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Theorems of the Alternative and
Optimality Conditions
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Communicated by L. Galligani

Abstract. A theorem of the alternative is stated for generalized sys-
tems. It is shown how to deduce, from such a theorem, known optimality
conditions like saddle-point conditions, regularity conditions, known
theorems of the alternative, and new ones. Exterior and interior penalty
approaches, weak and strong duality are viewed as weak and strong
alternative, respectively.
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1. General Setting for a Theorem of the Alternative

Assume that we are given the positive integers n and », the nonempty
sets #<R”, X <R", Zc R, and the real-valued function F: X - R”,

Definition 1.1. w:R” - R is called the weak separation function, iff

H*2{heR”: w(h)g Z}2 %, (1a)
S:R" - R is called the strong separation function, iff

¥ 2{heR":s(h)gZ}c X (1b)

We want to study conditions for the generalized system

F(x)e¥, xeX, (2)

to have (or not to have) solutions. We can prove the following theorem.
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Theorem 1.1. Let the sets %, X, Z and the function F be given.
(i) The systems (2) and (3a),
w(F(x))eZ, VeX, (3a)

are pot simultaneously possible, whatever the weak separation function w
might be.
(if) The systems (2) and (3b),

s(F{x))eZ, VxelX, {3b)
are not simultaneously impossible, whatever the strong separation function
s might be.

Proof. (i) If (2) is possible, i.e., if 3¥ X such that

RAF(X)e &k,
then (1a) implies

w(F(2)=w(h)£Z,

so that (3a) is false.
(i) If (2) is impossible, i.e., if

h&F(x)g %, VxeX,

then(1b) implies
s{(F{x))=s(h)e Z, VxeX,

so that (3b) is true. This completes the proof. ol
Denote by X* the set of solutions of (2), and introduce the sets
X"={xeX: wF(x)elZ},
X ={xeX:s(F(x))e Z}.

In Theorem 1.1, (i) can be written as

X*nX"V=0
and (ii) as
X*uX'=X

These two cases show weak alternative between (2) and (3a) and strong
alternative between (2) and (3b), respectively. If, within a family of weak
{strong) separation functions, it is possible to guarantee also

X"=X, whenX*=0,
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so that

X*oX¥=X
holds (or

X*=@, whenX’=X
so that

X*nX'=

holds), then we say that alternative holds between (2) and (3a), or (3b). To
deepen this crucial aspect, it is useful to introduce the set

H2{heR": h=F(x); xe X},
and note that (2) is impossible iff
HNnH=0.

In this order of ideas, an important question consists in finding conditions
on F and X under which a weak (strong) separation function guarantees
alternative besides the weak (strong) one. In Section 3, this question will
be analyzed for a wide class of systems. Now, let us show, by means of an
important instance, how Theorem 1.1 can be used as a source for deriving
theorems of the alternative or separation (even if they are not in the usual
form); this is also a case where a weak separation function gnarantees
alternative.

Corollary 1.1, Let C;<R" i=1,...,p+g, be convex sets, the first
p, p= 1, of which are open. We have

ptq

NG=2 (4)
i=1

iff* there exist
YeD2{X eR™ * (A C)<+x},  i=1,...,p+q,

such that, for at least an index i=1,...,p+g, we have

A#0, (AL RY<S*(RAC), VR'eC, (5a)

2 Throughout the paper, (-, -} denotes scalar product; levy, f denote the various level sets
of f; 8*(x; C)2 sup,. (), y) is the support function of C at A; C*£{z:(y, 2)=0,Vye C}
is the polar of the convex cone C; and cl A, int A, ri A, frt A, ~A, dim A denote closure,
interior, relative interior, frontier, complement, dimension of the set A, respectively. 0
denotes both the origin of a space and the null vector; X marks Cartesian product.
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and such that

pta _ prq -

T A'=0, Y 8 C)=0. (5b)
i=1 i=1

Proof. Set

1’=(P+‘I)n: %:Clxn'xcp-ﬂ;s X=Rna
Z =], 0], F(x)=(X10 ooy Xnyo v oo Xpaneos Xn)

% is now a particular linear manifold’. In place of w of Theorem 1.1,
consider the function

wilhs 1)="T. -0, W)+ 5505 C)

where
h=(h',...,hP*9),  A=(A',...,A""9),

Here, #" is an open halfspace, which contains # iff
AleD, i=1,...,p+q

and moreover, for at least an index i=1,..., p+q, we have
A#0, (AL RH<8*(A;C), VYR eC

in the particular case where g = 1, the last condition can be replaced with
A #0 only; in fact, such a condition is implied by A =0 and

~H" 2 X
Hence, w, fulfills (1a), and (i) of Theorem 1.1 can be applied. The convexity
of % and ¥ ensures alternative besides the weak one. Thus, (4), which is
equivalent to the impossibility of (2) in the present case, holds iff there exist

XeD, i=1,...,p+q,
which fulfill (5) and such that

p+q - _,
Y [ x)+8*A5 C)I=0, VxeR™
i=1

This inequality holds iff condition (5b) is consistent. This completes the
proof. O

3 Thus, the separation of 9 and ¥ falls into the Hahn-Banach theorem.
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In the particular case where every C; is a cone with vertex at the origin,
in Corollary 1.1 D; can be replaced by —C¥ (as D;=-C¥) and the
inequality in (5b) is redundant. Corollary 1.1, with ¢ = 1, is due to Dubovit-
skii and Milyutin (Ref. 1) and has been used to prove a general necessary
condition for both finite and infinite-dimensional extremum problems.

Note that the separation of several sets, in the sense of Ref. 2, can be
reduced to the separation of only two sets, by means of the device, which
has been adopted in the proof of Corollary 1.1. In fact, the sets C; are
separated (Ref. 2), iff there exist linear functionals /; and scalars a;, satisfying
the condition

Z =0, Z a;=0,
which is condition (5b), A’ being the gradient of I, and such that
CiclxeR" L(x)= o}

Hence, Corollary 1.1 expresses a condition for separation of several sets.

