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Stepsize Analysis for Descent Methods

A. 1. CournN!

Communicated by D. Q. Mayne

Abstract. The convergence rates of descent methods with different
stepsize rules are compared. Among the stepsize rules considered are:
constant stepsize, exact minimization along a line, Goldstein-Armijo
rules, and stepsize equal to that which yields the minimum of certain
interpolatory polynomials. One of the major results shown is that the
rate of convergence of descent methods with the Goldstein—Armijo
stepsize rules can be made as close as desired to the rate of convergence
of methods that require exact minimization along a line. Also, a descent
algorithm that combines a Goldstein-Armijo stepsize rule with a secant-
type step is presented. It is shown that this algorithm has a convergence
rate equal to the convergence of descent methods that require exact
minimization along a line and that, eventually (i.e., near the minimum),
it does not require a search to determine an acceptable stepsize.
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1. Introduction

Descent methods for minimizing real-valued functions f on R" are
methods of the form

Xir1 = X+ A, (1
where %, is a search direction such that, for all j,
~(hi/ |hl, f )/l (x)l) zp >0 2)

and A; >0 is a stepsize. A special type of descent method is the deflected
gradient method, defined by

Xie1 =X~ A (x0), (3)
where T'; is uniformly positive definite, or equivalently the eigenvalues of T';
lie in the interval [g, G] for all i, where g >0 and G < 0.
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The purpose of this-paper is to compare upper bounds on the linear
convergence rates that result when different rules are used to determine the
stepsize in (1) and (3). Linear convergence rate is defined as follows.

Definition 1.1. A sequence x; converges linearly to a point x* with rate
atleast g € (0, 1) if lim;, x; = x* and, for some constant ¢ >0 and for all ,

Hm{|xis, = x*|/|xi = x*]=cq".

The following stepsize rules (in some cases, two of these rules will be
combined in one algorithm) will be investigated.

(a) Set A; equal to a predetermined constant.
(b) Set A; equal to the value which yields the minimum of some
polynomial (usually quadratic or cubic) that interpolates

&:i(A) = flx; +Ah;) — f(x;)
and/or its derivative at one or more values of A.
(c) Set A; to be the smallest value of A such that
FOxi+ k) =f(x;+ ARy, for all positive A.

This stepsize rule will be referred to as the minimization rule or Rule (M).
(d) Require that A; satisfy a condition that is a function of the ratio

(fxi + Aihi) = F(x:)) /f (x:), hidA

Stepsize rules in the class described in (d) have received much attention
ih the recent literature, and they will be considered in detail in this paper.
One type of requirement is that A; satisfy

m=[fx+Ak) = F(x) /Al (%), By < m2, 4)

where 0< 1, <7,<1. This condition is equivalent to requiring that the
decrease in f lie between the lines

[1(A) = {(f'(x:), hidA
and
L(A) = n{f"(x:), A

(see Fig. 1).

It can be shown (Ref. 1) that conditions (2) and (4) are sufficient to
ensure convergence of a subsequence of (1) to a critical point of f, if f has
continuous first partial derivatives and the level set of f at x, is compact.
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Allowed Stepsizes

WA

£xy + Ahy) - £(xy)

Fig. 1. TIHustration of stepsize rule (4).

A stepsize rule in the form of (4), due to Goldstein (Ref. 2), is the
following.

Rule (G). Pick A; to satisfy (4), with n;=a, 1,=1-—a, where
ae(0,2).
Another stepsize rule, suggested by Armijo (Ref. 3) is the following.

Rule (A). Let A;=p'd, where $<(0,1), d>0, and ; is the first
nonnegative integer such that, for « € (0, 1),
[FCei+ k) = Fa)l/ Al f (x), hid z e, (5
or equivalently such that the decrease in f lies below the line
HA) = a{f'(x;), hi)A.
Note that Rule (A) implies either
Ai=d, if j=0,
or
[FGxi + i/ BYR) — F(x))/ A/ BX S (x2), i) < ar. (6)
A variant of Rule (A) is the following.

Rule (A"). Letd>0andac(0,1). If

[f(xi+dh) — fx))/ d{f'(x:), iy < a, (7
pick A; according to Rule (A). If not, let
r=d/g,
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where B8 € (0, 1) and j is the first nonnegative integer such that (6) is satisfied.
Therefore, for this stepsize rule, A; satisfies both (5) and (6).

