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A Globally Convergent Method
for Nonlinear Programming’

S. P. HAN?

Communicated by M. R. Hestenes

Abstract. Recently developed Newton and quasi-Newton methods for
nonlinear programming possess only local convergence properties.
Adopting the concept of the damped Newton method in unconstrained
optimization, we propose a stepsize procedure to maintain the
monotone decrease of an exact penalty function. In so doing, the
convergence of the method is globalized.
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1. Introduction

Consider the nonlinear programming problem
min f(x),

ey
s.t. glx)=0,

wheref: R" >R and g: R" - R™. A great deal of attention has been paid to
extending Newton and Newton-like methods to solving (1). With the efforts
of many authors, this attempt has recently achieved some success. One
approach on this line is to generate a sequence {x*} converging to the desired
solution by means of solving iteratively the quadratic programming problem

min VF(x*) (x =x5)+3(x —x*)TH, (x —x5),

k kT k {2)
s.t.glx )+ Vg(x™) (x—x7)=0,

! This research was supported in part by the National Science Foundation under Grant No.
ENG-75-10486.
2 Assistant Professor, Department of Computer Science, Corneil University, Ithaca, New
York.
297

This journal is copyrighted by Plenum. Each article is available for $7.50 from Plenum Publishing Corporation, 227 West 17th
Street, New York, N.Y. 10011.



298 JOTA: VOL. 22, NO. 3, JULY 1977

where the n X n matrix H; is intended to be an approximation of the Hessian
of the Lagrangian

Lx,u)=f(x)+u"gx).

Some results on the convergence and the rate of convergence have been
published (Refs. 1-3). However, as in the Newton method for unconstrained
optimization, all the results are local. In this work, we show that the direction
generated by (2) turns out to be a descent direction of the exact penalty
function 6,: R" >R,

8,(x)=f(x)+r gl g(x), @)
where
gi(x)+ =max{0, g (x)}

and r is a positive number. Consequently, we introduce a procedure by
which stepsizes are determined to maintain the monotone decrease of this
function. With this stepsize procedure, the method can be shown to be
globally convergent. In this sense, our approach can be viewed as an
extension of the damped Newton method to constrained optimization.
For convenience, we shall restrict ourselves to problems with inequality
constraints only. The inclusion of equality constraints causes no difficulties,
and all of the results go through with minor modification.
We state the method in Section 2 and present global convergence
theorems in Section 3. Some comments are given in Section 4.
It is noted that all vectors are column vectors. A row vector is denoted
by the superscript T. The notation || - || denotes a vector norm and also its
induced operator norm.

2. Algorithm

Before the statement of the algorithm, we first define the following
quadratic programming problem Q(x, H):

min Vf(x)"p +3p Hp,
p
s.t.g(x)+Vg(x)p=0,
which can be associated with any x in R" and any n X n matrix H.

Algorithm. Starting with a point x% in R", an nXn matrix Ho,
and two positive numbers r and §, the algorithm proceeds, fork =0,1, ...,
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as follows.
Step 1. Havingx* and H;, find a Kuhn-Tucker point p* of Q(x*, Hy).
Step 2. Set

xk+1 zxk +Akpk

for any A, in [0, 8] satisfying

6,(c* )= min 6,(x" +Ap*)+e,
O=A=<8

where 6, is defined in (3) and {e,} is a sequence of nonnegative numbers
satisfying

<«
2 € <00,
=0

Step3. Update H, ., by some scheme. 3

Remark 2.1, It has been shown by Han (Ref. 3) that, when the
sequence {H,} is generated by some well-known quasi-Newton updates,
such as the DFP update, the algorithm without the stepsize procedure
converges locally with a superlinear rate.

Remark 2.2, The function 6, is nondifferentiable at some transient
surfaces. Since efficient methods for one-dimensional minimization of such
nondifferentiable functions are available (e.g., Ref. 4), the algorithm is
computationaily implementable.

Remark 2.3. From a different viewpoint, the algorithm can also be
considered as a descent method for finding a minimum point of the function
8. 1t is noted that, for minimizing nondifferentiable functions like 4,, the
steepest descent method, even with the exact line-search, may fail to work.
The cause of the failure is that the sequence generated may jam into a
corner. We refer to Ref. 5, p. 75, for an example. However, in our case, the
direction generated by solving Q(x*, H), though different from that of the
steepest descent, is adequate enough to avoid the jamming situation.

