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A Combination of Penalty Function
and Multiplier Methods for Solving
Optimal Control Problems'
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Abstract. The properties of combined multiplier and penalty function
methods are investigated using a second-order expansion and results
known for the Riccati equation. It is shown that the lower bound of the
values of the penalty constant necessary to obtain a minimum is given by
a certain Riccati equation. The convergence rate of a common updating
rule for the multipliers is shown to be linear.
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1. Introduction

Recently, methods for solving optimal control problems that do not
require the explicit solution of the differential equations have received some
attention. Hestenes has suggested (Refs. 1 and 2) a method that is a
combination of multiplier and penalty function methods. Rupp (Ref, 3) and
Di Pillo et al. (Ref. 4) have used similar techniques. The combined penalty
function and multiplier approach has also been used by Rupp (Ref. 5) for
isoperimetric constraints and by Nahra (Ref. 6), Méartensson (Ref. 7), and
O’Doherty and Pierson (Ref. 8) for terminal constraints. Properties of these
methods will be investigated here, using a second-order expansion and
properties of the Riccati equation. The properties of the free endpoint
problem are considered in Section 3, and those of the fixed endpoint
problem are considered in Section 4. Finally, convergence properties of an
iterative method for both free endpoint and fixed endpoint problems are
investigated in Section 5.
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2. Problem Formulation

The optimal control problem to be studied here can be formulated as
follows. Minimize the functional
T

Ix,u)= J Lix(t), u(t), t) dt + F(x(T)), n

subject to
() =f(x(t), u(t), 1), 0=r=T,
x(0)=a, ¢(x(T))=0.

Here, x and u are functions belonging to C1[0, T] and C¢'[0, T], respec-
tively. C§[0, T'] denotes the class of continuous k-vector-valued functions
on [0, T], while Cf[0, T] denotes the class of continuously differentiable
functions. The functions f and ¢ are vector-valued with » and r components,
respectively.

The following assumptions are made.

(i) L and f are three times continuously differentiable with respect to

x and u.

(ify L and f, together with their first and second derivatives with
respect to x and u, are continuous with respect to .

(iii) Fand ¢ are three times continuously differentiable.

(iv) The minimization problem has a solution, denoted by (X(f), i (1)).

Define the Hamiltonian

H(x (@), u(®), p(0), ) =L(x (@), u(t), )+ p T (OF (x (1), u(®), 1), (2)

where p is a continuous function of time. The standard necessary conditions
for the optimal control probiem are given by the following theorem.

Theorem 2.1. Let %, i7 be the solution to the problem defined by (1),
and assume that the following regularity conditions are satisfied.

(i) The matrix ¢, (x(T)) has rank r.

(ii) Given any vector z, it is possible to find a continuous function v
such that

() = f(£(0), @), DR+ fu(E(0), a(@®), Yo,  h(0)=0,
has a solution satisfying
WT)=72z,

i.e., the linearized system is controllable. Then, there is an n-dimensional
vector-valued function p{(¢) and an r-dimensional vector b such that, for all



JOTA: VOL. 28, NO. 3, JULY 1979 305

tel0, T],
—p(t) = H (%(1), d(2), p(1), 1),
P(T)=F{(F&(T)+yx (&(T), 3
H,(%(t), a(2), p(e), ) =0.

Proof. See Luenberger (Ref. 9).

3. Optimal Control Problem with Only Differential Equation Constraints

In this case, the problem can be written as follows. Minimize the
functional

T

I(x,u)= J. Lix(t), u(t), t) dt+F(x(T)),

subject to
Q) =fx@),ulr),n, 0st=T,

4
x(0)=aq. @)

The idea in Hestenes (Ref. 1 and Ref. 2) is to form the augmented function

TG gy €)= | AL, (0,007 OLFO, u@), )= 50)]

+e/ DU (D), ule), ) —5(]"
[f(x (@), u(t), )= % (O]} dt + F(x(T)). (5)

Here, ¢ is a positive real number and p is a continuous function. The
functions x and u are now allowed to take arbitrary values, not necessarily
satisfying the differential equation x = f(x, u, £). The condition x(0)=a,
however, is still applied.

It has been proved by Hestenes (Ref. 1) that J(x, u, p, ¢) has a local
minimum at (£, ) if ¢ is large enough. Here, a different proof, based on the
Riccati equation, will be given. It has the advantage of showing what the
lower bound of ¢ is. The connection with the sufficiency conditions in Bryson
and Ho (Ref. 10) is also given.

To show that J(x, 4, p, ¢) has a local minimum at (%, ), an expansion is
used. Let

x()=E()+h(s), ulty=u(t)+ k().
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Since the function x belongs to C7[0, T}, with x(0) =4, and u belongs to
Co'[0, T1, only variations # and k satisfying A(0) =0, with  belonging to
C1[0, T]and k belonging to Cg' [0, T], are of interest. The functions »# and
k satisfying these conditions will be called admissible. The following norms
are used:

Il = OSS‘fET"h(’)” + Oil:nglh'(t)il,

&llo = Sup e o,

=t=

where || - | denotes an arbitrary vector norm. In what follows, x and u will
often be written in place of x(z) and u(z), to simplify the notation.
The expansion can now be written as
T