Now, let us view as weak separation functions some well-known func-
tions introduced in various contexts to handle optimization problems. With
this aim, consider the following particular case:

v=I+m, F={uv)eR'XR™: u>0;v=b}, Z=]-,0],
f:X->R, g X->R",  F(x)=(f(x),g(x)=b), h=(uv-b),
(6)
where the positive integers | and m, the m-vector b, and the functions f
and g are given. Consider the function

wat, U; 05 @) 2(0, uy+ 7,(v; ) — y,(b; @), BeRi,weq,

where v; is a nondecreasing function of v, Vw €},  being the domain of
the parameter w. If either 8 =0 and v, is increasing or 6 #0, then w,
satisfies (1a), and hence guarantees the weak alternative. The particular
case of vy, affine is of special interest:

y2(v, w)=(0,0), weQ=RT.
We will see that most of the functions used in an optimization context are

of the wy-kind (Ref. 3).
Finally, let us note that Theorem 1.1 generalizes Theorem 1 of Ref. 4.
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2. Regularity

In order to deepen the analysis, we have to introduce some further
concepts. This will be done in the case where*
# is a convex cone with vertex at the origin 0& #. N

Consider the sets

Z(x)2{heR":F(x)—hecl ¥}, xc X; g4 | %(x).
xeX
The former is the convex cone with vertex at F(x), obtained by translating
—cl %; the latter is called the conic extension of ¥ in respect of —cl #. &
is a key set in further analysis, and hence its properties are important. First
of all, note that & is not necessarily closed, as simple examples show. It is
useful to introduce the tangent cone,’ say T(k), of € at hecl %, and set

€°4 (cl &) (cl ).

Now, we can get further insight about the weak alternative. When (2) is
impossible, (3a) is not necessarily possible; however, something can be
stated. An instance is offered by the following property.

Lemma 2.1. Let C be a face® of cl %, If (2) is impossible and &° # (&,
then we have

T(h)nint # =, Vhe &°, (8a)
Oe&ccl ", (8b)
& nriC#0=Cc T(0), (8¢c)
T(0)nri C#I=C< T(0). (8d)

Proof. Assume that the cardinality of T'(h) is >1, otherwise (8a) is
trivial. Ab absurdo, suppose that (8a) is false, so that 3h € &° such that

T(h) ~int ¥ # 3.

4 Most applications, even if not all, can be reduced to (7).
5 The tangent cone is defined as the set of 71+ h for which there exista sequence { "} = € such that

lim h"=Fh,

P> +00

and a positive sequence {a,} =R, such that
lim_ o, (h"—h)=h

When the tangent cone reduces to a singleton, condition (8a) becomes meaningless. A more
general definition of tangent cone can be achieved by replacing lim with a more general
concept. ‘

S Defined as the intersection between cl # and a supporting hyperplane for it.
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&)

Let
he T(h)nint %.
;ll‘lhen, there exist a sequence {h"} < € and a positive sequence {,} <R, such
at
S W=k lim e (W =R)=h-k
Set

W2 h+a,(h"—h).
The second part of (9) implies
lim B =h,

re 400

so that 3r' such that
h'eint¥,  VYr=r.
From (9), we get now

lim [(1/e)(h"=m)]= lim (h"—h)=0;

hence, as

lim (A'—h)=h—-h#0,

ror0
as the impossibility of (2) implies € # = and
ENnH=0=8 nint =,
we deduce that
r!-»il}-loo a, =+,
so that 3r" such that
Welh W[, Vr=r.
Then, for all
r=max{r,r},
the convexity of %, hecl %, and h’ cint % imply
h eint &,
and hence
& nint X #0.
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This contradicts the impossibility of (2), and (8a) follows. To prove the
first part of (8b), it is enough to show that Oecl & (as obviously 0 e cl %).
Let he &°, so that hefrt &, as the impossibility of (2) implies

&° = (frt &) n (frt ).

Then, there exists a sequence {h'}< € which - h. Hence, there exists a
sequence {x"}< X such that

h"e &(x").
We have’
d(F(x"),frt #)-0;
thus,
d(F(x")-0,cl #)>0=>d(%(x"),0)»0=>0¢ecl &

To prove the second part of (8b), let Aecl %, so that, Ve >0, Ih € ¥ such
that

IRl <e.
Then, (1a) implies
he .
As ¢ is arbitrary,
hecl .
Hence,
cd#ccx”
and, as obviously
& ccl X,
the second part of (8b) follows. Now, let
he & nriC,
and consider the translation of —C with vertex at &, namely,
Ca{h-C
We have that
Cccl®

7d(-, ) denotes the Euclidean distance.
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and that heri C implies
{Bh:heCnC;B8>0}=C

The proof of (8c) is now trivial. Finally, let

he T(0)nriC.

Then, there exist a sequence {h")< € and a positive sequence {a,} <R,
such that

lim A"'=0, lim ah"=h
r->+c ro>+w
Set
R =h"—(1/a)h,
so that the sequence
{h}ccl g,
and we have

Jdim R =0, lim a,h"=0.
Consider the set

Ca{h}-C,
which is a translation of —C, and

S2CnC  SA(RI+C)n({RI-C).

Note that
lirfm S™={0}, lig_n oS =85, S'ccl g,
and that

heriC=>{Bh:heS;B>0}=C
The fact that
C< T(0)
is now obvious. This completes the proof. O
Theorem 2.1. Let & be convex, (2) be impossible, and C be a face
of cl #. We have C < P, for every hyperplane P which separates & and 7,
iff
C< T(0). (10)
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Proof. Sufficiency. Ab absurdo, suppose that a hyperplane, say P [it
exists as € and # are convex and (2) is impossible], which separates € and
%, does not contain C, so that there exists a ray p< C<cl & with p&P
[(8b)=>0¢ P]. As % is convex, P supports T(0) at h=0; hence, as p\{0}
and T(0) belong to opposite and disjoint halfspaces (defined by P), we
have p & T(0), which contradicts (10).

Necessity. Ab absurdo, suppose that C'& T(0); hence,

C'&CnTO)
is a subcone of C, such that
C\C'# and (C\CHYNTO)=C.

Hence, by applying (8d), we have that C’ must be a face of C.
Consider the set, say {P}, of hyperplanes, which separate the closed
and convex cones cl # and T(0), and hence &. Set

Tp=PnT(0);
obviously,

Te2C".