Known Results. The following results in the rate of convergence of
descent methods are known. If f” exists and has eigenvalues between m >0
and M <0, then these resuits hold.

(i) The descent method (1) converges linearly if A; is chosen according
to either Rule (M) or Rule (G); see Ref. 5, pp. 242-246.

(ii) Descent methods of the form (3), with A; chosen according to Rule
(M), converge linearly; see Ref. 5, pp. 248-249.

(iii) The descent method (1) with k; =—f(x;) and A;€[6, 2/M — 8],
where § € (0, 1/M), converges linearly. The best rate estimate on this
method occurs when

A =2/(M +m), for all i.
The resuitant rate is
q=(M-m)/(M+m);
see Refs, 6--8.
(iv) If fis quadratic, then (3) with Rule (M) converges with rate at least
g=(R-r/(R+r),

where R <o and r>0 are, respectively, bounds on the maximum and
minimum eigenvalues of I';f"(x); see Refs. 8-10.

Remark 1.1. The ratio (R —r)/(R +r) is sometimes referred to as the
Kantorovitch ratio. Given the assumptions, this is the tightest bound on
convergence that is known. It has been shown by Akaike (Ref. 11) that, for
T'; equal the identity matrix, barring certain degenerate starting points, the
convergence rate is exactly (M —m)/(M + m) (note that, since ['; =I, M =
R, m=r).

Lemma 1.1. Kantorovitch Lemma. The proof of (iv) uses the
Kantorovitch lemma which states (Ref. 10) that, for a positive-definite
matrix A,

(s, 5)*/(s, As)(s, AT s) = dadd/(a + ), (8)
where a and o are respectively the smallest and largest eigenvalues of A.

Bauer and Householder (Ref. 12) extended the Kantorovitch result to show

2 Wolfe (Ref. 4) gives some other stepsize rules that differ from (4). However, as he shows, they
are closely related.
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that, for all nonzero vectors u and v and positive-definite matrices A where
Ku, )| = ul-[vle, 9)
for p €[0, 1], then

{u, udv, v) - 4x
(u, Audo, A™'0) " [(x+1)+(x-1)JV1=p)

(10)

where x =4f/a, the ratio of the largest and smallest eigenvalues of A.
Clearly, if

S=U=P and p=1,

then (10) and (8) agree. Inequality (10), however, will allow us to obtain
tighter bounds on descent algorithms of the form (1) than appear, for
example, in Ref. 4. It should be noted, however, that these tighter bounds
require an additional assumption (i.e., f must be continuously three times
differentiable).

Major Results, The major results in this paper are given in five
theorems. Theorem 3.1 reviews results (i) and (ii) with some extensions, and
Theorem 3.2 reviews result (iii). Theorem 3.3 extends (iv) to convex, but not
necessarily quadratic, f. The theorem also gives a tighter bound on con-
vergence rate for descent methods of the form (1) using the extension of the
Kantorovitch lemma. The theorem also shows that the convergence result
still holds if Rule (M) is replaced with a Newton step, i.e.,

Ai=:(0)/#7(0),
where
@A) = f(x; +Ahy) = f(x;).

Theorem 3.4 shows that (1) or (3) with Rules (G) and (A’) has a convergence
rate that can be made as close to the Kantorovitch ratio (or extended
Kantorovitch ratio) as desired by adjusting the stepsize parameters. Finally,
an algorithm is defined which combines Rule (A) with a secant-type step.
Theorem 3.5 shows that this algorithm has a rate of convergence equal to the
Kantorovitch ratio, and eventually does not require a one-dimensional
search at each step.

2. Assumptions on f

Throughout this paper, we shall make some or all of the following
assumptions on f;R" - R.



192 JOTA: VOL. 33, NO. 2, FEBRUARY 1981

Assumption (Al). f has continuous first and second partial deriva-
tives.

Assumption (A2). f has continuous third partial derivatives.

Assumption (A3). For all x, ye R", there exists an m >0, such that
mly[*=(y, f'(x)y).

Assumption (A4). For all x, y € R", there exists an M <0, such that
(v, f'x)y)=Mlyl.

These assumptions are made for all xe R"; however, since rate-of-
convergence results are local results, these assumptions can be relaxed to be
needed only in some neighborhood of the minimum.