J(@E+h a+k,p, c)=J. {H(Z+h, a+k,p,0)—p (E+h)
0

+e/AUfE+h, a+k, t)—%—h]"[f(E+h, a+k,t)
~%—hl}dt+F(E(T)+h(T)),
where the Hamiltonian
H=L+p'f

is used. Expanding H, f, F in a Taylor series gives
T

JEx+h a+k, pc)=J(%, a,p, c)+J (Hh +Hk —pTh) dt+ Fh(T)
0

" f ' (h"Hh
2
+2h TH, k +kTH, k) dt
+ % LT cFTFh+kTF Tk +hTh+ 20Tk
=207 fIn -2k 7f k) dt
+3h(T)F h(T)+R(h, k),
where H,, H,, H,,, etc., are evaluated along (%, &),

T
|R(h, k)| <e(h, k) j (h"Th+h"n+ k) dt,
4]

and g(h, k)~ 0 as (h, k)~ 0 in the norms given above.
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Since p satisfies the conditions of Theorem 2.1, it follows from an
integration by parts that the linear terms disappear. Then,

1 T
JE+h,a+k p,c)-J(X a,p,c)= 2 j {hT (Hox + cf1foh
1]

+2h T (Hyy +cfsfu)k

+ kT (Hy +cf itk +ch ™R

—2chfih —2ck"fIRY dr

+h T (T)Foh (T)+ R (h, k)
=8°J(h, k)+R(h, k).

To prove that 82T is positive, we transform it into a perfect square. First,
observe that, for any continuously differentiable matrix function S, it is true
that

f (h"Sh+2h"Sh) dt —h " (T)S(TYR(T) =0

for all continuously differentiable 4 satisfying
h(0)=0.

The addition of a term of this form to get a perfect square is used in the
calculus of variations; see Gelfand and Fomin (Ref. 11). Adding this
quantity to 8°J gives

T
52J = % j (BT (o + f T, + )b + 20T (i + cf )k
(4]

+ kT (Hy + cfaf ke +ch R +207(S —cf B — 2ck "fIRY dt
+3h T (T)[F — S(T)]H(T)
_1 JT [ k+H o (Hux +fuS)h ]T
2Jo Lh+[fH i (Hu +f28)+(1/c)S ~f.]h
.[Huﬁcz“ffu —cfEM ke + H s (Hoe + fuS)h ] P
~cfu o JLh+[fH i (Hu+f28)+(1/c)S~f.h

177 .
= j RTLS + Hy ~ HoH o Ho + (fo — foH 2 Ho) TS
0

+S(fx _qu;z}Hux}_Squ;; ZS_(L/C)SZ} dt
+3h " (T)[Fp~ S(T)IA(T). (6)
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Here, it is assumed that H,, is nonsingular. Now, the following theorem is an
immediate consequence.

Theorem 3.1, Let (%, &) be a solution to (1), and let p satisfy Eq. (3) of
Theorem 2.1. Also, assume that ¢ >0, and
Ho(2(0), a(0), p(1), >0,  t€[0, T],
and that the Riccati equation
~8 = Ho ~ HoH wsHou + (fo~ fuH s Hi)'S
+8(fe~fuHwHao) = SUHufi +(1/O11S,  S(T)=Fu (1)

where H,,, etc., are evaluated along £, 7, has a solution over the whole
interval [0, T]. Then, 8%J(h, k)> 0 for all admissible # and k that are not
both identically zero.

Proof. First, it is shown that the matrix
[Huu + cfffu —cff]
—cf. cl
is positive definite for all ¢ > 0. Form the expression

[T wT] [H,m +cf it —cff] [z

’ —cf, cI w] =z Huz +c(fuiz —w) (fuiz —w)=0.

Equality is attained only for z=0, w=0.
Since the second and third terms of 8°J in (6) disappear, it follows that
8°J =0.1f 8°J =0, then

k+Hp (Hyu+faS)h=0, 0=t=<T,

B+ [fuH s (Hy+ fuS)+(1/c)S ~f,Jh=0, 0=t=T.
Since 4 (0) =0, it follows from the uniqueness theorem for linear differential
equations that 4(¢) is identically zero. Then, k is also identically zero. [

To show that J has a minimum at (%, i), it is not enough to know that 8%
is positive. It must also dominate the higher-order terms. The result of
Theorem 3.1 can, however, be strengthened.

Theorem 3.2. With the same assumptions as in Theorem 3.1, there
exists a constant i >0 such that

T
527 (h, k)=n j (WTh+hTh+ k) dt.
(1]
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Proof. Consider the expression
T
Alh b m) =87 k)= | (WTh+ KT+ KR d,
0

where n > 0. The value of A(h, k, ) is the same as the value of §>J(h, k)
with

h" (H + cfcf:)h replaced by b " (Ho +cf ofe —nl)h,

chh replaced by (c —n)A "k
kT (H,, +cfaf.)k replaced by k" (H,.., +cf f, — nDk.

It then follows from Lemma 7.5 in Appendix A that, if 5 is chosen
sufficiently small, then the Riccati equation corresponding to A(h, k, 1)
exists over the interval [0, T']. Since the matrix

[t )

is still positive definite for sufficiently small n, it follows that A(k, &k, n) =0,
and the theorem is proved. O

This leads directly to the following result, showing that J has a local
minimum at (%, 7).

Theorem 3.3. If the assumptions of Theorem 3.1 are satisfied, then

JE+h a+k, p,c)>J(x i, p,c)

for all admissible / and k, not both identically zero, and with ||&]; and [kl
sufficiently small.