For no sequence {h"} = T(0), converging to an element h € Tp, and for no
sequence {a,} of positive scalars, the sequence {a,(h"— h)} can converge to
an element of C\C'; otherwise, such an element would belong to the tangent
cone of T(0), and hence to T(0). It follows that there exists a P’ in the
above set, such that

(C\C')YnP =3,
and then the assumption is contradicted. This completes the proof. 0O

The preceding lemma suggests a definition. Let C be a face of ¢l &,
and let P denote a separating hyperplane for # and &.

Definition 2.1. When ¥ is convex and (2} is impossible, we say that
(2) is k-irregular, ift
{Cc P,forevery P}=dim C s k.

When k =0, we say that (2) is regular (or qualified).
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3. Cone Functions

Now, we will consider the following important particular case of (7):

v=I1+m, H={(u,v)eR'XR™: uecintU;veV}, Z=7-00,0],
fX->R, g:X->R", Fx)=(f(x),g(x)), h=(u0),
(11)

where the positive integers / and m, the closed convex cones U < R’, V< R™,
with int U # J (otherwise # =), and the functions f, g are given. In this
case, it is easy to show that

wi(u, v; 0, A) 2(0, uy+(A, v), BeU*,  AreVH*
is a weak separation function. We may show that it guarantees alternative

(besides the weak one). First of all, let us prove the following lemma.

Lemma 3.1. If X is convex and F is a (cl %)-function,® then € is
convex.
Proof. If the cardinality of € is =1, the thesis is trivial. Consider
hie® i=1,2,
so that there exist
XeX, i=1,2,
such that
hHee&(x), i=1,2,
or
F(x)-h'ed ¥ i=1,2.
Now, Ya €[0, 1], set
fA2(1-a)xt+ax’eX, h=(1—a)h'+ah?
Fa (1-a)F(x")+ aF(x?).

8Let C be a convex cone with vertex at the origin. F is said to be a C-function on a convex
set X, iff

Fll-a)x'+ax)—(1~a)F(x ) —aF{(x®e ¢, Vxhx?eX,Vael0,1[.

Note that a (R1)-function is a concave function and a (R")-function is a convex function.
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The convexity of & implies
F-hecd ¥ ;
this condition and
F(#)-Fed ¥
[as F is a (cl #)-function] imply
F()-hec %
Hence, Ya [0, 1],
he €,
and the convexity of € follows. This completes the proof. 0

We are now ready to prove the announced result.

Theorem 3.1. Let X be convex, f be a U-function, and g be a
V-function. The system

f(x)eint U, gx)eV, xeX, (12)
is impossible, iff there exist §€ U* and X € V*, with (8, 1) # 0, such that
6, fF(xN+(X, g(x))=0, VxeX, (13)

and moreover
{(xeX: f(x)eint U; g(x)e V; (A, g(x))=0}=2, if§=0.

Proof. First of all, let us prove that (12} is impossible iff
HnE=0.

The sufficiency is a straightforward consequence of
A= 4

To prove the necessity, assume that (12) is impossible and that
HnE#D.

Then, 3x’ € X such that
HNE(x')#D.

Hence, 3u’, v’ such that

f(x—u'el, glxy—-v'eV, (u',v)e
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Taking into account the second part of (11), this implies
u' eint U, v'eV,

hence,
fxNeintU, glxheV,

which contradicts the impossibility of (12). Now, we have to show that
HNE=D,

iff condition (13} holds. According to Lemma 3.1, € is convex; hence, cl &
is the intersection of all its closed supporting halispaces. It is easy to see
that these coincide with the halfspaces of the kind

8, u)+{r, vy k, with e U*, A e V*, (8,A) #0, (14)
Because of the full dimensionality of U, the interior of the complement of
such a halfspace contains #, iff either k=0 and §#0 or k<0. If

HNE=,
34, X satisfying (14) such that % is contained in the halfspace
(6, uy+(}, ) =0;
if
6+0,
& is included in the complement of such halfspace, and then (13) is evidently
fulfilled; if

6=0,

the above inclusion of # does not happen; hence, we have to exclude the
subset of # not contained in the above complement, i.e.,

% ~{(u, v): (A, v)=0}.
Viceversa, if
K€D,
condition (13) is easily contradicted. This completes the proof. O

When U=R., Theorem 3.1 becomes Theorem 1 of Ref. 5; if, in
addition, f and g are concave in the ordinary sense and V=R, then
Theorem 3.1 becomes Theorem 3 of Ref. 4. In the latter case, (i) of Theorem
1.1, at w=wy, is a well-known statement {(Ref. 6). When A =0, i.e., when
(12) does not contain g(x)& V, Theorem 3.1 becomes Theorem 3 of Ref.
7. A further instance of how theorems of the alternative can be derived
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from Theorem 3.1 is the following corollary usually derived from Corollary
1.1 (Ref. 8).

Corollary 3.1. Assume that the real m X n matrix A, the real n-vector
¢, and the closed convex cone X with vertex at the origin are given; let x
denote a real n-vector. The system (15),

{c, x)>0, Ax=0, xeX, (15)
is impossible, iff’
ce—cl{(X*+con A). (16)

Proof. In (11), set
I=1, U=[0,+], V=R, f(x)={(cx), gx)=Ax,

and identify (15) with (12). Theorem 3.1 can be applied; and, if =1, (13)
becomes:

{c+1A, x)=<0, VxeX,
or
~(c+ArA)e X*,
so that (16) follows. If 8=0, (13) leads to the statement:
x€eX and Ax=0
imply
{¢, x)=0,
or
{(—c, x)=0, Vxe X ncon A,
or
—ce{X nncon A)¥*=cl{X*+con A),
so that (16} follows. This completes the proof. i

In Theorem 3.1, the existence or nonexistence of §# 0 introduces a
partitioning of the set of systems (12) into two classes, which can be called,
according to Definition 2.1, regular or irregular, respectively; irregularity
can be further deepened into k-irregularity. A regularity condition for
system (12) will now be studied.

®con A denotes here the convex hull of the cone generated by the rows of A.
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Theorem 3.2. Assume that &°# . Condition (13) can be fulfilled
with 6 # 0, iff

(int U)n T{u, v) =0, VY(u, v)e &°. (17

Proof. Denote by H the halfspace defined by
(6, uy+(x, vy=0.

Necessity. Ab absurdo, suppose that (17) is false, so that 3(i, §) € €°
such that

(int U)n T(a, b) # .
Let (i, ©) belong to such an intersection; of course, ¥ =0. We have

(4, 0)e %,

as
eintU and 0=79eV;
and hence,
(@, 0)e ~H,
as

6#0=>%c ~H.

