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Abstract. An analytically continuous, one-dimensional model of the vegetation-atmosphere interac-
tion is created which is ‘multi-layer’ in concept, and therefore similar in principle to previous
numerical simulation models (except that it also includes the effect of surface water on the vegetation).
Mathematical development of this model yields a ‘combination equation’ similar in form to that
produced by single-source, Penman-Monteith models; and demonstrates that the interaction is indeed
capable of conceptual representation as a simple electrical analogue, but that all property transfers are
subject to a ‘surface’ resistance. In this way, it is shown that ‘muiti-layer’ and ‘single-source’
descriptions are more similar than they appear at first sight: the differences between the two
approaches become apparent and in this way the assumptions and approximations involved in the
single-source hypothesis become explicit.

1. Introduction

It is more than a quarter of a century since Penman (1948) attempted to
formulate a physically based, mathematical description of the vegetation-
atmosphere interaction, one of the most important features of which is the way
that the sun’s radiation is partitioned into other forms of energy. The equation he
produced describes long-term evaporation from short vegetation when this vegeta-
tion is not subject to physiological restraint. Subsequent work has attempted to
generalize this initial study and two alternative approaches have usually been
adopted, either to make a ‘single-source’ assumption, or to attempt a multi-layer
‘simulation’: they are sometimes considered as ‘competing’ descriptions.

In an attempt at generalization, Monteith (1965) formulated a combination
equation which included some physiological dependence in the form of a param-
eter r,, the ‘surface’ resistance to vapour flux. The equation assumed that both
vapour and sensible heat fluxes experience the same aerodynamic resistance r,,
and that this resistance was proportional to the aerodynamic resistance seen by
the momentum flux. The equation has the form:

AA+pcp(ew(Tz)—ez)

AE = 'Ar (1)
A+ 'y[l +-r—s]

A

where e, and T, are the vapour pressure and temperature at a height z; e, (T,) is
the saturation vapour pressure at temperature T,; A is the mean slope of the
saturated vapour pressure curve between T, and T (the surface temperature of
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the vegetation); A is sensible plus latent heat; and y is the psychrometric
‘constant’. In this equation r;, was assumed to be primarily dependent on stomatal
resistance and to reflect, to a fair approximation, changes in that resistance.

Suspecting that any shortcomings in the interpretation of r, as a stomatal
resistance might primarily be a result of the assumption that r, was applicable to
all properties, Thom (1972) made a further attempt at generalization by acknow-
ledging the existence of differences in the coefficients describing the transfer of
vapour, sensible heat and momentum between individual vegetative elements and
the canopy airstream. Thom’s work represents a useful extension of the Penman-
Monteith equation (Equation (1)), in that it defines a parameter, rgr, called the
‘bulk physiological resistance’, which, since it acknowledges the differences men-
tioned above, might be expected to be more closely related to stomatal resistance
than r,. Nevertheless, the treatment maintains the assumption that each flux can
be considered as being created or destroyed at one level in the canopy, though not
necessarily at the same level; and that all the latent heat flux originates inside an
average stomatal cavity at that level when the canopy is dry.

The ‘single-source’ approach has the advantage of simplicity and practicability
(and there is some evidence for its adequacy in ‘dry canopy’ conditions, e.g.,
Black et al, 1970). On the other hand, the multi-layer, numerical simulation
technique (e.g., Waggoner and Reifsnyder, 1968; Lemon et al., 1971) is superior
in that it is physically more plausible.

The purpose of this paper is to attempt to unify current attitudes by demon-
strating that it is analytically possible to start from an ‘elemental’ description of
the interaction (similar to that used in numerical treatments, but including the
effect of surface water on the vegetation) and derive a ‘combination equation’
similar to that produced by the single-source approach. It is hoped that this
process will bring increased knowledge of the parameters present in the ‘combina-
tion equation’ and a better understanding of the assumptions involved in the
single-source treatment.