Proof. From Theorem 3.2, one has

J(x_+h1 ﬁ+k7p—s C)_J(x_9 a:ﬁs C)
=8%J(h, k)+R(h, k)

T
=[n ~le(h, k)] L (hTh+hTh +kTk) dt >0,

if |i[l; and ||kllo are sufficiently small and % and k are not both identically
Zero. 0

It is interesting to note that the magnitude of ¢ that is required depends
only on the Riccati equation (7), provided ¢ > 0. The interesting question is
of course: is there any ¢ for which (7) has a solution over [0, T']? First, note
the following result.
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Theorem 3.4. If (7) has a solution on [0, T] for ¢ = ¢4, then it has a
solution for any ¢ =c;.

Proof. Let ¢;> ¢y, and define
Pi=f.Hufu+(1/c),
Py=fHufu+ /o)L
Then,
P, ~P,=0.
It now follows from Lemma 7.2 in Appendix A that
S2(8) = 84(1),

where $; and S, are the solutions corresponding to ¢; and ¢z, respectively.
Since, from Lemma 7.4, the only way the solution S can fail to exist on an
interval [#;, T'}is by going off to minus infinity, it follows that S, exists on any
interval where §; exists. O

Corollary 3.1. Either there are no values of ¢ for which (7) has a
solution on [0, T, or else there is a number co such that S exists on [0, T'] for
¢ > ¢ and goes to minus infinity for some #, €[0, T] when ¢ <c¢o.

Proof. Take co=inf{all ¢ >0 such that § exists on the whole interval}.
Od

Theorem 3.5. Let the Riccati equation
=8 = Hye — HyH g Hx + (fe ~ fuH s H) 'S
+8(fe ~ fuH wHox) = SfuH wfuS,  S(T)=F, (8)
have a solution defined in the whole interval [0, T). Then, there exists a

¢o=0 such that (7) also has a solution over [0, T] for all ¢ > co.

Proof. Since the difference between the matrices f.Hu.f. and
(fuH s T 4+(1/¢)I] can be made arbitrarily small by choosing ¢ large, the
result follows from Lemma 7.5 in Appendix A. O

An immediate consequence is the following theorem.

Theorem 3.6. Let (%; &) be the solution to (1) and let j satisfy Eq. (3)
of Theorem 1.1. Also, assume that

H, (@), 4(1),p(1),H>0, te[0,T],
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and that the Riccati equation (8) has a solution over [0, T]. Then, there
exists a constant ¢o = 0 such that J(x, u, p, ¢) has a local minimum at (%, &)
for all ¢ >¢q.

Proof. It follows directly from Theorems 3.5 and 3.3, O

The assumptions made in this theorem are the standard second-order
sufficiency conditions of problem (1); see, e.g., Bryson and Ho (Ref. 10). If J
has a minimum with respect to arbitrary (x, u), then it also has a minimum
with respect to the special choice of (x, u) which satisfies the differential
equation X = f(x, u, t). Since J =1 for these (x, u), Theorem 3.6 actually
forms an alternative proof of the sufficiency conditions.

So far, it has been shown that, when H,,,, >> 0, the existence of a solution
to (7) over [0, T'] is a sufficient condition for J to have a local minimum at
(x, 7). The condition is almost necessary in the sense explained in the
following theorem.

Theorem 3.7. Let j satisfy (3), and assume that J (x, u, p, ¢) has a local
minimum at (¥, #) for some ¢ > 0. Assume that

Ho(x(0), 4(0), p(0, >0,  tef0, T].
Then, the Riccati equations (7) and (8) have a solution over [¢, T] for all
e>0.

Proof. For J to have a local minimum, it is necessary that §°J (h, k) =
0 for all admissible / and . Since the solution of (7) exists on [#;, 7] for some
11 <T (local existence theorem for differential equations, see Ref. 12), it
follows that

57 )= [ hT (Hea+ cf T+ 20T (H+ o o)
(]

+ kT (Ho + cfafu )k +ch Th—2ch "fTh — 2k *fTh} dt
A JT{ k+H s (e + fuS)h }
2 ty h+[qu;lf (Hux'i'f;fs)"'(l/c)sﬁfx]h

_[wafffu ~cf3] [ ke + H iy (Hux + fuS)h ] 4
~cfu oI WR+[fHu (Hu+fi8)+(1/c)S~f]h

+3h T (1)S(t)h ().
Now, choose
k(t)y=¢, tel0, 1],

h(t)=(t/t1)a, te[oa tl]’
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where a is an arbitrary constant vector, and let 4 and &k be the solutions of
k= —Hu (Hu+fuS)h,
h=—[fHuw (Hu+fuS)+1/c)S b, h(t)=a,
in [#;, T]. For this choice of 4 and k, we have
13
8°J(h, k) =%aTJ (P (Hox +cfif)+cl —ct(fo+f1)} dta/ £ +3a"S(t1)a.
(1]
Since the A4 and k used here can be approximated arbitrarily well with
continuous & and continuously differentiable £, it follows that
8%J(h, k)y=0

also for this choice of & and k. Then,
t
a’S(t)a=— aTJ [A(Hex +cfif)+cl —ct(feo+f)ldta/ti (9)
4]

for any vector a. Now, suppose that S goes to minus infinity for r=1,, 0<
t,<T. Then (9) must be violated for some r; €{#;, T]. Consequently, the
solution to (7) exists on [e, T’} for any e. From Theorem 3.5, this is true also
for the solution to (8). d

Corollary 3.2. 1f the solution to (7) goes to minus infinity for some ¢ in
0, T), then J(x, u, p, ¢) does not have a local minimum at (%, &).