On the other hand, H is a supporting halfspace of € at (&, D) as, from
Lemma 3.1, € is convex; hence,

T(a, 0)c H
Then,
(4, 0)e T(a, ) c H,

and the contradiction is achieved.

Sufficiency. Ab absurdo, suppose that # =0 necessarily [namely, that
every wy which fulfills (13) must have 6=0]. Then, considering (8b),
Theorem 2.1 implies that

UcT(0,0),

which contradicts (17). This completes the proof. O
A sufficient condition (due to Karlin, Ref. 6) for (17) to hold is that
MENc V(A gx)=0,VxeX}=02.

In fact, % being convex, # # J is necessary, but not sufficient, to have § =0
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necessarily in condition (13). Other sufficient conditions can be obtained
as straightforward generalizations of known ones established for the
ordinary convex case (Ref. 6). For instance, one consists in assuming, besides
the hypothesis of Theorem 3.1, the existence of X € X such that

g(Heint V.

In this case, the halfspace defined by H (in the proof of Theorem 3.2),
which contains &, could not contain (&= f(£), 6=_g(£)) if §=0. More
generally, starting with condition (10), deriving necessary and sufficient
conditions for regularity (k-irregularity) of the system (12) in terms of its
data is conceivable and useful.

Theorem 3.1 and Corollary 1.1 provide sufficient conditions for w;
and w; to ensure alternative, respectively. In Ref. 4, there are two other
conditions, whose extension to the generalized (in the sense of Theorem
3.1) concavity is conceivable. The question of other weak separation func-
tions giving alternative (besides the weak one) and of strong: separation
functions giving alternative (besides the strong one) is open.

4. Asymptotic Weak Alternative

When a weak separation function is adopted, (i) of Theorem 1.1 does
not enable one to claim anything about (2), if (3a) is impossible. However,
in some cases, a claim is still possible, if the concept of the weak alternative
is enlarged. This will be shown in the particular case where Z=1-, 0],
With his aim, consider a family of weak separation functions, depending
on a parameter'®:

wih; w), weld, (18)

and assume that a sequence, say {w/, r=1,2,...}, can be drawn out from
Q, such that'’

w(h; @") is continuous in respect of h, r=1,2,...; (19a)
K@) H (™Y, r=1,2,...; (19b)
M H" (") =¥, (19¢)

ral

0 An instance is offered by wy, where w = (8, A).
H Of course, ¥ {w") denotes the set ¥ corresponding to the particular wih; ")
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Vhe ¥, 3k(h)>0, such that w(h; @)= k(h), Vr=1,2,.... (19d)

Note that conditions (19) do not imply that ¥ is closed.

Theorem4.1. Ietthe weak separation function w fulfill condition (19).
Then, (2) is impossible, iff

inf sup w(F(x); 0”)<0. (20)
r xeX
Proof. If (2) is possible, i.e., if 3% X such that
h2F(%)e X,
then (19d) implies
w(F(x); 0)=wh;0)=k(h)>0, Vr=1,2,...,

so that (20) is impossible. To show that (20) holds when (2) is impossible,
i.e., when

h&F(x)e %, VxeX,
it is enough to prove that, Ve >0, 37 such that
w(F(x): 0 )<e, VxeX 2D

Because of (19a), (19b), (19¢c), given 8> 0, 37 such that, Vhe #" (0" )\ %,
3h'(h), with w(h'(h), ") =0, such that

[h—h'(R)] <.

Hence, because of (19a), given any € >0, by making a suitable choice of
8, we obtain

w(h; 0 )=w(h; 0 )—w(h'(h);0)<e, Vhe X" (0N,
and thus (21) follows. This completes the proof. 0

Theorem 4.1 can be interpreted in terms of a sequence of weak
separation functions, whose level sets approximate %, so that the weak
alternative is obtained asymptotically. More precisely, because of (19),
alternative is achieved. In the particular case where 3r* such that w(h; w’*)
guarantees weak alternative, then at r=r* the “if” part of Theorem 4.1
becomes (i) of Theorem 1.1.

If the class of functions (18) is enlarged by deleting (19¢), then the
“only if” part of Theorem 4.1 is obviously lost. By a suitable replacement
of conditions (19), asymptotic alternative is conceivable in the strong case
too.
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5. Extremum Problems: Sufficient Conditions

Consider again the set X < R”, the real-valued function ¢: X >R, and
the following extremum problem:
min ¢(x), st xeR2{xeX:g(x)=0} (22)

We can see immediately that X € R is an optimal solution of (22}, iff system

f@2e(R)-e(x)>0, gx)=0, xeX, (23)
is impossible. By considering (11) in the more particular case
I=1, U =[0, +oof, V=RY, (24)

the system (23) can be identified with (2), so that Theorem 1.1 can be used
to establish an optimality condition for (22). With this aim, consider the
set of functions:

wa(l, v; 0, 0) 2 Qu+y,(v;w), 6=0, we,

where () is the domain of parameter w, such that

levao v42RY, M levagya(v; @) =RT, (25a)
we)
v4(T; @) > 0=3d € O such that y.(7; &) < y,(7; @). (25b)

If 6>0, w, fulfills (1a), and hence guarantees weak alternative. This may
not happen if 8 =0; however, instead of deleting the kind of functions (this
would restrict the above set too much), we simply note that in the latter
case weak alternative is still ensured under a further condition.

Lemma5.1. (i) When 8>0o0r d=0andlev., y,2R7, the function
w, guarantees weak alternative between (2) and (3a).

(ii) When 0=0 and lev., y,2RY, w, guarantees weak alternative
between (2) and (3a) under the condition (26),

X2 X N (levso f)n(levag g) n(levag v) = D. (26)

Proof. (i) (1a) becomes

ICV;,Q Wy 2 ]O, +w[x R’:
or

(u, ) €]0, +o[XRY = u + y4(v; @) > 0.
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This relationship holds as now we have either

8>0 and lev.,v.2RYT,
or

6=0 and lev.yy,2RY.

Thus, the thesis follows from (i) of Theorem 1.1.