3. Rate of Convergence Results

Descent Methods. We shall first show that the rate of convergence of
descent methods of the form (1), with Rules (M), (G), (A"), are linear [the
linear convergence of the descent method with Rule (A) needs some extra
requirements]. Later in this paper, tighter bounds on the rate of convergence
of these methods will be given. These bounds will, however, require an extra
condition on f (f three times continuously differentiable, as opposed to
twice). The convergence result follows easily from the following lemma.

Lemma 3.1. (Ref. 1, p. 477, and Ref. 4, p. 245). Suppose that f
satisfies Assumptions (A1), (A3), (A4), {x;} converges to x*, where f'(x*) =
0, and that

Flx) = flric) = Al (). 1y
Then, {x;} converges linearly with rate at least
qg=v(1-2xm*/M).
Using this lemma we shall calculate convergence rates for the descent
method with various stepsize rules.
Theorem 3.1. Suppose that f satisfies Assumptions (A1), (A3), (A4).
Then, the descent method (1) converges linearly with rate®

() q=v[1—(pm/M)*], if Rule (M) is used,

3 For (i) and (ii), see Ref. 4.
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(i) q=v[1-Qapm/M)*], if Rule (G)is used,
(i) g=v[1-a(l-a)B2pm/M)*],  if Rule (A’) is used.
Also, the descent method (3) with Rule (A) converges linearly with rate
(iv) g=v(1-2ym*M),
where
y = min(adg, 2a(1 - a)Bg*/G*M).

Proof. In general,
FO) = f(Xian) = =Xl f'(x0), iy =347 (i, Hi), (12)

where, for some t (0, 1),

H; = f"(x; + tA:h). (13)
Using (2}, (12), and Assumption (A4), we have
Fl) = Fxia) = Aiplf ()] el = (AT /2) . (14)

(i) Using Rule (M), we know that the decrease in f is at least as large as
the maximum of the right-hand side of (14) with respect to A;. Thus,

fOx) = fxeer) = (0% 2M)If (%), (15)
Using Lemma 3.1, we have
q={1-(pm/M)’]. (16)
(i) From (12) and Rule (G), one has
—ALF (), By =3 A7 (i, Hia) =< —Ai(1—a )£ (x2), hi), (17)
or
A= =2a(f'(x:), hi)/{hiy Hibs). (18)

From Rule (G), Assumption (A4), and (2), we have
flx) = flxi + Aih) = —adi(f'(x), hi)
=2a(f (x.), hi)*/(hs Hili) = 270 IM)If (). (19)
Using Lemma 3.1, one has
q =1~ Qapm/M)’].
(iii) From (12) and (6), we have
A/ BXF(x), By~ (A3 /28K by Hibiy < —(Ai/ Bl f'(x:), hi),  (20)
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or
A= =2(1 = a)B{f'(x:), hi)/ (i, Hii). 21)
From (4), one has
f) = flxi+ M) = —adi(f'(x:), hi)

=2a (1= a)B(f (), hi)’/ i, Hibs)

=Q2a(1-a)Bp*/M)|f ()" (22)
Using Lemma 3.1, we have

q=v[1~a(l-a)B(2pm/M)].

(iv) Notingthateither A; = d or (6) is satisfied, then using (21) we have
that either A;=d or

A = 2(1=a)B{f'(xi), Tif (e /(' (i), T HGTf (xa))-
Therefore, from (5),
FOe) = fxi+ Aih) = adi( £ (x:), Tif ' (x:))
= min{ad(f'(x;), [if (x:),
2a(1~a)B(f'(x:), Tif (x)) /(' (xi), TeHITUf (),

where
y =min(adg, 2a (1 —a)Bg°/ G*M).
Using Lemma 3.1, we have
q=v(1-2ym*/M).
Note that g <1, since
a<i B<1l, g/G<l1l, m/M<1.

Notice the relations between the rates for the three rules (M), (G), (A').
When a approaches 3, the rate of the descent algorithm with Rule (G)
approaches the rate when Rule (M) is used. Similarly, when @ =3 in Rule
(A" and 8 approaches 1, the rate of Rule (A"} approaches that of Rules (M)
and (G).

Deflected Gradient Method. We shall now consider algorithms of the
form (3). Note that

hy = "Fif'(xi)
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satisfies (2) with
p=g/G.

