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Second-Order and Related Extremality Conditions
in Nonlinear Programming’

A. BEN-TAL?

Communicated by M. Avriel

Abstract, This paper is concerned with the problem of characterizing a
local minimum of a mathematical programming problem with equality
and inequality constraints. The main object is to derive second-order
conditions, involving the Hessians of the functions, or related results
where some other curvature information is used. The necessary condi-
tions are of the Fritz John type and do not require a constraint
qualification. Both the necessary conditions and the sufficient conditions
are given in equivalent pairs of primal and dual fermulations.
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1. Introduction

In this paper, we derive local optimality conditions for the following
nonlinear programming problem [Problem (NLP)]:

(NLP) min f°(x),
subject to f*(x)<0, kel2{1,2,...,P},
K(x)=0, jelJ&{1,2,...,m},
xeR"

No special assumptions, other than differentiability, are imposed on the
problem’s functions. In particular, a constraint qualification is not needed
for the validity of our necessary condition. The main object is to derive
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Table 1. Second-order conditions for Problem (NLP).
Primal form Dual form
Necessary For every d € D(x*), thereisno z  For every d e D(x*), there exist
conditions such that (z, d) # 0 and nonnegative ye R"*1 yeR™,
f;‘nl;cz; VA ()2 + dVP (e%)d <0, (3 )0, such that
ke A¥(d), VL(x*, y, #)=0,
Val(x®)z +d'VPhi(x*)d = 0, dVAL(x*, y, u)d =0,
el
d kak(x*)=07 kEI*a
Here, it is assumed that {VA'(x*)};c; k ¢
s v *Yf = Iz,
are linearly independent. wVf(Nd=0, kel
Sufficient For every d e D{(x*), thereisno z  Forevery nonzero d € D{x*), there
conditions such that {z, d) # 0 and exist nonnegative yeR"*, pe

for (isolated)
local
minimum

VR z + VA (x%)d <0,
ke A¥d),

Vhi(x®z +d'VR (x")d =0,
jel

R™ (v, u)# 0, such that
VL(x* y,u)=0,

d'V2L(x*, y, u)d >0,
vl x®)=0, keI*
iV (x*)d =0, kel

second-order conditions, involving the Hessians of the problem functions, or
derive related results where some other curvature information is used (see,
e.g., Corollaries 2.1, 2.3, 2.4).

To illustrate the distinguished character of the second-order conditions
obtained here, and to discuss their relations to the classical results, we collect
them in Table 1. The following functions and sets are used in this table and
throughout the paper:

(i) the Lagrangian function L:R" xR**'xR™ >R,

Lix,y, k)2 ¥ yef(x)+
ke{OhorI

(i) the set of critical directions at x*,

T k' (x);

jeJ

Dx®)2{deR™: Vf*x)d<0,kel¥; Vi x*)d =0,jeJ},

where

I§ 2{0yur*,

I*&{kel:

e (x*)=0},
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and ‘
A¥(d) %{k eI¥:VF(x*)d =0}

We write VL{x*, y, ) for the gradient of L(-,y, u) evaluated at x = x¥,
Gradient vectors are always row vectors. All other vectors (such as x, d, etc.)
are column vectors. Row vectors will be denoted by primes, e.g., x', d’, etc.

The following conclusions may be drawn from Table 1.

(i)  The dual necessary conditions include the first-order result of
Mangasarian and Fromovitz (Ref. 1) and in particular (for problem without
equality constraints, i.e., J = () the Fritz John conditions (Ref. 2).

(i) For an unconstrained problem, ie., [= @, J =, both the
primal and the dual conditions reduce to the well-known sufficient
condition [Vf°(x*) =0, Vf°(x*) positive definite] and necessary condition
[VFo(x*) =0, V?f°(x*) positive semidefinite].

(iii) For problems with equality constraints only ( = &), the dual
results reduce to the necessary and the sufficient conditions given by
McShane (Ref. 3).

The reader will notice that the dual conditions do not speak about the
existence of fixed multipliers, but rather about the existence of multipliers
which are functions of the critical directions d € D(x*). This is in contrast to
the Kuhn~Tucker type second-order necessary conditions (e.g., Ref. 4) or
the commonly used sufficient conditions of Penissi (Ref. 5) or McCormick
(Ref. 6); see also Ref. 4. The latter are special cases of our dual sufficiency
result. Under certain constraint qualifications, the dual necessary conditions
reduce to some classical Kuhn-Tucker type conditions, e.g., Theorem 3.2.
Moreover, new types of constraint qualifications can now be formulated (see
Proposition 3.1).