(ii) In the present case (11)~(24), because of condition X° =, which
ensures that no element of X is sent into int U, we can replace Z =}, 0]
with Z=]~00, 0[. Then, (1a) becomes

levagw,; 2[0, +o[XRT,
or

(4, V) eRLXRT= Ou+ v,(v; w)=0.

Now, 8=0; hence, this relationship holds as it is the first part of (25a).
Again, weak alternative follows from (i) of Theorem 1.1. This completes the
proof. 1

Note that, over lev., f, the possibility of (3a) is crucial to show the
impossibiiity of (2}, while it is redundant over levs, f.

Taking into account Lemma 5.1, it is easy to interpret (i) of Theorem
1.1 as a sufficient optimality condition for (22); this is contained in the
following corollary.

Corollary 5.1. Assume that ¥ € R" fulfills these conditions: (i) ¥ R;
(ii) there exist R, and & €, such that

0o (D) —e(x)]+y4(g(x); 3)=0, VxeX, (27)
and moreover

{xe X: o(x)<e(x); g(x)=0; v,(g(x); ) =0}=0,
if

=0 and lev.,y,2R™
Then, X is a global minimum point of (22).

Now, introduce the function

L(x; 6, 0) 2 0p(x) ~ v4(g(x); w),
and let us prove the following theorem.

Theorem 5.1. Conditions (i) and (ii) of Corollary 5.1 are equivalent
to the following one: there exist £€ X, 8eR., and @ €}, such that

L% 0,0)=PL(%;0,6)<P(x;0,0), VxeXVecQ, (28)
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and moreover

{xeX: o(x)<e(X); g(x)=20; v,(g(x); @) =0} =,
if

6=0 and lev.,2R™

Proof. Let us prove that (i)-(ii) of Corollary 5.1=>(28). & € Q and
€ R imply that

Y4(8(%); @) =0,
as
levag v.2RY;

at x=1%, (27) implies
v4(8(%); @) =0;

it follows that
v.(8(%); @) =0.

Hence, (27) is equivalent to the second part of (28). Now, note that
g(x)=0

is equivalent to

v4(8(%); )=0, VeweQ,
as
() levao v.=RT;

wel)
it follows that
v4(8(X); @)= y4(g(X); w), VweQ, (29)

which is equivalent to the first part of (28). In order to prove that (28)=
(i)-(ii) of Corollary 5.1, note that the first part of (28) is equivalent to (29),
and this implies

g(x)=0;

note that g(%) #0=>34 € such that y,(g(X), &) <0 and, hence, as wgy,
fulfills (25), Ywy> 0, if y, does, y,(g(%); w) is not bounded from below
and (29) is contradicted; and hence, because of (25a),

y4(g(%); @) =0.
Condition (i) of Corollary 5.1 is proven. Assume that

Y4(8(x); @)>0.
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Then, because of (25b), the first part of (28) is contradicted. Thus,
Y4(g(X); @) =0

is achieved. Account taken of this equality, it is easy to show that the second
part of {(28) implies (27). This completes the proof. a

Note that, when (27) or (28) holds, from the proof of Theorem 5.1,
we have that (%, @) fulfills the generalized complementarity condition

Y4(g(x); ) =0,

which collapses to the well-known ordinary one, when 1y, is linear and hence
Q=RY. Even if the two conditious are obviously equivalent, the former
can be useful. To show this, set

A={Ay o A0, B (e ey Mol
w=(A, 1), Q=RTXRT,
and assume that
yilv; @) = igl AT(vs; ),
where
Ti(v; w) 20,  Vu=0,
according to
u =0,

respectively. In this case, if weset T=(Ty,..., T,,), from Theorem 5.1 we
get the generalized complementarity system

T(g(x); =0, A=0, (T(g(x);p),A)=0,
which collapses to the well-known one, when

T(v; ) =v.

Now, consider the particular case where

Ti(vi; i) = v exp(—p0i);

T; represents an exponential transformation of v, It is immediate to show
that the function

ws(u, v; 0, A, w)=0u+(A, e(v; ), BeR, A peRY,
where

e(v; p) = (v;exp(—pi0), i=1,...,m),
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and which contains the linear function at u =0, is a particular case of w,.
By means of transformation T in the complementarity system, T(g{x); n)
may have a certain property, for instance concavity, differentiability, which
does not hold for g.

Another particular case is obtained by requiring 7y, to be nondecreasing
with respect to v, i.e., the case of w, of Section 1, if in (22) we replace
g(x)=0 with'? g(x) = b; an instance is given by

Ya(v; A, p) = _i Al1—exp(-piv)],

already studied, even if from a different point of view (Ref. 9). A further
particular case of the weak separation function is

we(u, 0) =u—v5(v)— %,

where

ys(0) & sup (u), 7=sgg[76(v)+l76(v)|]/2.

(u,0)eH
It turns out that
Ye(v) = sup [e(%)—e(x)]=@(X)—¢(v),

gix)y=v
xeX
where
$(v)2 inf @(x)
glx)=v
xeX

is the so-called perturbation function (Refs. 10-12). w has the disadvantage
of depending on .

Now, note that (28} can be regarded as a generalized saddle-point
condition, and Z as a generalized Lagrangian function. When we adopt ws
at u =0, (28) becomes the well-known John saddle-point condition and &
the classic Lagrangian function (Ref. 6). When we adopt ws, (28) can be
viewed also as an ordinary saddle-point condition for an exponential trans-
formation of the constraining functions.

When X is convex and ¢, gare concave, (27) and (28) become necessary
too. This is an obvious consequence of the fact that now any w, guarantees
alternative, according to Theorem 3.1, at

U=R,, V=RY, f(x)=¢(%)—e(x).

2 In this case, with the notation of Section 1, (27} becomes obviously

o(X) ~e()]+ 12(g(x); @)~ 12(b; @) =0, VWxeX
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In this case, it is of course convenient to adopt the linear function (ws at
w=0); thus, Theorem 5.1 becomes the well-known John saddle-point
(necessary and sufficient) condition for convex programs (Ref. 6). Iff condi-
tion (17), or at least if M =7, is satisfied, then in (27) and (28) we can set
6 =1, and problem (22) is called regular.