We are, however, interested in obtaining tighter bounds on rate of con-
vergence.

Assumption (AS). For these results, we require that f satisfy
Assumptions (A3) and (A4) and that the eigenvalues of T';f"(x;) lie in the
interval [r, R], where r >0 and R < co. This requirement on the eigenvalues
of T';f"(x;) is equivalent to requiring either

0<r=(y, T (x)T?y)/{y, y)<R
or

0<r=(y, [f"=)) Tl f"(x)]*y)/{y, y) =R,
forallyeR"

Convergence Rate with Predetermined Stepsize. The following
theorem, which derives rate of convergence for algorithms of the form 3)
with stepsize in a predetermined interval, is well known; however, to the
author’s knowledge, the proof does not appear in the literature.

Theorem 3.2. Suppose that f satisfies Assumption (A1) and that " is
positive definite for all x. Let {x;} be a sequence defined by (3) converging to
arootof f', where I'; is positive definite and I';f"(x) has eigenvalues between
r>0 and R <o, for all xe R” and for all i. Then, for any € >0 and
Ai€le,2/R —€], {x;} converges with linear rate. In particular, if A; =2/
(R +r), for all j, then {x;} converges with linear rate at least (R —r)/(R +r).

Proof. One has
X1 = x* = x;—x* = AT () = x = x* = AT H (x; — x %), (23)
where
1
H;= j (i +Hx* —x)) dt.
o
So, we have
[xirr = x¥| < [T —XTiH | — x*| < [max(|1 = Ar|, [1 - ARD] [xi—x*|.  (24)

Thus, x; converges linearly with rate at least

q= H_n {max(]l _Ai?"’ '1 “‘MRD},

i—>00



196 JOTA: VOL. 33, NO. 2, FEBRUARY 1981

if g <1. Clearly, g <1, if A;e[e, 2/R —¢], for all i, where € >0, and
A=2/(R+r)
minimizes
max(|1 — A7), [1-AR)
to obtain
g=R~-r}/(R+r).

Tighter Convergence Rate Bounds. In this subsection, we will obtain
new bounds on the rate of convergence of descent methods and deflected
gradient methods using the revised Kantarovitch ratio. We must first

introduce a lemma which is useful in proving the remaining convergence
resuits,

Lemma 3.2. Suppose that f satisfies Assumptions (A1), (A2), (A3),
(A4). Let x; be a sequence converging to x*, where f'(x*)=0, defined by
either

(a) Equation (1), where h; satisfies (2),
or
(b) Equation (3), where T'; satisfies Assumption (AS5).
Furthermore, suppose that x; satisfies
&) = flxie) = f(x) =< ~[(61(0)*/26] 01 (1 +s) +o(F ), (25)
where
#:(A) = flx; + Ah;) = f(x:).

Then, there exists constants K and § >0, such that {x;} converges at least
linearly, if |s;] < § for i = K. Also, if 5; > 0, then {x;} converges with linear rate
at least

@) g aM=m)+(M+m)N(1-p7)
T MAm)+ (M -mW(1-p%’

if Eq. (1) is used,

or
(b) dr,2(R-r)/(R+r), if Eq. (3) is used.
The proof of LLemma 3.2 appears in the Appendix.
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Convergence Rate Using Newton Step or Stepsize Rule (M). The
convergence rate

g=R-r)/(R+r)

is the best bound on rate of convergence known for methods of the form of
(3). However, it is not practical to try to use the stepsize

Ai=2/(R+7),

since r and R are typically unknown. We shall now show that method (3),
where A; is picked according to either Newton’s method or Rule (M),
converges with linear rate at least (R —r)/(R +r). We shall also give a tight
convergence rate bound for descent method (1) with the same choice of
stepsize rules.