Historically, optimality conditions were derived first for equality con -
strained problems. It was a common practice in later years to handle
inequalities by considering only active constraints and treat them as equali-
ties (e.g., Refs. 7-9). This approach, however, cannot produce the type of
results given in Table 10. See Example 3.2 and Remark 3.1. Our approach is
to treat programs with inequalities only, first. Programs with equalities are
then treated by solving the equations, eliminating part of the variables, and
reducing the original problem to one with fewer variables and with inequal-
ities only. This is essentially the approach taken by Mangasarian and
Fromovitz (Ref. 1) in extending the Fritz John condition to problems with
equality constraints. They also observed that the naive approach of writing
anequation i{x) = 0 as two inequalities [2(x) <0, —~A(x) < 0]is useless as far
as necessary conditions are concerned, because the resulting conditions are
trivially satisfied at any feasible point. The same is true for second-order
conditions; see Section 3.
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2. Necessary Conditions for Problems with Inequalities Only

Int this section, we study a special case of Problem (NLP), where J = &.
Thus, we consider the following problem [Problem (P)]:

(P) min f°(x),
subject to f*(x)<0, kel

First, we recall the following definition: a differentiable function
g:R" > R is pseudoconcave on the convex subset § at x if

Vglx)z—x)=s0>g(z)<sg(x), forall z e S.
The function g is strictly pseudoconcave if
Vglx)z—x)<0=>g(z)<gx), z#x.

In particular, a function v : R - R is pseudoconcave at 0* if, for some T >0,
v(#) is pseudoconcave on [0, T] at £=0. For a fixed vector x*€ R" and
deR" let

O (d)2{z: (z,d)#0, f*(x*+1td +3t*z) is pseudoconcave at 0" as a
function of t}, k #0;

Q¥ (d)2{z: (z,d)#0, f(x* +1d +517z) is strictly pseudoconcave at 0"
as a function of ¢}.

The following lemma is a convenient tool to derive a variety of primal
necessary conditions.

Lemma 2.1. Let the functions {f*: k € {0} I} be differentiable, and
let x* be a local minimizer of Problem (P). Then, for every d satisfying
VF*(x*d =<0, kels, M
it follows that Q*(d) = J, where
Q* )& () Q.

» ke A d) _

Proof. Let_c? be a vector satisfying (1), and assume that Q*(d)# &.
Let then z € @*(d). For k € I\I'*, f*(x*) < 0; hence, by continuity, for some
T > 0 sufficiently small,

frx*+ed+31°2)<0,  tel0, Tl ke N3, ()
For every k € I§ \A*(d), we have that Vf*(x*)d <0, but
0> V“(x*yd ={(d/db) £ (x* + td +5t°2) =0,
showing that f* (x* + td +51°%) is strictly decreasing; hence, for some T} >0,
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A +d +3%5) <0, 1[0, T,  kel®\A*d); (3)
and, if 0 & A*(d), also
folx*+id+3°5)<fo(x*),  tel0, To), forsome Tp>0. (4)

For every k € A*(d), we have Vf*(x*)d = 0; hence, since 7 € Q*(d), for some
T, >0,

Fle*+d+3°2) < (x*) =0, 1[0, Til ke A*(d), k #0;
and, if 0 A*(d) also,
Folx*+1d +36°8) < fo(x%), tef0, Tp), forsome Tp>0. )
One infers from (2)-(5) that a small movement from x* along the curve
) =x*+td+3t°z

decreases the value of the objective function at x*, while maintaining
feasibility. This of course violates the assumption that x* is a local mini-
mizer. 0

Lemma 2.1 is a source to derive both first-order and second-order
optimality conditions. First, we derive the following refinement of the Fritz
John condition obtained by Mangasarian (Ref. 10, Theorem 10.2.2). We
recall that a function % is locally pseudoconcave at x if, for some neighbor-
hood N of x, A is pseudoconcave on N at x. Let us define also the following
index set:

N*&{kelI: f* is not locally pseudoconcave at x*}.
Corollary 2.1. Under the assumptions of Lemma 2.1, a necessary

condition for a feasible point x™ to be a local minimizer of Problem (P) is that
the system [System ()]

Vo(x*d <0,
Vi (x*)d <0, keN*
Vi (x*d <0, kel*\N*,

has no solution d € R”, or equivalently that the system [System (II)]
T Vet =0,
kel

y=0, kel
{ve: k €{0}UN*} are not all zero
has a solution {y.: ke I¥}.
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Proof. Only the inconsistency of System (I) has to be shown, since
the equivalent statement, on the consistency of System (IT), follows from
Motzkin’s theorem of the alternatives (e.g., Ref. 10). Note that, for k¢ N*,
the corresponding function fk is locally pseudoconcave at x*; hence, in
particular, fk (x +1td) is pseudoconcave at 07, as a function of ¢, for every
d € R". This implies that