6. Necessary Conditions

In the preceding section, it has been shown that a sufficient optimality
condition for (22) can be derived from a separation function which guaran-
tees weak alternative. Now, it is obvious to expect a necessary condition
from a strong separation function. With this aim, consider again problem
(22), and let ¥ < R'™™ be such that'® ¥ < &, namely,

(p(D)—o(x),g(x) e, VxeX (30)

% trivially exists, as (30) is satisfied by at least ¥ =RXR™. If there exists
a positive real p, such that

le(l=p/2;lgx)=p, xeX
then, we can set
H=[—p,p]"™
Consider the following set of functions'*:
$1(u, v; @)= u—8;(v; w), well,

where () is the domain of parameter w, such that

HnlevagsiCH; U T nlevag si(u, v;0)=c{F ). (31)

we)
When % has a particular form, for instance,
H=R"" or H=[-p,p]"",

then (31) can be expressed in terms of 8,, as it happens in (25); remembering
this, a lemma like lemma 5.1 is quite obvious, since the first part of (31)
says that s, fulfills (1b) on %, and hence it is a strong separation function
on this domain. We are now able to derive a necessary condition from
Theorem 1.1.

13 Recall that we are in case (24).
14 31 might be multiplied by 8; here, we assume 6 = 1; in general, the case 8 =0 has no interest.
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Corollary 6.1. Let ¢, g fulfill condition (30), and let s, be defined by
(31). If xeR" is a global minimum point of (22), then,

e(®)—p(x)—8,(g(x); w)=0, VxeX, (32)
whatever w € () might be.
Proof. The optimality of X implies the impossibility of (23). As

assumption (31) makes s, a strong separation function, the thesis follows
from (ii) of Theorem 1.1. O

Two instances of functions of type s; are the following ones:

m
(v A w)=u— Y Aexp(—uv), A, weR,,  A=p,
i-1

ss(wv;p)=u=p L (1=v/p)™, >0,

where
A=('\1‘1-'~7/\m)9 #:(l"l,-t-,lﬂm)-

The classic necessary conditions of the Lagrange—Karush—-Kuhn-Tucker
type do not come from the strong alternative, as might seem. On the
contrary, they are a consequence of a further analysis of the weak alternative,
like Lemma 2.1, and are based on local arguments. In this sense, they are
not in a symmetric logical position with respect to saddle-point conditions.
This is shown by the following property, which generalizes the above
conditions.

Corollary 6.2. Let w, be the weak separation function of Section 5.
If XeR" is a global minimum point of (22), then there exists 8 and @ such
that X is a stationary point of problem

max wq(e (%)~ ¢(x), g(x); 6, ®). (33)

Proof. The thesis consists in proving that there exist #=0 and @ €2,
such that, for a suitable neighborhood N of %, we have

fm sup 2 (. £(); 8,.0) = wu(f(2), 8(D; §,0) _

- s xeXnNN.
53 [lx— |

(34)
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Ab absurdo, suppose that (34) does not hold. Hence, there exists a
neighborhood N’ of %, such that, for x # X, we have':

wa(f(x), 8(x); 6, w) — w4(0, 8(X); 6, w)
= >0
llxe = I
VxeN'nX,V8=0,Vwe.
Taking into account the fact that

2

g(x)=0,
and then
w4(0, g(%); 6, w) =0, V=0,Vwell,
it follows that
wa(f(x), g(x); 6, w) > wy(0, g(%); 6, w) =0,
Vxe NnX\{x},¥6=0,Vwe(,
and hence'®
(f(x),g(x)e X" (6,0), VxeN'n(X\{x}),V8=0,Voel.
Now, remembering (25a), it follows that
(f(x),g(x))eint #,  VxeN'n(X\{x}),
which contradicts (8a). This completes the proof. O

When ¢ and g are differentiable, X =R", and w, is linear (that is, w,
becomes ws at u =0), then (33) is equivalent to

min [6¢(x) — (A, g(x))],

xeR

and the thesis of Corollary 6.2 [that is, (34)] becomes the well-known
equation

Vx[B(P(x) —()‘: g(x»] =0,

which represents the so-called weak Lagrangian principle. If ¢ and g are
differentiable on X, then (34) takes the still well-known form of directional
derivative.

Note that, as the thesis of Corollary 6.2 holds whatever the weak
separation function w, might be, it is obvious to think of the simplest one,

15 Recall that f(x) = ¢(%)— ¢(x), so that f(%)=0.
16 Now, %" (6, w) denotes the set #™ corresponding to w,(u, v; 8, @).
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namely, the linear one. However, it may be useful to adopt a nonlinear w,,
so that (33) has some suitable property. For instance, problem (33) can
turn out to be differentiable, even if (22) is not. With this aim, consider
the following example, where, for the sake of simplicity, we assume that
the constraints in (22) are of type g(x) =0; we need only to define

H={(u, V) eRXR™: u>0; v=0}
Set

n=1, m=1, X=R, o¢Xx)=x% gx)=xsin(1/x).
If we consider the separation function

wa(u, v; 6, w) = u— wv>, w>0,
(33) is equivalent to

min [x*+ wx? sin®(1/x)],
xeR

which is differentiable, notwithstanding that (22) is not.

Note that the thesis of Corollary 6.2 generalizes only a part of the
well-known stationary conditions; in fact, it does not contain the so-called
complementarity condition

(@, g(x))=0,
which follows by noting that, if
h&(a=f(x), 5=g(x) R, xRT\{0},
then
(@,8(%))>0

contradicts (8a).

Lastly, note that sufficient conditions, based on the Hessian matrix,
are a further local analysis; hence, even if they appear in the context of
weak separation function, they must not be considered as coming from
weak separation function, like saddle-point ones.

7. Lagrangian Penalty Approaches

Penalty approaches are a natural extension of the original Lagrangian
method and aim at reaching an optimal solution of a constrained extremum
problem by solving a sequence of unconstrained ones. It will be shown how
these approaches can be viewed in terms of weak and strong separation
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functions. With this aim, consider again problem (22), with X =R", and
the continuous functions p,:R™->R, r=1,2,...,such that

p.(v)=0,if v=0, p(v)}>0,if 20,
(35)

pr+1(0)> p,(v), lim p(v)=+c,  v£0.