Example 3.1. Find the shortest distance between a point and a great
circle on a unit sphere.

Let the given point be at the origin 0 of a latitude~longitude coordinate
system with latitude @ and longitude «, and let the great circle be the
meridian a = 1. Then,

ds®=(d8)*+(cos 0 da)?,

and the problem is to minimize
L1
I= J- «/(u2+cos2 8) da,
0

where
6=u 6(0)=0.
The Hamiltonian is given by

H=~/(u2+cos2 9)+pu.
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The first-order necessary conditions are
u/(u? + cos’ H+p=40,
p =cos 4 sin 8/ (u*+cos’ 9), p(T)=0.
They are satisfied by
i=0, =0, p=0.
The second derivatives of H evaluated along i, é, p are
H,=1, H,=0, Hyp=—1.
The Riccati equation (8) then becomes
~dS/de=—-1-8% = S(a1)=0,
with solution
S(a)= ~tan{o; —a).
The second-order sufficiency conditions are satisfied if
0<ay<w/2.
The Riccati equation (7) becomes
—dS/da=-1-(1+1/c)§?  S(a1)=0,
with the solution
S = —tan[(a; — a)V(1+1/c)]/¥ (1 +1/c).
The lower bound of ¢ is then

co=ai/(m*/4—al) for 0<ay<w/2.

4. Extension to Terminal Constraints

The problem with terminal constraints can be written as follows.
Minimize the functional

I{x, u) =J L(x(t), u(®), t) dt + F(x(T)),

subject to
x(8) = f(x(8), u(), 1),
x(0)=a, Pix(T)=0.
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Terminal constraints have been treated by Nahra (Ref. 6), Martensson (Ref.
7), and O’Doherty and Pierson (Ref. 8). They replaced F(x(T)) by

F(x(T)+b Y (x(T))+2c¢” (x(THe (x(T))

and iterated on the multipliers 5. The combination of this idea with the
methods of the preceding section will now be studied.

Define
T

J(x’ u, p’ b, Ci, C2) = J’ {L(x’ U, t)""PT[f(x, u, t)*‘]&]
0
+3el flx, u, )= Y [fx, u, ) — %] dt
+F@(T) +b g (x(T)) +3co9™ (x (T (x(T)).
The following theorems, analogous to the ones of Section 2, can be
proved.
Theorem 4.1.. Let j and b satisfy Eq. (3). Assume that
c1>0, ¢ =0,
H(%(0), a(t), p(1),1)>0,  te[0, T,
and that the Riccati equation
—'S = Hxx —'quH;iHux + (fx "qu;ziHux)TS + S(fx _qu;iHux)
—S[fHuifu +(1/c)IIS, (10
S(T) =F+ Cwawx +21;i(¢i)xxa
has a solution over [0, T]. Then, J(x, %, p, b, c1, ¢2) has a local minimum at
(x, @),
Proof. It follows from Theorems 3.1 to 3.3, with F replaced by
F+bT¢+3cu™y.
Theorem 4.2. Assume that J(x, u, p, b, ¢1, ¢2) has a local minimum at

(%, @) and that
H,.(% 4,p,0)>0, te[0,T]

Then, the Riccati equation (10) has a solution over [, T'] for arbitrary ¢ > 0.
Proof. It is analogous to the proof of Theorem 3.7. O

It is interesting to study some special cases. First, let  determine x(T)
completely.
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Theorem 4.3. Let ¢(x(T)) have dimension n. Assume that the
regularity conditions of Theorem 2.1 hold and that 5 and b satisfy Eq. (3).
Assume the following.

() Hau(x@), a), p(1),6)>0,  t€[0, T].
(i) There exists a symmetric matrix S, such that the Riccati equation

_S' = Hxx "_quH;::Hux + (fx —qu;;Hux)TS
+S(fe— fuH wHu) = SfH wf oS, S(T)=So, €8))

has a solution in [0, T']. _
Then, there exist constants ¢; >0 and ¢, = 0 such that J (x, u, j, b, ¢1, ¢2)
has a local minimum at (%, #).

Proof. There exists a value of ¢, such that
Fxx + cZ‘#f‘px + Zbi(l//i)xx = SO'

The difference between [f,H afs +(1/¢)I] and fHfr can be made
arbitrarily small by choosing ¢y large enough. The result then foliows from
Lemmas 7.1 and 7.5 in Appendix A. i

The simplest type of terminal constraint is x; (T") = d; for some indices i,
For easier notation, assume that the variables are ordered such that

xi{T)ﬂdi, f=1,‘..,f,

(12)
x(T) free, i=r+1,...,n

Theorem 4.4. Let the terminal constraint be given by (12), and
assume that b and j are defined by (3). Assume the following.

() Hu(x@),a(),p@),)>0, [0, T].

(i) There exists an r X r matrix A such that the Riccati equation (11)
with

has a solution on [0, T}
Then, there exist constants ¢; and ¢, such that J(x, u, p, b, ¢y, ¢2) has a
local minimum at (£, 7).