0 M QF(d), for every d.

keN*

If System (I) has a solution, say d, then
A*(d) = T*\N*;
and so, from the previous relation,

0c M QFd)# T,

A¥(d)

violating the necessary condition of Lemma 2.1. O
Let {N} (d)} be subsets satisfying

Ni(d)CQ¥E(d), keA*d). (6)
Then, the condition Q*(d) = I clearly implies that
M Nid)=d;

ke A*(d)
hence, replacing the set Q*(d) by " N§ (d) in Lemma 2.1 results in a valid
necessary condition. This idea can be exploited in various ways. Perhaps, the
most natural way is the one used to obtain the following primal necessary
condition.

Corollary 2.2. Let {f*: k €{0} U I} be twice continuously differenti-
able, and suppose that x* is a local minimizer of Problem (P). Then, for every
d satisfying (1), it follows that no z € R" solves the system

Vi (x¥)z +d'Vf (x¥d <0, ke A*(d). (7N

Proof. Note that (7) is the same as
[(d?/df*) [ (x* + td +362)]i=0<0;

the latter implies that FX(x*+1td +3¢t°z) is strictly concave in the neighbor-

hood of 7= 0; hence, it is strictly pseudoconcave at 0". Therefore, the set

N (d) of all z’s solving (7) satisfies (6). O
The dual necessary conditions follow.
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Theorem 2.1. Let {f*: k {0} U I} be twice continuously differenti-
able functions, and suppose that x* is a local minimizer of Problem (P).
Then, corresponding to every vector d satisfying (1), there exist multipliers

e =0,  kel§, not all zero, (8)
satisfying
T wVFa*) =0, ©
kelg
WV (x*d=0, kelf, (10)
d’{ ¥ kaka(x*)]d =0. (11
kel

Proof. Letd be a fixed but arbitrary vector satisfying (1). Consider the
matrix A whose rows are

{VF*(x*) : ke A*@)},
and consider the vector b whose components are
{=d'Vf (x%)d : ke A¥(d)}.
With these notations, Corollary 2.2 states that the linear system
{Az <b}
has no solution. This is equivalent to saying that the linear program
max(A: Az + X <p}

has optimal value A * <0; here, A is the vector (A, A, .. ., AY, with obvious
dimensionality, Thus, the dual program

min{d'y: Ay =0,Zy. =1, v =0}

has a nonpositive optimal value, i.e., the system

Ay =0, b'y=0, y=0, y #0, (12
has a solution

7 ={k: ke A*(d)}.
If we define also i, = 0 for every &k € I \A*(d), we see from (12) that
{Fe:kelf}

satisfy (8)~(11). 1
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It should be emphasized that the multipliers are not fixed constants, but
rather functions of the critical directions [i.e., those d’s which satisfy (1)]. In
the following example, we illustrate a situation where, at an optimal point,
there are no fixed multipliers satisfying (8)—(11). This means, in particular,
that none of the Kuhn-Tucker type second-order conditions are valid for
this example.

Example 2.1. Consider the problem
min f°=2x1x3 +3x3,
subject to ]‘”1 =2x1X3+5x5 <0,
FF=2xx3+3x7 <0.
The point
x*=(0,0,0)

is an isolated local (in fact, global) minimizer. This can be easily verified as
follows. If there is an x # 0 at least as good as x* =0, then it must satisfy
f(x)=<0, in addition to

lix)<0,  fx)=o0.
If one of the components of x is zero, say x; = 0, then it follows, from
f'=<0, f’=<0,
that x> = x3 =0, hence x = 0. Thus, x; # 0, x2 0, x3 # 0; this implies that
x1x2, <0, X1x3<0, Xax3 <0,
which is impossible, since multiplication of these three inequalities yields
x1x3x3 <0.
Note that here
VFx*)=0, i=0,1,2;

hence, (1) is satisfied by every d € R" and (9), (10) are satisfied by arbitrary
multipliers. Thus, only (8) and (11) need checking. We show now that no
fixed multipliers satisfying (8) can satisfy condition (11), which is here

y2  2yo 2y1|[ds
(di,da, d3)| 2y0  yv1 2yv21{d2 |20, deR" (13)
2y1 2y2 Yo ds
Indeed, for
dA:(Os 13 ...1)"’ dgz(la O’ —1)(; dC:("l: 19 O}!:
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(13) become, respectively,
Yot yi—4y,=0,
Yo+y2—4y; =0
yitya—dyo=
which upon adding yield
2(yo+y1+y2) <0,
contradicting (8).
However, (8) and (11) do hold with
{1,0,0), if did2=0,
(y0, y1, ¥2) =4 (0, 1, 0), ifdid; =0,
(0,0,1), if drd;=0,

showing that Theorem 2.1 is valid.

