine the nondimensional
mass factor g from (39).

Note that condition (5) is not, in general, satisfied, but this only
changes the numerical values of the ordinates and not the shape of
the function itself.

8. Solution by Successive Iterations

The iteration scheme used for determining y and ofx) as a function
of x is in itself quite simple and will, therefore, not be described here.
However, it is necessary to analyze the behavior of f (and hence y)
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and o in order to choose proper functions for their approximation.
For this purpose, let us first consider the differential equation (35).

For x 4/A — 0 (which also corresponds to very small A or indirectly
very large ¢), f is very small compared with unity, and hence (35) can
be approximated by

fre==1, 41

the solution of which for all values of A, after satisfying the kinematic
boundary conditions, is

f=1x% g% —x YA

On the other hand, for x /A > 1 (which corresponds to very large A
or, indirectly, very small ¢), f is very large compared with unity, and
hence (35) can be approximated by

fr=1

the solution of whica is
[ = A exp(x*). (42)

Note that (42) does not satisfy the kinematic boundary conditions (36)
and hence cannot be carried through to the clamped end.

It is found that (41) gives a good approximation up to x* = 1,
which corresponds to A = 1; and (42) gives a good approximation
for x* > 4, which corresponds to A > 256. Between these two extremes,
f is determined from (37).

Let us next investigate the behavior of « for small values of x.
For a small value of x, we obtain from the differential equation (2)
and its solution (41) the following differential equation for « for all
values of A:

doafdx® — X - (x*2)a = 0. (43)
Assuming that « can be expanded in a series of x near x = 0 in the form
o = A — Bx + Cx? D 4 Exb -+ v, (44)

and substituting (44) into the differential equation (43), we get, after
equating the coefficients of like powers of x,

C=D=0, E=(24)4
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Therefore, for small x,
a = 4 — Bx 4+ (A24) Ax*,

which means that, for small values of A, « is linear with negative slope.

For larger values of x (and, thus, A), « has 1o be determined from
(40) by a process of successive iterations.

Having assumed A, we perform a numerical integration by sub-
dividing the interval 0 <{ x /A < /A into a number of equal parts and
applying 2 polynomial formula in the interval 0 < »# ¥/A2 < 0.2 and an
exponential formula in the rest of the interval. The sequence of
successive iterations is staited with an arbitrary f, = | in expression
(37) and o(x) = 1, with ay(1) = 0 in expression (38). The sequence
of iterates converges very rapidly to f and ofx). Knowing afx), we
determine the corresponding ¢ from (39), subject to the condition (5).

The optimum shape as a function of nondimensional x is showr.
in Fig. 3 for selected values of first natural frequency. Table 2 shows
the increment in first fundamental frequency in comparison with that
of a cantilever beam of rectangular cross section. It will be seen from
the figures that the width gocs on increasing toward the clamped end
with the increase in A (i.e., with a decrease in g), as was to be expected.
Dotted lines indicate a cantilever of constant cross sectior and the
same volume as the optimum cantilever. It may also be noted that

@

®) \—
/

©

)

Fig. 3



654 JOTA: VOL. 11, NO. 6, 1973

Table 2. Ratio of 4/(A/A,) for various values of g {(p = 1).

q = 0.0375 ¢ = 0.2233 g = 11027 ¢g=4x 10

p=1 28.42 2.56 0.28 —
(Fig. 3a) (Fig. 3b) (Fig. 3¢) (Fig. 3d)

the graph (Fig. 3d; corresponding to ¢ =~ 4 x 10* approximates almost
exactly the classical optimum width shape of 2 massless cantilever with
a heavy mass at its tip. The width function, which can be easily found
in this case by considering the corresponding static problem, varies
linearly from zero at the free end to a finite value at the clamped end
{(in our case equal to 2).
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