3. Global Convergence

For establishing global convergence theorems, the concept of direc-
tional derivative and some of its properties are needed. Recall that a
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directional derivative of a real-valued function 4 at a point x in the direction
p is defined as

Dyh(x)= lim [(h(x +1p)—h{x))/t].

>0+
Clearly, if
D,h(x)<0,
then we have
hix+p)<h(x)

for all sufficiently small but nonzero t. The existence of directional deriva-
tives for the function 6, is ensured by the following lemma. We will not give
the proof for this lemma, but refer to Dem’yanov and Malozemov (Ref. 5)
for a more general and detailed discussion of this result.

Lemma 3.1. If h,i=1,...,k, are continuously differentiable func-
tions from R" into R and

®(x) = max{h; (x)},
then, for any direction p, the directional derivative D, ®(x) exists and
D ®(x) = max{Vhi(x )p},
where
I{x)={i: hi{x) =)}

Theorem 3.1. Let f and g,i=1,...,m, be continuously differenti-
able at x and H be a positive definite n X n matrix. If (p, u) is a Kuhn-Tucker
pair of Q(x, H) with p #0 and

letlleo =7
then
D,6,(x)<0.
Proof. Let
I={i:g(x)>0},
I={i: gi(x)=0},
[={i: g(x)<0}
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By Lemma 3.1, we have that
D,0,(x)=Vf(x)'p+r -Zf Ve (x)p+r 'Zi(Vg;(x)Tp)J,.
Since (p, u) is a Kuhn-Tucker pair of Q(x, H), we have, fori=1, ..., m,

&) +Vgi(x)p=0,
which yields

Y (Vai(x)p).=0.

iel
Hence, by taking
ui(g:(x)+ Vg (x)'p)=0

into account, we obtain
D8,(x)=Vf(x)p+ .gl u; Vg (x)p+ ;1 wigi(x)+r _ZI Vg (x)'p.
By the Kuhn-Tucker equality
Vi(x)+Vgx)u+3(H+H)p =0,
and by observing that
2 ugi(x)=0,
ieltf
we have

D,6,(x)=-3p"(H+H")p+ L (g (x) +rVgi(x)'p)

= -%pT(H+HT)p + 2 (u—r)g(x)<0,
=2

since H is positive definite and
o <r. 0

Before establishing the global convergence theorems, we need a lemma
concerning the perturbation of quadratic programs. The proof can be found
in Ref. 6.

Lemma 3.2. Let x’ minimize

qx)=3x"Hx+b"x
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over
S={x: Ax=a},
and let ' minimize
Gx)=3x"Hx+b"x
over
S={x: Ax=a},

where A and A are m X n matrices, H and H are n X n matrices, a and d are
in R™, and b and b are in R". If H is positive definite and

§%={x: Ax<a}#do,

then, for any fixed norm || - [}, there exist positive numbers ¢ and € such that

' =%l = ce
whenever
€€
and
e =max{|H - A} |A ~ Al, la —all, Ilb -5}
Theorem 3.2. Letfand g,i=1,...,m, be continuously differenti-

able, and assume that the following conditions are satisfied:
(i) there exist two positive numbers « and 8 such that
axTx =x"Hix =Bx"x

for each k and any x in R";

(i) for each k, there exists a Kuhn—Tucker point of Q(x*, Hy) with a
Lagrange multiplier vector bounded by r in co-norm.

Then, any sequence {x*} generated from the algorithm either termi-
nates at a Kuhn—Tucker point of (1) or any accumulation point X with

S°®)={p: g(X)+Vg®)p<0}# ¢
is a Kuhn-Tucker point of (1).

Proof. By assumption (ii), we have (p*, u*), which is a Kuhn-Tucker
pair of Q(x*, Hy) with

o=
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It
p“=0,

then (x*, u*) satisfies the Kuhn-Tucker conditions of (1), and the sequence
terminates at the Kuhn-Tucker point x* of (1). Suppose that

pk9f0

for each k. From Theorem 3.1 and the way we choose x**, it follows that
x*** exists and

6, (x" ") <6,(x*) +er.
Let £ be an accumulation point of {x*} with
S%x) # ¢
Without loss of generality, we may assume
x*>% and H,-H.