Another consequence of Lemma 2.1 is the following first-order result
which, in certain special cases (to be discussed below), may do better than
the second-order results.

Corollary 2.3. Under the assumptions of Lemma 2.1, a necessary
condition for a feasible point x* to be a local minimizer of Problem (P) is
that, for every d # 0 satisfying (1),

de () L§,
keA¥(d)
where
54 ({d: f*(x*+1d) is concave at 0 M, k>0,
{d: f°(x +td) is strictly concave at 07}, &k =0.

Proof. Suppose that d is a nonzero vector satisfying (1) and also
de nL¥. Then, 0€ Q*(d), violating the necessary conditions of Lemma
2.1. |

To illustrate this last result, consider the following example.

Example 2.2,
min f°=xy,
subject to f* = —(1 ~x1P +x,<0,
FP=-x,<0,
f=-—x,<0.
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This is the famous example used to demonstrate the failure of the Kuhn-
Tucker conditions in the lack of constraint qualification. The second-order
condition in Theorem 2.1 does not help much, because these conditions are
trivially satisfied here, regardless of the objective function. In particular,
they are satisfied at x* = (1, 0), which is not a local minimum here (in fact, a
global maximum). At this point, the active constraints are the first and the
third, so

I§ ={0, 1,3}

In applying Corollary 2.3, note that f° and f° are concave and that the
inequalities

VA E*d<0, VAERHd<O0

are contradictory. Thus, we are left to check whether there exists (dy, d2) #
0, such that

d1=0, d>=0, t*d? is concave at 07, —dr=0; (14)
since
(dl, d2)¢0, d2=0,

it follows from the first constraint that d, <0; hence, £diis strictly concave
for t>0, and hence the system (14) is consistent, showing that x* is indeed
nonoptimal.

Note that, if fk is a convex function, then, for every d € R”,

{d: f*(x*+1td) is linear at 07}, k>0,
= 15
Li { &, k=0. (15)
Moreover, for 0 # k e A*(d),
L¥={d: f*(x*+1d) is constant at 0"} £ D¥. (16)

The set D¥ was introduced in Ref. 11, where it was called the cone of
directions of constancy of f* at x*. It was shown there that this cone is also
convex and is in general quite easy to compute. In fact, for analytic convex
functions, it can be described by a system of homogeneous linear equations.

Thus, for a convex programming problem, Corollary 2.3 reduces to the
following result, which was first obtained in Ref. 11.

Corollary 2.4. Let{f*: k € {0} u I} be differentiable convex functions,
and let x* be a minimum point of Problem (P). Then, for every d satisfying
Vo(x*)d <0,
Vi (x*)d <0, kel¥*,
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it follows that

d¢ (N D%

AM(d)

Remark 2.1. The optimality conditions in Corollary 2.4 are also
sufficient, the reason being that, for a convex feasible set, it is enough to
check improvement of a given solution only along straight lines.

Another important case where Corollary 2.4 gives a necessary and
sufficient criterion for local minimum is when the feasible set F of (P) is
locally starshaped at x*; i.e., there exists a neighborhood N of x*, with
N N F# (J, such that

x€NANF, O0=sAa<s12{0-Ax*+iaxeNnFE

F is called locally starshaped if it is locally starshaped at every x € . Any set
which can be represented as a finite union of convex sets has this property.
Examples of functions f for which the constraint f <0 generates a locally
starshaped set are

k
fey=1I1 (@ix+p),  f&)=—(a'x+B)*+’(x);

here, ¢ is a convex function.

3. Necessary Conditions for Problem (NLP)

In principle, an equality constraint 4'(x) =0 can be expressed as two
inequalities:

Wx)<0, —h(x)=o. (17)

However, this does not help much as far as the necessary conditions are

concerned, because the conditions in Theorem 2.1 will be trivially satisfied

at an arbitrary feasible solution. In the primal version of Theorem 2.1

(Corollaljy 2.2), we will have the following pair of contradicting inequalities,
which result from (7) when applied to (17):

VA (x*)z + d'V?hi(x*)d <0,
~Vh! (x*)z —~d'V?h' (x*)d < 0.