Theorem 3.3. Suppose that f satisfies Assumptions (A1), (A2), (A3),
(A4). Let {x;} converging to x* be a sequence defined by either Eq. (1),
where }; satisfies (2, or by Eq. (3), where I'; satisfies Assumption (AS5)and A;
is chosen according to Newton’s method or Rule (M). Then, {x;} converges
with linear rate at least

_(M=m)—(M+m)W(1-p?
T MAm)+M—-mW(1-p?)

dq if Eq. (1) is used,

or
d,=(R~r)/(R+r), if Eq. (3)is used.
Proof. Let
@i(A) = flxi + Aihi) = f(x2).
Then, by Taylor’s theorem,
$i(A) =281 (0) +2A 18] (0)+o(IA). (26)
If A; is chosen by Newton’s method, then
Ai=—0:(0)/$7 (0)=—Ch, f(x))/Chi, f"(xi)h:) @7
and
il = (1/m)If (x:)]. (28)
Thus,
B (\) = ~(#1(0)*/267 (0)+o(f (x)P). 29)
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If A; is chosen by Rule (M), then

flxie) = f(x) = f(Fir) = f(x), (30)
where ¥;,; is a Newton’s step along A; from x,, that is,
Liv1=x;—[$i(0)/ ¢! (0)]h.. (31)

Thus, the right-hand side of (30) is equal to (29). Therefore, for A; chosen by
Newton’s method (29) or Rule (M),

S ) = Flxi) = fl) = =[O F /267 (0) + 0 (I (x)P). (32)

The theorem now follows from Lemma 3.2.

Asymptotic Properties of Rules (G) and (A’). We shall now show that
the rate of convergence of either (1) or (3) with either Rule (G) or {A’), with
appropriate choices of & and S, can be made to approach the Kantorovitch
ratio. To be precise, we have the following theorem.

Theorem 3.4. Suppose that f satisfies Assumptions (A1), (A2), (A3),
(A4). Let {x;} be a sequence converging to x* defined either by Eq. (1),
where 4; satisfies (2), or Eq. (3), where ['; satisfies Assumption (AS5). Also,
let A; be chosen according to either Rule (G), with & =3—¢, or Rule (A’),
with @ =3—¢ and B =2+¢, 0<e <3. Then, {x;} converges linearly with rate
g1(e) if Eq. (1) is used or g,(¢) if Eq. (3) is used, where

lim gi(€) = di

e-»0

and

(M =m)+(M+mWN(1-p?
T (M Em)+ (M -mW(1-p%

dy=(R—r)/(R+r).

di

Proof. For Rule (G), using (4) and (26), we have
1—e=1+[As! (0)/2¢: O oA/ A O] <3+e,  (33)
where we recall that
@i(A) = fxi+Ah) — f(x).

From (5}, the left-hand inequality in (33) holds for Rule (A’). From (6) and
(26),

1+A07(0)/286(0)+ B 02(Ah[D) /A (0)<3—e. (34)
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Multiplying through by
=G—e)/G+e),
and noting that
B=1-2¢/G+e),
we get

1+ 407 (0)/2¢:(0)+ B oAk ) /A1 (0) <5 —€e+2¢/G+e).  (35)

Combining (33), (34), (35), there exists a function oz, which depends on
which stepsize is used, such that

—e=1+1!(0)/2¢1(0)+os(Ak)/ A} (0) <5+ 3¢, (36)

when either Rule (G) or Rule (A') is used. Since, by assumption, x;
converges to x*, A:h; converges to zero. Therefore,

—e<1+A1:87(0)/2¢/(0)+ Aw; <3+4e,
where v; » 0, which yields

—¢i(0)(1+H(e))

M= ST O+ [6(0)/8] O

37
where
|H (€)] < 8e.
Using (26), we have
flriea—f(x) = —[(#:(0))°/2¢] (O)I[1~ H*(¢)]
~2[1+H@©W)/{1+[6:0)/ ¢! O} +o(f (x))
=—[(61(0)/2¢7 O -H*(@)N1+v)+o(f x)f), (38)
where v - 0 [the boundedness of A; follows from (37)]. The theorem now

follows from Lemma 3.2 with s; in (25) equal to v}[1—H(e)]— H*(¢).

Combined Stepsize Rules. It is desirable to have stepsize rules so that
the overall minimization algorithm (i) is guaranteed to converge, (ii) has rate
equal to the Kantorovitch ratio, and (iii) does not require extensive numbers
of functional evaluations at each step. This can be accomplished by combin-
ing interval stepsize rules of the form (4) with stepsizes that minimize
polynomials interpolating

&i(A)=f(x; +Ah)— f(x;).