Consider the particular case (11)-(24). It is easily seen that the function
wou, v; 1) =u—p,(v) (36)

is of the wy-kind and fulfills condition (19). In fact, now ©" =r, and " (r)
is the positivity level set of (36). Moreover, (36) is a weak separation
function. Hence, (i) of Theorem 1.1 can be applied and (3a) becomes

@(X)-e(x)—p(g(x))=0, VxeR" (37)
and is a sufficient condition for the feasible % to be optimal. Such a condition
can be weakened by applying Theorem 4.1; (20) becomes

lim inf, [@(x)+p,(g(x))]= ¢(%) (38)

r—>4+00 X€

and is a sufficient condition which is weaker than (37). Denote by @, the
infimum in (38). From (35), we deduce that

O, <P,<-- -s@—A—xiergn o(x). (39)

Assume that 37 such that ®;> —0, and that there is a proper x" € R” such
that

o(x)=®, Vr=r.

If  is any limit point of sequence {x'}, then condition (38) is fulfilled and
Theorem 4.1 gives the optimality of X. The construction of sequence {x"}
by solving the infimum problems in (38) is the well-known exterior penalty
method (Ref. 12) and p, is called a penalty function; if the above convergence
can be ensured after a finite number of steps, i.e., if 37 such that (37) is
fulfilled at r=7#, then p, is called exact penalty function (Ref. 13). Hence,
the conditions for a penalty function to be exact can be regarded as
conditions which ensure (37) instead of (38).

A particular case of (36), corresponding to a well-known penalty
function, is

wg(u, v;r,a)y=u—r ¥ (—min{0, v.})%, a=1.

i=1

A more general class of functions satisfying (19) is contained in Ref. 13,
where the case of both equality and inequality constraints is considered.



358 JOTA: VOL. 42, NO. 3, MARCH 1984

The latter requires only formal changes in the above reasoning. In fact, if
the constraints of (22) are g(x) =0, it is enough to replace V=RY with
V ={0} in (24), so that now

Z={(u,v)eRXR™: u>0; v=0}
In such a case, a weak separation function is, for instance, the following one:
wolu, v; A, r)=u+(A, v)—r{v, v), with A eRT, reR,,

which corresponds to the so-called augmented Lagrangian approach (Ref.
12). At A =0, wy corresponds to one of the first penalty functions which
have been considered.

It follows that the exterior penalty approach can be formulated in terms
of weak separation. Among other things, this enables one to extend the
penalty approach to solve systems, as shown by Theorem 2.1.

Now, it is easy to say that the interior penalty approach (Ref. 14) can
be formulated in terms of strong separation. For instance, it is easy to show
that a strong separation function for (22} is

so(i, ;1) =u—p(o;r),  withr>0,
and where

p(v;n)=r ‘Z (1/v), ifv>0,

p(v; r)=+‘oz,1 if v+ 0,

is a well-known interior penalty function.

8. Duality

When X is convex and —¢, g are concave, so that problem (22) is
convex, a new problem, called dual, is associated to it (Ref. 6). Here, it is
shown that the dual problem naturally arises when optimality is studied
through alternative. In this way, some generalizations are easily achieved.

Assume that problem (22) is regular, so that in (27) we can set #=1.
Note that (27) holds iff & € {) such that

D(d) = (),

where!”
@(w) = min [¢(x) ~ 74(8(x); @) £ A(x; @) (40)

7 The symbols min and max must be replaced by inf and sup, respectively, if necessary. Note
that

Alx; @) =F(x; 1, ).
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Thus, the fulfillment of (27) leads one to consider the following problem:

max O(w), (41)

which is called the weak dual problem of (22). The fact that (41) comes
from a weak separation function shows that its extremum is less than or
equal to the 11inimum of (22). This is a straightforward consequence of a
recent result (Ref. 15).

Theorem 8.1. Weak duality. We have
max &(w) =min ¢(x). (42)
Proof. As v, fulfills (25), u+ y,(v; ) is a weak separation function,
so that both systems,
¢(X)—¢(x)>0, xeR,
and
O(w) = (%), well,

cannot be possible simultaneously. As this statement does not depend on
the value of ¢(X), it remains true if ¢ (%) is replaced with any real a. Hence,
from Lemma 1 of Ref. 15, (42) holds. This completes the proof. i

When we can ensure that a stationary point of the problem in (40) is
also a global minimum point (this happens, for instance, when X and A
are convex), then problem (41) can be equivalently written as

max A(x; ©), (43a)
subject to
fim int 2 ;‘;'g—jfx;“’)ze, yeXaN, weQ, (43b)
yx -

where N is a neighborhood of x.
When X =R", —¢ and g are concave and differentiable, so that we
can set

w=A, ')'4{5‘; w}=<fka i)),

i.e., we can adopt ws at =1, u =0, (43) takes the more familiar form
(Ref. 6)

max L{x; A), s.t. V. L{x;A)=0, A=0, (44)
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where
L(x; )2 o(x)— (A, g(x))

is the ordinary Lagrangian function.
If w, is the second exponential function of Section 5, or

wa(v; A, w)=u+ '?;1 A[1—exp(—uv;)],

then a crucial point is to ensure the convexity (with respect to x) of the
exponentially transformed constraining function exp[—um;g:(x)]. If this
happens, {43) can be set up, even if (22) is not convex (note that it is not
restrictive to assume ¢ to be linear).
Another interesting case is the one where — ¢, g are concave over a cone.
Now, consider the case where, in (22),

g(x)=0
is replaced by
g(x)=b;
namely, (22) is replaced by
min ¢(x), s.t.xeR,2{xeX: g(x)=b} (45)

It has been noted that w, of Section 1 is a weak separation function. Now,
assume that problem (45) is regular, so that we can set 8 =1. As (45) is of
type (22) and as, at 8 =1, w, is a particular case of the weak separation
function considered in (40), Theorem 8.1 obviously holds here too.'® Now,
note that the existence of ®(w), which here becomes

D(w)=v,(b; w)+§gi)§ [e(x)— y2(g(x); w)],

implies the existence of a constant, say k, such that
p(x)-r2g(x); )=k,  VxeX,

or
p(x)=k+y,(g(x);0), VxeX

As k can be embedded into v, itself (as v, remains nondecreasing, or we
can assume k =0), to ensure the existence of such a minimum we have to

'® As a matter of fact, w, guarantees alternative (besides the weak one), so that (42) is verified
as equality.
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restrict ourselves to those v, (i.e., to those @) such that

rAg(x); @)=p(x), VxeX (46a)
When this inequality has been fulfilled, (41) becomes
max y,(b; ), (46b)

subject to (46a). Problems (45) and (46) obviously satisfy Ineq. (42). The
dual {46) generalizes some forms recently introduced (Ref. 10, 11, 16),
and it is studied in Ref. 3.