The approach adopted here instead is to eliminate the equality con-
straints by solving the equations

{h'(x)=0,jel},
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thus expressing some of the variables in terms of the others. This reduces
Problem (NLP) to Problem (P) with fewer variables and with inequalities
only. The gradients and Hessians of the reduced functions are computed by
using the implicit function theorem.

First, we extend Corollary 2.2.

Theorem 3,1. Primal Necessary Condition. Consider Problem (NLP)
with twice continuously differentiable functions

{ffrke{0lull, (W:jely, .

and suppose that x* is a local minimizer of Problem (NLP). Assume further
that the gradients {Vh'(x*): j € J} are linearly independent. Then, for every
critical direction d, i.e., for every d satisfying

Vi(x*d=<0, kelf, (18)
Vhi(x*d=0, jel, (19)
it follows that no z & R” solves the system
VA (x¥)z +d' Vi (x*)d <0, ke A*(d), (20)
VA (x*)z +d'V? R (x*)d =0, jel. (21)

Proof. If m =card J is equal to n {(number of variables), then d =0 is
the only solution of (19), and so z = 0 is the only solution of (21); hence, (20)
cannot hold. Thus, for this case, the optimality conditions are trivially
satisfied. Therefore, we assume that m <n; and so, by the assumption that
{Vh/(x*): jeJ} are linearly independent, it follows that there exists a
partition
LuB={,2,...,n}, card B = m,

such that the matrix H whose (7, /)th element is
oh’ ,
H;= {5;(36*): jed, ieB}

is nonsingular. Therefore, by the implicit function theorem, applied to the
system

(W (x)=0,hel},

we conclude that, for some neighborhood N of x*, there exists a twice
continuously differentiable vector-valued function #:R"™™->R™, with
components {§": r € B}, such that

xg = 6{x1), for all x = (x., xg) € N,



JOTA: VOL. 31, NO. 2, JUNE 1980 155

ie.,
B (xe, 6(xL))=0, jelJ (22)

Problem (NLP) is then reduced to the following inequality constrained
problem with n —m variables {Piobiem P
(P) min{f°(x.): subject to f*(x.)<0, k e I'}, where

Fa) 2 (e, 0(x)),  kel0lul, (23)

and our assumption implies that x¥ is a local minimum for Problem (P).

Suppose now that the conclusion of the theorem is false, andlet d, z be a
pair of vectors satisfying (18)—(21). To proceed, we first introduce some
notations: V k' is the mX(n—m) matrix whose jth row, jeJ, has
components

{gi—l;(x*): ieL}.

Likewise, Vh' is the row vector with components

ok’
{—: iEB}
axi
Also,
96" a*6*
0y 2—@x¥), o654 x%);
i ax,’( L) i axi ax;( L

hy and ki have similar meanings.
With the above notations, (19) can be rewritten as

Hdg +V h'd, =0,
from which
dp=-H 'V h7)dy. (24)
Implicit differentiation of (22) gives
Vo=-H'(V:h),
SO
Vi =VLf* +(Vsf Vs, by (23),
Vi =Vef = (VafYH(Vh?), by (24);
hence, by (18) and (24),
(Vefdr <0, kelf. (26)

(25)
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Rewriting (21) as
Hzpg+Vih'lz = —w,
where w is a vector whose rth component is
w, & d'Vh' (x*)d,
one infers that
zg=—H 'w—H YV h")z.

Twice differentiation of (22) gives

rnmeB reB

hlsl+ z hfk0f+ z h719:+ Z himejmgr+ Z hio;j:O,
keB teB

(27)

(28)

ijel,sel.

Multiplying these equations by did;, summing over all i, j € L, using the fact

that
de=7 d6f, keB,

jeL
which follows from (24) and (25), one obtains
(Vgh9a=-d'(V’h*)d, sel,
where a is the vector rth component is
a,2d(V6")dy.

Similar to the derivation of (29), we derive from (23)

dr(Vif*)dr =d'(V’f*)d +(Vsf*)a.

But, from (29) and (27),
a=-H 'w=zg+H 'V h))zs,
by (28), so that (31) becomes

dy(Vifydy=d'(Vf)d+(Vef)zg+(VafVH '(Vih')zL
=d'(Vf)d +(Vaf)zp + (Vo )z — (Vi f )z,

by (25); or, rearranging terms,
(Vifzp +d (Vi) = d'(V*FF)d + (V)2 <0,
§

(29)

(30)

(31

for k e A*(d),

by (20). The latter inequalities, together with Inegs. (26), show that
dp, zp € R™™™ are vectors violating the necessary conditions for x} to be a

local minimum of Problem (P), a contradiction.