Proof. It is analogous to that of Theorem 4.3. |

Example 4.1. Shortest Distance Between Two Points on a Sphere. The
difference between this example and Example 3.1 lies in the boundary
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condition é(«1) = 0. The Riccati equation (11) becomes
—dS/da =—1-8>  S(a,) arbitrary,
which has the solution
S =—tan(ap—a),

where a can be chosen arbitrarily. To prolong the existence of § as much as
possible, a, should be taken close to a; — /2, which corresponds to large
values of $(a,). The sufficiency conditions are then satisfied on the interval
O0=a=w—¢ forany e >0.

The Riccati equation (10) gives

—dS/da=—-1-(1+1/c))§%,  S(a1)=cs,
with the solution
S =—tan [(@o—a) V(1 +1/c)l/V(1+1/cy),
where
ao=ai—arctan[c,V(1 +1/c)]/VA +1/cy).
The values ¢, and ¢; for which § exists on [0, «;] are given by
co+tan[m/2 - aV(1+1/c)/V(1+1/cy)=0.

Example 4.2. This example is given by Bryson and Ho (Ref. 10).
Consider the motion of a rocket in a constant gravitational field. Let x;
denote the altitude and x, the vertical component of the velocity. Assume
that the thrust direction forms the angle g with the horizontal and that its
magnitude is constant and equal to am, where m is the mass of the rocket.
Let g denote the gravitational acceleration. The objective is to choose the
control variable 8 to give the rocket horizontal flight at the altitude /4 at the
time T and to mximize the horizontal velocity component,

The equations of motion are

X1 = X2,

X2=asinB—g,
x1(0)=0, x2(0)=0,
x(Ty=h,  x(T)=0,

and the loss function is
T

=—aj cos B dt.
0
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The Hamiltonian is
H=-—gcosB+pix,+pasinf—g).

The first-order necessary conditions are

p1=0, b2="py,
sin B8 +p; cos B = 0.
This gives a control strategy of the form
tan 8 = At+B,

where A and B are determined by the boundary conditions. Along the
optimal trajectory, we have

Hxx = O’ Hxﬁ = 05

Hgg=acosB—apssin B =ajcos B>0,

fx:[g (1)]’ f":[a cgsﬁ]'

The Riccati equation is
~8 =[xS+Sf ~S[feH gifs +(1/cI1S,  S(T)=c,l.

For ¢, =0, the solution is $(z) = 0 all ¢. This means thatany ¢, >0 and ¢, =0
will be sufficient for J to have a local minimum at the solution to the
problem.

§. Iterative Algorithm

The results of the previous two sections are only useful if p and b have
the correct values j and b. Therefore, iterative methods of updating p and b
in such a way that they converge to j and & must be studied. A natural way of
updating p was suggested by Hestenes (Ref. 2) and used by di Pillo er al.
(Ref. 4). The updating rule is

PO =p@OP+el fx (O, u®®, N -2(0)?),

where ng and u® are the values that minimize the functional
J(x, u, p®, b®, ¢4, c). The multiplier » is updated using a similar rule by

Nahra (Ref. 6) and O’Doherty and Pierson (Ref. 8)

b(i+1) =b(i) +62¢’(X<i){T))-
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The convergence properties of these updating methods will now be investi-

gated. First, consider the minimization of J for fixed p and b, where

T
J(x, u,p, b, c1, c2) =J {Lx, u, t)+pT[f(x, u, £)—%]

+(er/fx, u, )= %] [flx, u, £)— %1} dt

+F(x(T)+ b (x(T)) + 520 (x(T) g (x(T)).

(13)

This problem is of a standard form studied in the calculus of variations.
Therefore, the minimum satisfies the Euler equations (see Gelfand and

Fomin, Ref. 11)
—d(p+ei(f—%)/dt=LI+fip+eifi(f—3),
[p+ei(f—%)]mr=F7 +Uib+cabi,
Li+fup+cifu(f—%)=0.
Introducing the definitions
ptra(f-x)=§ brayp={
H(x,u,p, t)=L(x, u, ) +pf(x, u, t),
o(x, b)=F(x)+b"¢(x),
these equations can be written as
X=f(x,u, ) +(1/c)(p—€),
—é=H;(x,u,§1),
H.(x,u, & 1)=0,
x(0)=a,  ¢&x(T)=(1/c2)({~b),
&T) =i (x(T), ).

Let A, k, 1, 8, q, d denote the deviations from the optimum, i.e.,
h=x—1x, k=u—m, n=£&-p,
9=¢(~b, q=p-p d=b-b.

Then, the equations are

h=fE+h, a+k 0)=f @ )+1/c1)g—n),
—p=HI(x+h a+k p+n,t)~HZI(%, ,p,1),
H,(x+h,a+k,p+n,1)=0,
h(0)=0,  PE(T)+h(T))=(1/c)(0-4a),
n(T)= o1 (F(T)+h(T), b +6)~ o (£(T), b).

(14)

(15)
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The linearized version of these equations is
h=fh+fk+(1/c)g—n),
—9 = Hoh+ Hok +fm,
Huk+Huh+fin =0, (16)
h(0)=0,  ¢:h(T)=(1/c2)(6~4d),
1(T) = 0uh(T) + 416,

where H,,, H,,, etc., are evaluated along (%, 4, p).
If H,, >0, k can be expressed as

k=—HuuHuh—Hofun.
This gives the following two-point boundary-value problem:
h=(f ~ fuH wHo)h = [fH wfu + (L e)In +(1/c1)q,
=1 = (Hys ~ HoH s Hux)h ~ (HoH wafi — f1)n,
h(0)=0,  ¢h(Ty=(1/c2)(0~d),

UT) = @uh(T) + 6. (17)
Let
_[®ule sy @ualss)
s 5)= [(I)Zl(ts 5} Dt S)]

be the fundamental matric of this system of linear differential equations, and
let S be the solution of the associated Riccati equation

“S = Hxx —quH;iHux + (fx —'qu;tiHux)TS
+S(f ~ fuH waHox) = SULH aafa +(1/ )18, (18)
S(T) = Fax + 2bi)ex + coth 1.