The difference between the right-hand side and the left-hand side in
(42) is called the weak duality gap. When weak alternative ensures alterna-
tive, it is zero, as happens in the convex case. Two classes of nonconvex
problems are shown in Ref. 4 for which the gap equals zero.

Now, consider condition {32), which can be equivalently written as

¥(w) 2 min [o(x)+8,(g(x); @)]= (%), Vel (47)

Thus, the fulfillment of (32) leads one to consider the following problem:
mig V(ew), (48)

which will be called the strong dual problem of (22). The fact that (48)

comes from a strong separation function leads one to expect that its

extremum might be greater than or equal to the minimum of (22).
Theorem 8.2. Strong Duality. We have

min ‘I'(w)Zggg e(x). (49)

Proof. The proof is a straightforward consequence of Corollary 6.1.
O

An obvious consequence of (49) is Lemma 3 of Ref. 15, which now
states the equivalence between these conditions:

(i} 3w e),suchthat ¥(w)= milgl wlx); {50a)

{(ii) both systems (50b),
e(X)—e(x)>0,xeR, and V(e)z=e(f),wecl, (50b)
cannot be impossible simultaneously.

Now, assume that (41) comes from a weak separation function which
guarantees alternative too. Then both systems, which appear in the proof
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of Theorem 8.1, cannot be possible simultaneously (because of the weak
alternative), so that (42) holds, and both cannot be impossible simul-
taneously (because of alternative) so that (because of Lemma 2 of Ref. 15)
we get the equality in (42).

The difference between the left-hand side and the right-hand side in
(49) is called the strong duality gap. When it is zero, there is a sequence of
minimization problems, namely, the ones in (47) at some «’s, whose extrema
converge to the one of (22). This corresponds to the interior penalty
approach of Section 7, just as the sequence of problems extracted from
(40) corresponds to exterior penalty approach.

If a weak separation function w is adopted in (40), which is not of the
form w=u+y(v; ), the definition of the dual problem should require an
implicit function approach. When

¥{(v; 0) = ;1 i(vi; @),

i.e., if y is separable, then v; receives an interpretation as multiplier function.
Similar questions arise in the strong case.

9. Concluding Remarks

Theorems of the alternative can be considered as a general framework
within which optimality conditions and related topics can be studied.

More precisely, it is shown that saddle-point sufficient conditions, weak
duality, and exterior penalty schemes correspond to generalized weak
alternative or separation. For symmetry reasons, strong alternative is con-
sidered, and it is shown that it produces necessary conditions (not of the
stationary type; these, on the contrary, turn out to be a further deepening
of weak analysis), strong duality (embedding the known strong duality
theorem), and interior penalty schemes.

In what is developed in the preceding sections, the underlying concept
is the image of a constrained extremum problem. Taking into account the
notation of Section 2, problem (22) can be equivalently'® formulated as
follows:

(%)~ max (u). (51)
Note that problem (51}, which can be called the image of problem (22),
is a real-valued problem, even if X is a subset of a suitable functional space

1% In the sense that the minimum of (22) equals {51), when they exist.
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to which many of the preceding results can be generalized. The approach
to some optimization topics, which is understood in the preceding sections,
consists in introducing the image problem (51}, in studying a certain question
on it, and then, when a result has been obtained on the image problem, to
obtain its counterimage, namely the corresponding result in the space where
x runs. For instance, in the case of regularity, the former part is represented
by Theorem 3.2. The development of the latter part, as well as the analysis
of other topics, like uniqueness and stability of optimal solutions, converse
duality, Fenchel duality, should produce useful results. For instance, unique-
ness of optimal solutions to (22) can be reduced to the scheme of Section
1 in the following way: % € R is a unique optimal solution to (22) iff, Vy e R",
the system

(v, x=5>0, oe(X)—e(x)=0, g(x)=0,

is impossible.

Another instance is represented by Fenchel duality, which can be
deduced by the general approach contained in Sections 5 and 8, without
any enlargement of the space where x runs, as happens in recent results
(Ref. 18). Further investigation in this direction should produce results in
the knowledge of the so-called perturbation (or optimal value) function,
and hence in some related topics, like reciprocal problems.

A special important application of the above scheme might be to
combinatorial problems (an instance, related to the integer Farkas theorem,
is contained in Ref. 4) and to discrete optimization problems, namely, the
case where X is a subset of the discrete space Z". In (22), assume that

X=Xn2% zel"se(x)eZ, glx)eZ™, (52)
where X CR” is compact. In this case, it is not restrictive to set
X =[1,+0[XR™,

so that strict separation of % and ¥ can be achieved, when they are disjoint,
i.e., when (23) is impossible. In this case, a function of type w,, in particular
ws, enables one to get weak dual and, with the addition of a suitable
constant, also a strong dual, so as to get lower and upper bounds, respec-
tively.

Problem (22), case (52), can be reduced to the above scheme in another
way. For instance, the constraint x;€ Z can be equivalently replaced by

g;(x;) £ sin*(mx;) =0

or

L
gi(x) 2 p 1:[0 (x,—5)>=0,
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where p is a large enough positive real number and L; an upper bound for
x;. As a consequence, the discrete problem becomes a continuous one, as
Z" can be replaced by R".

Another kind of problem, which can be reduced to the above scheme,
is a variational inequality. Consider a real-valued function F: X >R", a
convex cone V, and the problem which consists in finding

feR&{xeX:g(x)e V},
such that
(F(%),x-%)=0, VxeR, (53)

This is a general setting for a finite-dimensional variational inequality. In
Ref. 4, (53) has been reduced to the alternative scheme by means of the
obvious remark that ¥€ R is a solution of (53) iff the system

F)&(F(X),—x)>0, gx)eV, xeX,

is impossible. If g is a V-function and X convex, then Theorem 3.1 offers
a necessary and sufficient condition for % to be a solution of (53). It is useful
to know conditions on g, X under which the condition of Theorem 3.1
holds even if it is not true that g is a V-function and X is convex; one of
them can be derived from Corollary 1 of Ref. 4.
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