O



JOTA: VOL. 31, NO. 2, JUNE 1380 157

The dual result of Theorem 3.1 is an extension to second-order
conditions of a result due to Mangasarian and Fromovitz (Ref. 1) and, for
J =, of the classical Fritz John conditions.

Theorem 3.2. Dual Necessary Conditions. Consider Problem (NLP)
with twice continuously differentiable functions

{(fF ke{0}nD, {h:jer},

and suppose that x* is a local minimizer of Problem (NLP). Then, cor-
responding to every critical direction d, there exist multipliers

ve=0, kelI¥, w<cR,  jelJ, notallzero, {(32)
satisfying
L vV M+ T w VA (%) =0, (33)
kel jef
vV (x*d =0, kelt, (34)
a] £ TN+ L ] =0 (35)
kelg jer

Proof. If {Vhi/(x*):jeJ} are linearly dependent, then (32)~(34) are
trivially satisfied by yx =0, k€ I{, and some u; =g, jeJ, not all zero.
Moreover, for every d € R”, (35) is satisfied either by the above chosen
multipliers or by y. =0, u; = ~4,.

If {VAhi(x*): jeJ} are linearly independent, then the assumptions of
Theorem 3.1 are satisfied, in which case one can dualize its necessary
condition in a manner similar to that used in proving Theorem 2.1. We omit
the details, £

It may happen that, for every critical direction d, i.e., 2 direction d
satisfying (18) and (19), the corresponding multiplier of the objective
function y, = yo(d) is equal to zero, in which event the necessary conditions
hold regardless of the objective function. This may happen for example, if x*
is an isolated feasible point. To exclude such possibilities, an additional
assumption is needed. Thus, we shall say that the constraints of Problem
(NLP) satisfy a constraint qualification if, for at least one critical direction d,
the multiplier yo(d) is strictly positive. All the first-order constraint
qualifications and second-order constraint qualifications (see, e.g., Ref. 4,
Ref. 6, and Ref. 10), used to obtain the customary Kuhn-Tucker type
necessary conditions, fall into the category of our definition, which is
broader. See Example 3.1 below. Note that a constraint qualification still
does not guarantee the existence of fixed multipliers satisfying (32)—(35) for
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every critical direction d. Conditions which do guarantee the latter will be
termed strong constraint qualification. The above mentioned second-order
constraint qualifications are strong.

The following Condition (CQ) is a natural extension of the so-called
modified Arrow—Hurwitz-Uzawa condition, introduced in Ref. 1; see also
Ref. 10, p. 172:

(CQ) The gradients {VA'(x*): jeJ} are linearly independent and
there exists a critical direction d satisfying (18), (19), and a vector zeR"
such that

Vi (xz +d' VP (x*)d <0,  kel™(d),
Vi (x*)z +d'VH (x*)d =0, jel,
where
T*(d) 2 {k e I*: Vf*(x*)d = 0}. (36)
Note that, if there exist v € R" satisfying
V*(x*)v <0, ker*,
Vhix¥)w =0, jelJ,
i.e., if the modified Arrow~Hurwitz—Uzawa condition is satisfied, then (CQ)
holds trivially with d =0 and z = v.

Propesition 3.1. Condition (CQ) is a constraint qualification.

Proof. We have to show that yo(d)>0 for some critical direction.
Assume the contrary, i.e., yo=0. Thus, by (32)—(35), the linear system with
unknowns {yi: k e T*(d)}, {u;: je T},

Y wVf M+ .2, ui VR (x*)=0,

kel™(d)

37
Y wldVFaNd) + L p(d' VR (x%)d) =0,
kelT™*(d) jeJ
yi =0, keT*(d),
(38)

k= 1’
keT*(d)
has a solution for every critical direction d. (Note that (38) reflects here
condition (32), since the linear independence of {VA'(x*): h € J} excludes,
by (37), the possibility that y, =0, for all k e '*(d).)
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Therefore, the linear program

min Y ye(~d' VN + Y w(~d' VR (x%)d),
) jeJ

kel™*(d
subject to (37) and (38),

has a nonpositive optimal value for every critical direction 4, Conseguently,
the dual program

max A,
subject to  VF*(x®)z +A < —d'V*(x*)d,  kel*(d),
Vhi(x®)z = —d'Vh (x%)d, jel,

has also a nonpositive optimal value A* <0 for every critical direction d,
showing that no such 4 exists for which some z € R" satisfies condition
(CQ. O

Our next result states essentially that the following condition [Condi-
tion (SCQ)]:

(SCQ) (VA (x®):jel}, {Vf ¥ kel *} are linearly independent

is a strong constraint qualification. However, we will write it formaily,
because it is rather a well-worn result encountered in most textbooks on
nonlinear programming (e.g., Refs. 4, 7, 8, 9). The proof of this result is quite
involved in the above mentioned references; but, with Theorem 3.1 at hand,
it is almost trivial.