Note that this Riccati equation is identical to (10). Assume that there exist ¢
and ¢3 such that (18) has a solution on [0, T]for ¢y =c?, c,=c5. In what
follows, only values of ¢, and ¢, satisfying ¢, = c¢$, ¢, = ¢ will be studied.
The two-point boundary-value problem (15) can be represented as an
integral equation, using the technique of Falb and de Jong (Ref. 13). A short
description is given in Appendix B. It is convenient to regard 6 as a function

on [0, T]satisfying the differential equation § = 0. The boundary conditions
of the linearized problem (17) can then be written as

I 0 0]k 0 0 0 h(T) 0

0 0 Of[n0) |+ |d I  &F nT)| = 0
0 0 0||600)] [ O —(1/c)I o(T)J ~(1/¢c)d
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The linearized problem is boundary compatible (see Definition 8.1 in
Appendix B) if the following matrix is nonsingular

I 0 0
A= 0P~ Pr1 @ Pr2— D22 ‘ﬁf > (19)
P11 U, P12 —(1/e2)l
where
®; =Dy(T, 0).

A is nonsingular if

[®22(T, 0) — (@xx + C200 1 0 )D12(T, 0)]

is nonsingular. Since this matrix is related to the solution of the Riccati
equation (18) by

8(8) =[Doa(T, 1) — (@ux +Cz¢fl//x)®12(T, 0]t
[ @rx + 2 Fi)D11(T, ) — Doy (T, 1)],

the nonsingularity follows from the assumption that S(¢) exists on [0, T'].
Note that the equation

H,(x+h a+kp+n,t)=0

defines k uniquely in terms of 4 and 7 if 4 and 7 are sufficiently small. This
follows from the implicit function theorem (Ref. 9), since H..(X, i, j, t) > 0.
The solution of (15) can now be written as

h 0
1| =K@ i E(T)+h(T),b+6)~ ¢ (R(T), B)~ puh(T)— Y6
o YE(T)+h(T)) —dh:h(T) = (1/c2)d

—

r FE+h a+k s)—fx & s)—fh—fk+(1/c)g
+I Gt s) |HI(%, @, p,s)—HI(F+h, i +k, p+mn,s)+Heh+Huk+fin| ds,
0 0
(20)
with k given by
HIG+h a+kp+nt)=0.

K () and G(t, 5) are the Green’s matrices associated with the linear two-
point boundary-value problem (see Lemma 8.1 in Appendix B).

Theorem 5.1. There exist constants £ >0 and é > 0 such that, for all
continuous functions ¢ and all d with |qllo=<#é and ||d|| =<8, there exists a
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unique solution (A, 1} to the integral equation (20) satisfying

Ilo+lnllo+l6lo=.

Proof. The integral equation can be written as an operator equation
h=Th,n 6)+A; q,
n =Tk, n, ),
0=Ts(h,n, 0)+A; d,
where T} are maps from C3"[0, T]to C§ [0, T'] and where A, and A, are

linear maps. Let « be a real number, 0=<qa < 1. Then, from Eq. (20), it
follows that there exists an € >0 and a 8 >0 such that

H:rt(hfu Nis 61)_‘?}(;127 M2, 62);{@
= afllhs = haflo+{ln1 = n2llo + 1161 — 82ll0], i=1,2,3,
for all h,l, hs, M1, N2, 01, 2 Satisfying

dllo +lmillo+ 8o =, i=1,2,
It also follows that

1T1(0,0,0)+ A, - g <||A4] - lgl,

IT5(0,0,0)+ A - dl|<| A - |ld].
Define

n =max [[Ai]l- g, |42l - |4ll].
Choose 8 such that
n/{l-a)=¢
for q and d satisfying
lglle=38, ]l = 8.

The conditions of the contraction mapping theorem (see, e.g., Ref. 13) are
then satisfied, and the theorem is proved. O

To study the solution 4, k, n for small values of g and b, it is desirable to
have an approximate representation.

Theorem 5.2. Let (4, n) be the solution of the nonlinear problem (15).
Then,
h R . (G
al=k® | o0 i+f (1/e)Ghs) |0 |ds+1(g, d),
8 —(1 /cz)d_j ‘ 0
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where

Ir(a, Ao/ (lgllo+1dl) >0  as(g,d)-0.

Proof. From (20), it follows that
1T:(k, &, mll =3 Klllalo+lInllo + 16105
consequently,
lo+lmllo +16llo = K[l lo + Imllo +161]* + K(lallo + 1),

for some constants K and K. Let ¢ be the constant defined in Theorem 5.1,
and let

er=min (1/2K, &).

Then, for sufficiently small ||q|| and ||d]|,

n/(1-a)=<ey,
where « and 7 are defined as in Theorem 5.1. Consequently,

[Allo+lmllo+lolo=1/2K;
for sufficiently small [igllo and ||d||. This gives
I2llo+lInllo + 116/l = 2K{llgllo +Illl).