Goldstein (Ref. 2) essentially used this idea in his quasi-Newton method; he
noted that, if T'; in (3) converged to f"(x*), where x* is the minimum of f,
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then A; =1 would satisfy the Goldstein stepsize rule [Rule (G)] for large
enough i, thereby not requiring a search to satisfy (4). In this section, we shall
present one such stepsize rule. This algorithm combines Rule (A) with a
secant-type step to yield an algorithm which converges under very general
assumptions, which converges with linear convergence rate equal to the
Kantorovitch ratio, and which eventually (i.e., for large i) does not require a
search along a line.

The secant-type step referred to is the step that minimizes the parabola
defined by ¢:(0), ¢:(0), ¢;(£), where

@i(&)=f(x; — ET:f (x:)) — f(x:)

and € >0 are given. Letting b(&) equal the step, it is easy to show that

b(£)=—}(0)¢*/2[d:i(€)— S} (0)E].

The new algorithm is basically (3} with Rule (A), with the exception
that, at each step of Rule (A) [i.e., each time, assuming that (5) is not
satisfied, the prospective step length is reduced from B’d to 8''d], f(x; -
b(ETf'(x:)) is also calculated, where

£=p""d.
The steplength £ or b(£) that gives the lower value of f, say A, is then
substituted into (5). If the test passes, then A is used as the steplength; if not,

£ is again multiplied by 8, and the process repeats. The complete algorithm is
given below.

Algorithm
Step 0. Given xo, 2 €(0,3),8€(0,1),d>0,i=0,=0.
Step 1. Set
x =x;— BdT:f'(x).
Step 2. Calculate
¢(B'd)=f(x)—f(x)

and
#'(0) = (f'(x:), T':f (x:))-
Step 3.
bj=—¢'(0)(B'd)*/2[¢(B'd)—¢'(0)B'd].

Step 4. Calculate f(x — b;Tif'(x;)).
Step 5. 1If
flx = bLif' (x:)) <flx),

set A = b;. If not, set A = B'd.
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Step 6. Does A satisfy Rule (A), i.e., (5)? If yes, goto Step 7; if not, go
to Step 8.

Step 7. Seti;=A, xiri=xi—ATif'(x), i=i+1,j=0; goto Step 1.

Step8. Letj=j+1;goto Step 1.

Theorem 3.5. Suppose that f satisfies Assumptions (A1), (A2), (A3),
(A4). Let {x;} be a sequence converging to x* defined by the above
algorithms, and suppose that T'; satisfies Assumption (AS). Then, there
exists a K such that, for i > K, A; = boor A; = d (i.e., for each i, the algorithm
will pass through Step 5 only once) and {x;} converges linearly with rate
a=(R-r)/(R+r).

Proof. Itis clear that {x;} converges with rate at least as large as would
occur if only Rule (A) were used, since the decrease at each step is, by Step 5,
at least as large as the decrease using Rule (A). From Theorem 3.1, {x;}
converges linearly. Let

b=bo=—i(0)d*/2(¢:(d)— ¢/ (0)d).
Using (26), we have
[¢:(d)— &' (0)d)/d* =367 (0)+0r(If (x)), (39)
and so
b=—10)/[¢] (0)+20:(f x)P)]. (40)
Again, using (26), we have
#:(b)/bd(0)=1+bg? (0)/2¢1(0)+02(f (x:)*)/ b (0)
=1-¢7(0)/[267 0)+401(f )P)]
~{[#7(0)+201(f (x)))/ (@7 0) o2 (If ), 1)

which converges to 1 as i > c0. Therefore, since a <3, there exists a K such
that (5) will be satisfied for i =K, and thus A;=by or A, =d for i=K.
Combining (40) and (41), we have

¢:(b) = G+ €)bd(0) = —[(#:(0))°/2¢7 (O)[(1 +2e) +os(f (x)*),  (42)

where €; > 0 as i > 00. Suppose that [ > K, so that b satisfies (5). Then, from
Step 5 in the algorithm,

fxir) = f(x ~bT:f (x2)),
or

d{A)=¢i(h).

The theorem, therefore, follows from (42) and Lemma 3.2.
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4. Conclusions

In this paper, we have investigated the convergence properties of
descent methods with various rules for choosing the stepsize. We have
shown that many such methods have linear convergence properties. The
convergence of the methods has been compared to the convergence of the
descent method where the stepsize is the minimum along a line [i.e., Rule
(M}]. It has been shown that this rule can be replaced by rules of the form due
to Goldstein—Armijo [i.e., Rules {(G), (A), (A)], with a controllable
degradation in convergence rate. Furthermore, we have exhibited a descent
algorithm that combines a Goldstein—Armijo stepsize rule and a secant-type
step to yield an algorithm that converges with the same rate as the descent
method with Rule (M) and which eventually (i.e., close to the minimum)
does not require a search to determine an acceptable stepsize.