Theorem 3.3. Under the assumptions of Theorem 3.2 and the addi-
tional assumption (SCQ), a necessary condition for a feasible pointx*tohea
local minimizer of Problem (NLP) is that there exists multipliers

ye=0, kel*, weR, jel, (39)
such that
VW + T VN + T VR (%) =0, (40)
keI* jed
d’[v2f°<x*>+ 5 ykvzf“‘(x*)nuzu,»vzhf(x*ﬂdzs, (41)
kel* jeJ

for every d satisfying
VFa"d <0,  kel*

4 (42)
Vh(x9)d =0, jel
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Proof. Since x* is a local minimum, it satisfies the necessary condi-
tions of Theorem 3.2. However, the additional assumption (SCQ) excludes
the possibility that yo = 0, for otherwise (32), (33) contradict (SCQ). Thus,
yo>0, hence can be taken equal to one (by the homogeneity of the
conditions), and (32), (35) reduces to (40), (41). Moreover, (40) can have
only one solution (again by the linear independence assumption), hence the
multipliers are fixed. Finally, multiplying (40) by d, using (19) and (34), we
see that

Vfx*)d =0,
which justifies the absence of this relation in (42) [see (18), {191 (]

The following example illustrates a situation in which Condition (CQ) is
satisfied, but no strong constraint qualifications hold.

Example 3.1. Consider the problem given in Example 2.1. It was
already shown there that, at the optimal point x* = (0, 0, 0), Kuhn-Tucker
type conditions cannot hold, since no fixed multipliers exist. However, for
the multipliers found there, yo(d)#0; indeed, at x* Condition (CQ) is
satisfied, with d =(—1, 1, 1) and arbitrary z € R.

Theorem 3.2 holds in fact under strong constraint qualifications which
are weaker than Condition (SCQ); see, e.g., Ref. 12. At any rate, Theorem
3.1 is a convenient tool to derive second-order Kuhn-Tucker type results,
under these qualifications, in a similar way to the derivation of the first-order
Kuhn-Tucker conditions through the use of the Fritz John conditions. See,
e.g., Ref. 10.

Remark 3.1. In most textbooks (e.g., Refs. 4, 6,7, 9), aresult weaker
than Theorem 3.3 is cited. Namely, the set of critical directions d satisfying
(42) is replaced by the smaller set of tangent directions d satisfying

Vi (x*d =0, kel*

Vh'(x*)d =0, jel.
The source of this weaker result can be attributed to the traditional way of
treating the active inequality constraints as equality constraints. The follow-
ing example shows that replacing (42) by (43) indeed weakens the necessary
conditions.

(43)

Example 3.2. Consider the problem
min f°=*x%—x1—xz,
subject to  f>=exp(—xy)+x;+1=<0,

f2=-—x1+x§s0.
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The point x* = (0, 0) is not optimal: x{e) = (e, —¢), for 0se <1, is a better
point. Accordingly, the necessary conditions of Theorem 3.3 are not
satisfied here, since they require that

~3d: =0, (44)
for every dy, d, such that
d1+d2'5:‘.0, “d1<0,

which is clearly impossible. However, if (43) is used instead of (42), then (44)
has to hold only for dy, d», such that

di+d>=0, —d, =0,

a valid statement.

4. Sufficient Conditions

In this section, we derive sufficient conditions for a feasible point x* of
Problem (NLP) to be an isolated local minimizer.
First, we derive the dual sufficient condition given in Table 1.