The existence of H follows from assumption (i). Furthermore, H is positive
definite. It follows from

S°E) = ¢

and the positive definiteness of H that Q(%, H) has a unique Kuhn-Tucker
point p. If

p=0,

then X is a Kuhn-Tucker point of (1) and the theorem follows. Suppose that
p#0.

By Lemma 3.2, we have that
p*-p.

Since {u*}is uniformly bounded, there exists an accumulation point u of u®,
From

k k=
X X, P =p;

and the continuity of gradients of f and g, it follows that i is a Lagrange
multiplier vector of Q(x, H) and

Jitlleo=r.

Let A [0, 5] be chosen such that

6,(X+Ap)= min (X +Ap).
O=A=8
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By Theorem 3.1, we have
0,(% +Ap)<6,(%).

Set
B =6,(%)—0,(x +Ap).

Since
x5 +Ap* > +4p,
it follows that, for sufficiently large &k, we have
0,(x* +Ap*)+B/2<6,(%).
However, by
0,(x* ) <6,(x") +e and Ek € <B/2,

for sufficiently large & we have

0,(%) < 6,(x“") + > &

i=k-+1

< min Or(xk+)\pk)+ek+ Z €;
O=A=§ i=k-+1

<0,(x* +Ap")+B/2,

which contradicts (4). Hence,

and ¥ is a Kuhn-Tucker point of (1).

(4)

O

Assumption (ii) of Theorem 3.2 is not as restrictive as it might appear.
In the rest of this section, we will give a sufficient condition which ensures the
satisfaction of this assumption. First, we introduce the following lemma.

Lemma3.3. Letfandg,i=1,...,m,becontinuously differentiable,

and let the following conditions be satisfied:

(i) g’s are convex;
(i) X°={x:g(x)<0}#¢;

(iii) for some positive numbers « and 8 and for any y in R”,

ay’y =y Hy <By’y.

Then, for any compact set I/ CR" and for any vector norm | - ||, there
exist #>0 such that, if ¥ in R™ is a Lagrange multiplier vector of the
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quadratic program Q{x, H) with x in U, then

lell=r.

Proof. We can assume that H is symmetric. If not, we can replace it by
3(H + H") without affecting the results.

From assumption (ii} of this lemma, there exists at least one point, say %,
in X°. Let

n= miin%gz 632 &)

£=max{llx —£]: x e U}. (6)

We assume further that o is an upper bound of [Vf(x)|, on U and also an
upper bound of [|H||, and ||[H™"|},.

From the assumptions, it follows that a Kuhn-Tucker point p of
Q(x, H) exists and is unique. Let u be a Lagrange multiplier vector of
Q(x, H) and

p=1—x.
By the convexity of the g;’s, we have that, fori=1,...,m,
g(x)+Vg(x)'p=g(%)<0. (7)

Hence, p is a feasible point of Q{x, H); and, from the Kuhn-Tucker
saddle-point theorem {Ref. 7), it follows that

V)P +ip Hp = V()30 Hp + X (@) V8D (©)

ji=

Thus, by (8), (7), and (5), we have

nlulh=VF(x)'p+3p"Hp —Vf(x)"p —5p Hp. (9)

Now, consider the dual problem of Q(x, H)

max —(Vf(x)+Vg(x)o) H (Vf(x) +Vg(x)v) +v g(x),

veR™

st.v=0.

Since v = 0 is dual feasible, by Dorn’s duality theorem (Ref. 7) we have

Vf(x)'p+3p Hp =-Vf(x)"H 'Vf(x). (10)



306 JOTA: VOL. 22, NO. 3, JULY 1977

From (9) and (10), it follows that

lells = (1/n)(VF(x) B +5p "Hp + Vf(x) "H'Vf(x))
=(1/n)oé+30€°+07),
which, by the equivalence of norms, implies the desired resuit. (I
We also need the following lemma on the compactness of some level
sets,
Lemma 3.4. If
X={x:g(x)=0}

is compact and the g;’s are lower semicontinuous and convex, then
X = {x: x gi(x)+56}
i=1
is compact for any finite real number c.