Using this in the expression for |[T;(h, n, 8)]| gives the desired bound on
r(g, d). a

Corollary 5.1. Let A, 1, 6 denote the solution to the linearized
boundary-value problem (17). Then, the solutions of the nonlinear problem
and the linearized problem are related by

R A
nl=|7|+rig d),
6 6

where
Ir(g, dllo/(lgllo+lldD >0 as (g, d)>0.

Proof. The solution to (17) is given by
0 T (1/c1)q
=K (1} 0 + I Gt 5) 0 ds. 21
~(1/ed| ~° 0

[ Yt TN
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With this result, it is possible to investigate the convergence rate of the
iterative method of updating the multipliers. As mentioned at the beginning
of this section, the algorithm will be assumed to be the following.

Algorithm 5.1

(i) Choose starting values p(O), 59 put i=0.

(i) Minimize J(x, u, p(i), 5P ¢4, c2); let the result be x, u
(iii) Update the multipliers

PP O=p W +eilfx”, u®, =50 ()]
b4 =D + ey (x® (1))

put i =i{+1 and go to (ii).
It is assumed that ¢; and ¢, are held constant, and that

()

0 0
c1=¢C1q, Ca=C3.

Theorem 5.3. Let p'” and 5 be generated by Algorithm 5.1.
Assume the following.
(i) p and b satisfy Eq. (3).
(i) The linearized system

=[x 4, Oh+1.(X a, )k
is controllable.
(i) Hu (X, a,p,1)>0, tef0, Tl
(iv) The Riccati equation (18) has a solution on [0, T'] for
Cci1= C(l), Cy= Cg.
Then, there are constants
Ci1= C(l), Cr= Cg
such that, if p<o) and b are sufficiently close to 5 and b, then
lp“? =pllo+ 6" ~ b= K[l p® ~pllo+[I6® — A1l],

where K is an arbitrary number in (0, 1).

Proof. Using the notation
PP~ =q®, P — 5=
W —i=k®, O —f=q",
the updating formula can be written as
q(i+1) =q(i) +Cl[th(i) +fuk(i) -}i(i)]+(:1R1(h(i), k(i)),
dP =d? +cogh (1) + c2Ra(h P (T)),
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where
[R1(R, KMo/ (lAllo +Ikllo) >0 as (h, k)0,
[R2(2)|/l|z]|-> 0 as z->0.

If h~, 7, 6~, k denote the solution to the linear, two-point boundary-value
problem, then it follows from Theorem 5.2 that

" =g + e (RO +fEP —I:(i))+R3(q(i), d®,
A9 = 49 4 AP (T)+ Ra(q®, d), (22)
where
IR:(q, D)o/ (lgllo+1dlD>0  as(q,d)-0.
From (16), it follows that
RO+ kD =KD = (1/e)n® "),

U (T) = (1/c2)(0" —d").
Using these expressions in (22) results in

g7 =7 + Rs(q®, dD),

A0 =99 + Ry(q?, d).

From conditions (i)—(iv), it follows that the linear problem (17) has a solution
for ¢; =0, ¢; = 0. Then, K (¢) and G (¢, s) go to finite limits as ¢, - &0, ¢2 = ©.
From (21), it then follows that there are values ¢; = c? and ¢, = ¢3 such that

o +16% o= (K/2){lla® flo+lid 1.
For these values of ¢; and c3, choose & such that

IRi(q®, d“Ylo= (K/4)lallo +ld” ]

for
la“lo+ld®l=s.
Then,
lg“Plo+ld" V= Kllg®llo+14“ ]
for

lallo+1a i =s. O

Theorem 5.3 shows that Algorithm 5.1 can be used to solve the optimal
control problem. However, this algorithm is based on the minimization of J
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for fixed values of the multipliers. This is not a trivial problem, even if it is
simpler than the original optimization problem, because the differential
equation and terminal constraints are eliminated. Di Pillo ez al. (Ref. 4) have
studied this problem and shown that a conjugate gradient method can be
used. The optimization problem can then be solved using only quadratures
and without the solution of any differential equations.

6. Conclusions

The results of Sections 3 and 4 shed some light on how the constant ¢
affects the existence of a minimum for J. In particular, it is interesting to note
that, in some cases, the result can be seen at a glance, without any
computations, as shown in Example 4.2. It is also worth noting that, for
problems where

Ho-H,HuH,>0, 0=:=T,
F..>0,

with the above expressions evaluated along % and #, the solution to (7) can
be extended over the whole interval. In this case, any ¢ greater than zero is
sufficient.

The results in Section 4 are analogous to results known from the
finite-dimensional case. Theorem 5.3 suggests that high values of ¢ are
always good, since they give a high linear convergence rate. In practice, it is
also necessary to consider the fact that a high value of ¢ gives an ill-
conditioned problem when minimizing J.

7. Appendix A: Properties of the Riccati Equation

Here, some basic properties of the Riccati equation that are needed in
the proofs on the preceding pages are collected. Most of them can be found
in Refs. 7, 14, 15, but not necessarily in the form given here.

We will write the Riccati equation in the form

~S(1)=AT(OS(+SOAN+QO)-SOPHSW),  S(T)=Q,

where A, Q, P are matrices whose elements are continuous functions of 7
and Qp, Q, P are symmetric. It follows from standard theorems for differen-
tial equations that S{z) exists at least on a sufficiently smallinterval fo < T}
Moreover, the only way in which $ can fail to exist is by having some element
which becomes unbounded. In what follows, M =N, where M and N are
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symmetric matrices, means that M — N is nonnegative definite and M >N
means that M ~ N is positive definite.