Theorem 4.1. Dual Sufficient Conditions. Consider Problem (NLP)
with twice continuously differentiable functions { feoyo Iy, (B jeJh A
sufficient condition for a feasible point x* to be an isolated minimizer of
Problem (NLP) is that, corresponding to every nonzero critical direction 4,
there exist multipliers

yi =0, kell, uieR,  jelJ, notall zero,
such that (33) and (34) are satisfied and

I RAS S VR ()] d>0. 45)
kil jet

Proof. Suppose that x* is not an isolated local minimizer. Then, there
exists a sequence of feasible points {x,.}, x,, = x¥, such that

Fla) <™.
Specifically, {x,) can be chosen in the form
X, =x*+ t,d,,

where {t.} is a sequence of positive scalars converging to zero and {d,}is a
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sequence of normalized direction vectors,
ldafl=1.
For every k € I'§, we have
FE ) < (e™);
hence, by Taylor expansion, for some 0= ¢ i =1,
025 (x* + tadp) = (x%) = 1.V M)y +30d LV (2 + £ntnd ) d
so that

0= VF (x*)d, +3t.d, VF (x* + £5t,d,)d,, keIl (46)
Similarly, for the equality constraints,
0=Vh (x"d, +5t.d,Vh' (x* +nitd)d,, e, 47

for some 0<nl <1, jel Let {t,d.}x be a convergent subsequence of
(t., d.) whose limit is thus of the form (0, d), where

Il = 1.
It follows then, from (46) and (47), that
VFicx*)d<0, kel  VHx®d=0, jelT,;

i.e., d satisfies (18) and (19). Therefore, by the assumptions of the theorem,

there exists multipliers {7, }, {i;} satisfying, together with d, (32}, (33), (45).

Next, multiplying (46) by ¥, (47) by ji;, and summing for all k € I§ andje J,
one obtains

0= dd| T VSOt + T BT nhd) |d (48)

kell jer

Dividing by 3t and letting {f,, d.}x approach its limit, we get from (48) a

contradiction to the fact that {7,}, {ii;}, 4 satisfy (45). O

Remark 4.1. If one restricts the multipliers {y;}, {&;} to be fixed (i.e.,
to be the same for every critical direction), then Theorem 4.1 reduces to a
result due to Penissi (Ref. 5). If one further restricts y, to be positive, then
Theorem 4.1 reduces to the widely used sufficient conditions of Fiacco and
McCormick (Ref, 4, Theorem 4). Our proof of Theorem 4.1 is quite similar
to the proof of Theorem 4 in Ref, 4; nevertheless, Theorem 4.1 is a strictly
better sufficient condition. This is illustrated by the following example.

Example 4.1. Consider again the problem given in Example 2.1. It
was already shown there that no fixed multipliers satisfy even the weak
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inequality (45). Thus, Penissi’s result, as well as the result of Fiacco and
McCormick, fail to extablish the optimality of x™* = (0, 0, 0). In contrast, the
sufficient conditions in Theorem 4.1 are satisfied by the multipliers

{1,1,0), if d;=0,
(1,0, 1), if d;=0,
0,1, 1), it d;=0,
(y(): Y1, yZ)x (1’ 0’ O), lf d1d2>0,
{0,1,0), if dids>0,
(0,0, 1), it dyd;>0.

i

™

\

Theorem 4.1 can be stated in an equivalent primal form given below.
We note that primal forms of the above-mentioned classical sufficient
conditions do not exist.

Theorem 4.2.  Primal Sufficient Conditions. Under the assumption of
Theorem 4.1, a feasible point x* of Problem (NLP) is an isolated local
minimizer if, for every critical direction d, thereisno z € R", (z, d) # 0, such
that

VA ®)z +d'V(x*)d <0, ke A*(d), (49)
VA (x*)z +d'Vh (x*)d =0, jeJ, (50)
where as before

AMdY 2 {k: VI (x*)d = 0}.

Proof. If 4 =0, then the inconsistency of the system (49), (50) is a
trivial sufficient condition. Thus, assume that d # 0. Consider the matrices A
and B, given by their rows

A={VFA*) ke A*d)}, B={Vh(E%:jel},
and consider the vectors a and & given by their components.
a={-d'Vf*(x*)d: ke A*d)},  b={~d'VH (x*)d:jel}.

With these notations, the conditions of the theorem can be restated as
follows: for every critical d, the system

Az<a, Bz=b5h

has no solution. By a well-known alternative theorem (e.g., Ref. 13,
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Theorem 1) the latter is equivalent to the consistency of the system

yA+uB =0,
a'y+b'u>0,
y=0, (yu)#0.

Therefore, there exists {Fx: k € A*(d)}; {;: j € J} satisfying

)7k20, kEA*(d)s ()7’ ﬂ)#os

DR AAC LS % wi VR (x*)=0,

keA™(d)

Y (~d'Vxd)+ Y g (—d'Vh (x*)d) <0.

ke A*{d) iet
Define
=0, forkelf, ke A*d).
Then
{Fe:kels), a,jel}

satisfy the sufficient conditions of Theorem 4.1. O
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