5. Appendix: Proof of Lemma 3.2

Equation (25) implies that
Fie) =) = flx) = Fx*) = [(61(0))* (1 +5,)/2¢7 (0)]

+o(lf ). (43)
Since f'(x*)=0,
fx) =¥ 0= x*) +o(x = x*P). (44)
Using Taylor’s theorem repeatedly, we have
FO) = fO*) = 2l = x%), Fx )0 = x ) + 01(x = x*)

=H(x;i —x*), £ (x:) + 02(x; — x*%)

=), (F'G*) T () +os(lxi —x* ). (45)
Since f is three times continuously ditferentiable,
f'x*)=f"(x:) + 0allx: — x*)). (46)

So, using Assumption (A3), we have
£ = FO) =P, (0 P +osllu—x*D. (47)
Combining (43) and (47), we have
[FCeied) = FOM)/Lf () — f(x*)]
=1—($1(0)* (1 +5)/ 7 (O (xs), (F"(x)) ' F (i) + os(lx; — x*)]
+o(f ) /F (s (F()) 7 () + 05(x; — ). (48)
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Using (44) and Assumption (A3), we see that the last term on the right-hand
side of (48) goes to zero as { - o©. So, there exists a sequence €; ;>0 anda K
such that, for i > K,

Ui = FOMVLf () — ()]
<1—($10) (L +5)/B7 O f (x), (F'x)) " F () + 05 —x*[*)]
+e1, 49)
If {x;} is a sequence formed by (1),
(@107 O F (), (F'(x)) ™ F (i)
= (hiy 00 R £/Ceb) (F1 (), (F7G)) ™ ()
=0l - | )/ £GP ), (F7Gx) 7 ()
=4Mmp®/[M +m+(M-m)WN(1-p))2 Cy, (50)

where (2), (10), and the Schwartz inequality were used. If {x;} is a sequence
formed by (3),

(@10)%/7 (O)f'(xe), (F/(x:)) ™ f(x:))
= (f'(x:), Tof (e /(f/Ce), Tof "GeTaf e F (), (F" () ™' F/(x0))
=4rR/(r+ R} 2 C,, (51)
where we used (8), with
s=Ti?f(x), A=TV*f'(x)r2
Therefore, for either algorithm [i.e., (1) or (3)],

&7 OF'(x), (F'0)) 7 £ (xi) +0s(|xi = x*2) /(6 10)*(1 + 5,)
=1/(1+5)Ce+ &7 0os(xi—x*)/ (61 (0)*(1 +5)
=1/(1+5)Ce+2Mos(|xi = x*[)/|f (x)f*
=1/(1+5)Ci +ez (52)

where €, - 0. Combining (49} and (52), we have
[fGie) = fD/[f () = FxM)]=1- Ce(l+5) + €3, (53)

where €;,; > 0. Now,

—Co1- 4Mmp® _IM—m+M+mV(1-p)P
ST IMAm+ M -mVA=pAF IM+m+M—-mW(1-p)P
=di, (54)

1-Co=1-4rR/(r+ R =[(R-1)/(R+1r T =d3. (55)
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Let
qi(s)=di—Cis;,
and let S €[0, 3] be small enough, so that |s;|< S for i = K implies
G (s)= Q<1
(note that d, is always less than 1). Then,
[fian) = FOOVLF) = FEDT= (@ (Sivnat) + €350n-1) * * - (qi(s:) +€5.)

<O +el, (56)
where
€40, as [-00.

From (45) and Assumptions (A3) and (A4),

mixi—x* =)~ f(x*) < Mlx; = x*f. (57)
Therefore,

i =¥/ s — ¥ = (M/m) QX" + €. (58)
and so

Tm[xi., = ¥/ |x; — 2 *[}= Qv(M/m), (59)

i->00

where Q. <1, and so {x;} converges at least linearly. Also, qi(s:)->dx
whenever s; - 0; therefore,

Hm[fxisn = x|/ —x*1=dk, (60)

{00

if 5; > 0. This proves the remainder of the lemma.
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