It is useful to rewrite the Riccati equation as an integral equation.
Introduce the fundamtneal matrix ¢ (¢, T') satisfying

@/dne(1, T)=[AN)-POSHI6(, T), (T, T)=L

Then, we have

T
50 =[ 6760051805, 1) ds+™(T, Qb (T, 1.

Lemma 7.1. For the Riccati equation
-S=ATS+SA+Q-SPS,
let §; and S, be the solutions corresponding to
S(T)= Qo and  S(T)=Qj,

respectively. Then, if Q32 = Qs, it follows that S,(¢) = Sy(¢) for all ¢ € 1o, T,
where [to, T'] is an interval on which both solutions exist,

Proof. We have

—(d/d1)(S,— S1)=(A~PS;)T(S,—81) +(S2— S:1)(A — PS,)
— (82— 81)P(S2—S$1),
$:(T)~8:(T)= Q5 - Q.

Regarding this as a Riccati equation in S;—$; we get, using the integral
equation representation above,

$,—~S1=¢"(T, 1(Q3 - Q)¢ (T, 1),
where ¢ (¢, T) now is the fundamental matrix corresponding to
A—PS,—3P(S,-8,).

Lemma 7.2. Let S; and S, be the solutions of the Riccati equations
-S=ATS+SA+Q-SP:S, S(T)=Q,
~-S=ATS+SA+Q-SP,S, S(T)=0Qo,

respectively. If P, = P,, then
S:(t)=S8:(t),  telt, Tl,

where [0, T'] is any interval on which both solutions exist.
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Proof. We have
~(d/dt)(S;—S1) = (A —P,8,)T (8§, ~S1) + (82— S1)(A — P,84)
~ (82— S1)P2(S2—81) +S1(P1— P2)S4,
$:(T)—$,(T)=0.

Using the integral equation form, this can be written as

T
S:0-8:00= | 75 0S,(Pi-PIS (s, s

Lemma 7.3. Let §; and S; be the solutions of the Riccati equations
-S=A"S+SA+Q:~SPS, S(T)=Q,
-S=ATS+SA+Q,—SPS, S(T)=Q,

respectively. Then, if Q,= Qy, it follows that
S:(0=8:(1), telt, T

where [fp, T is any interval on which both solutions exist.

Proof. We have

T
$:0-5:00=| 67 (s, 0(Q2- Q0 (s, 0 s,

where ¢ is the fundamental matrix corresponding to
A—PS;~3P(S,~81).
We can now deduce the following result.

Lemma 7.4. If P>0, then there exists a continuous matrix R(¢) such
that S(¢) = R(¢) on any interval [#,, T'] where § exists.

Proof. From Lemma 7.2, it follows that S(¢) = R(z), where R is the
solution to the linear differential equation
-R=A"R+RA+Q, R(T)=0Q,.

From this lemma, it follows that, to prove existence of S{¢) on some interval
all that is needed is a lower bound on § on that interval,

>

Lemma 7.5. Let S be the solution of the Riccati equation

~S=ATS+SA+Q+SPS, S(T)=Q,,
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and assume that § existspn_thg interval {#, T]. Let $ be the solution to the
Riccati equation where A, Q, P have replaced A, Q, P. Then, there exists an
£ >0 such that § also exists on [ty, T]if

IA-Al=e, [|O-Ql=e, [P-Pl=e.

Proof. Since the right-hand side of the Riccati equation is a continu-
ous function of S, A, Q, P, the result follows from general results for
nonlinear differential equations (see Ref. 12).

8. Appendix B: Two-Point Boundary-Value Problem

A linear two-point boundary-value problem can be written as
y=V@By+f(t), My(O)+Ny(l)=c,
where V, M, N are p X p matrices and f, ¢, y are p-vectors.

Definition 8.1. (See Ref. 13). The set {V, M, N} is called boundary
compatible if (i) V(¢) is measurable with |V (#)|<m(f) for an integrable
m(t), and (ii) det{M + N¢ (1, 0)] # 0, where ®(z, s) is the fundamental matrix
of y=V{(t)y.

{V, M, N} is a boundary compatible set iff the linear two-point boun-
dary-value problem has a solution for all f and c.

Lemma8.1. Let D be anopensetin R?, andlet I be an opensetin R
containing [0, 1]. Assume the following: (i) F(y, t) is amap of D X I into D
which is measurable in  for each fixed y and continuous in y for each fixed ¢;
(ii) there is an integrable function m(¢) such that |F(y, )| <m(t) on D X I,
(iii) g(y) and h(y) are maps of D into D; and (iv) { V(¢), M, N} is a boundary
compatible set. Then, the boundary-value problem

y=F(,n, gyO)+ha(y(1)=c

has the equivalent representation
y(8)=H(t){c — g(y(0))— h(y(1)) + My(0) + Ny (1)}

1
+[ G HEG), 5= V) ds
1]
where the Green’s functions H(¢) and G(s, s) are given by
H(t)=d(t, O)M + N1, 0) 7",

®(t, 0)(M + N®(1, 0)) " MD(0, s), 0<s<t,

G, S)={~<I)(t, 0)(M+N<I>(1,0))_1N(1>(1=S), t<s<1,
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where ®(t, s) is the fundamental matrix of the linear system y = V{¢)y.

Proof. See Falb and de Jong (Ref. 13).
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