Proof. Define
B0)= 3 gi(x)e.

By the lower semicontinuity and convexity of the g’s, the function ® is

closed and convez. Since X, = X is compact, it follows from Ref. 8, Lemma

4.1.14,p. 139, that X, is compact for any finite c. O
A global convergence theorem is given below.

Theorem 3.3. Letf and g,i=1,..., m, be continuously differenti-
able, and let the following conditions hoid:

(i) f is bounded below;
(ii) g’s are convex;
(iii) the set

X=1{x:g(x)=0}
is compact and

X0={x:g(x)<0}#¢;

(iv) there exist positive numbers & and B such that, for each k and for
any x in R”,

T T
ax x<=x Hx SﬁxTx.
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Then, for any starting point x°, there exists a positive number 7 such
that, if

r =maxiF, 1},

then any sequence {x “} generated from the algorithm either terminates at a
Kuhn-Tucker point of (1) or any accumulation point of this sequence
is a Kuhn-Tucker point of (1).

Proof. Itisevident that such a sequence exists. By (ii) and (iii), we also
have that, for any x in R", the set

S°)={p: g(x)+Vg(x)p <0} # .

Therefore, we need only to prove that assumption (ii) of Theorem 3.2 holds.
Let x° be a given starting point, and let f be bounded below by ~c.
Define

c=fx%+ Y g(x%+o+ ¥ e
f=1 i=0
By Lemma 3.4, the set
X.= {x: X gi(x)ﬁéf:}
i=1
is compact. Hence, it follows from Lemma 3.3 that there exists an 7 >0 such
that, if
xeX,
and
ay'y=y"Hy=pyy
for any y in R", then a Lagrange multiplier vector u of Q(x, H) exists and
letlleo < 7.
Therefore, it is only necessary to show that
x“eX,
for each k. It is clear that
x’eX..
Assume that
x*eX,
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and
« k—1
0,x)=6,x%)+ ¥ .
i=0

Then,
oo < 7

and, by Theorem 3.1 and the choice of x**" in the algorithm, we have

F&Ey+r 2"51 g (), = () +r § s e

<f(x°)+r ~§1 g(x%).+ éo €.

Thus,
g GO L =(1/FED—FETY) + i g (x%).+(1/r) ; €
=fG%+o+ }nf &)+ § €=c.
i=1 i=0
Therefore,

k+1
xeX,

and the proof is complete.

If we further assume f to be strictly convex, then (1) has an unique
Kuhn-Tucker point which is actually its optimal solution. Therefore, we
have the following result.

Corollary 3.1. Let all the assumptions of Theorem 3.3 hold. Further-
more, if f is strictly convex, then any sequence {x“} generated from the
algorithm converges to the optimal solution of (1).

4. Conclusions

We conclude this paper with the following comments.

(i) It has been shown by Han (Ref. 3) that the algorithm converges
locally with a superlinear rate when the Davidson-Fletcher-Powell update
is used to generate the matrices {H, } and the stepsizes A, are set to be one.
For this reason, if the DFP update is used, we suggest that the stepsize
procedure be discarded to achieve a superlinear rate when the points have
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moved close to the solution and the matrices have become a good approxi-
mation to the Hessian of the Lagrangian.

(i) A different way to generate the direction p* is to solve the dual
problem of Q(x*, H,):

min 3 (Vf(x“) + Vg (x“Yu) Hi (Vf(x ) + Vg (x“Ju) — g (x) ",
s.t.u=0,
and, with u#* as its solution, set
p*=—H: (VF(x*)+Vg(x")u).

A study of the local convergence of this algorithm without stepsize proce-
dure is contained in Ref. 9. We note that all the analysis in this paper can be
carried through for this case and the global convergence theorems are also
valid.

(iiiy An approximate line-search procedure (like Armijo’s search and
Goldstein’s search) is desirable. Since the function 6, is nondifferentiable,
these procedures do not work in our case. It is of some practical value to
develop a workable one.
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