2. The Concept of ‘Diffusive’ and ‘Diversive’ Resistance

In all that follows, horizontal homogeneity is assumed. The wind speed, tempera-
ture and vapour pressure at height z are represented by u(z), T(z), and e(z),
respectively; and the effective surface temperature of the vegetation at this level
by T,(z). In a similar way, the fluxes of shearing stress and sensible and latent
heat are represented by t(z), H(z), and AE(z), respectively. It is assumed that
these fluxes can be related to the gradients of wind speed, temperature and
vapour pressure by the diffusion equations:

(2) = ~p(1) o) @
H(z) = —pc,Ku(z) oT(z) (3)

a9z
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AHA-TK(ﬁ“) )

where Ku(z), Ku(z), and Kv(z) represent the ‘eddy diftusivities’ for momentum,
sensible heat and water vapour, respectively. The corresponding ‘diffusive’ resis-
tances between levels z; and z, are defined by the equations:

2z,

p

T (z1, 22)= | Knm(z)dz (5)
re(z1, 22)= | Ka(z)dz (6)
v (z1, 22)= | Kv'(z)dz @)

zZ1

There is a close similarity between this diffusive resistance and ‘aerodynamic
resistance’, but in the sense assigned to this term by (say) Thom {1971; 1972), the
two are not identical. The diffusive resistance does not include all the aerodynam-
ical resistance seen by the flux, or parts of that flux. In particular, it does not
include that resistance between the flux source (on an individual vegetative
element) and the canopy air stream, where the transfer is not primarily controlled
by eddy diffusion. It is merely the parameter relating total, vertical fluxes to their
respective ‘potential’ differences.

At any level z within the canopy, there can be sources and sinks of flux, the
strengths being related to the divergence of the total flux at that level. In a
one-dimensional model, the source strength in the crop is presumably also related
to the difference, at each level, between conditions in the mean canopy air stream,
and at the flux source on the vegetative element, e.g.,

V' Hx[T(z)-T(z)].

The ‘diversive resistivity’ puts this relationship, at this stage hypothetical, on a
formal basis. Accordingly the ‘diversive resistivities’ for momentum, sensible heat
and latent heat pif "(z), pa' " (z), and pP™(z), respectively, are defined by the
equations:

ar(z)) _  —u(z)
3z =p DIV(Z) (8)

a(H(2)) _ o, TS(ZD)I: T(z) 9)
az pr (2)

INE(2)) _ pey en(Ty(2) = e(2)
oz ¥ DIV(Z)

(10)
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It is not convenient at this point to establish the physical entity of these resistivities
in any formal or rigorous way: this is quite complex and forms the subject of
Appendix 1. However, for purposes of illustration, it is useful to select from that
work the almost intuitive, approximate results:

DIV PM(z)
DIV = 2 11
P (2) u(z)C"(z)L(z) (1)
DIV PH(Z)
D = F =7 12
P (2) u(z)C*(z)L(z) 12
and
DIV 1 PV(Z) ]
v = T ———————— 13
pv (2) L(Z)[rs O(Z)+u(z)Cv(z) (13)
which apply for a dry canopy, and the result:
DIV PY(z)
v _—m— 14
pv () u(z)CY(z)L(2) (14)

which applies for a totally wet canopy. In these equations C, C¥, and C" are
average transfer coefhicients between individual vegetative elements and the air
stream for momentum, sensible heat and water vapour, respectively; and P, P¥
and PV are ‘constants’ of proportionality, called ‘shelter factors’, which, amongst
other things, take account of aerodynamic interference between these elements.
The parameter rsro(2) is the average stomatal resistance at level z, while L(z) is the
leaf area index per unit height at that level (or more correctly leaf area per unit
volume).

Although the formalism in Equations (8) to (14) is similar to that used by Thom
(1972), conceptually the ideas expressed in these equations are very similar to
those of the multi-layer model of (say) Waggoner and Reifsnyder (1968). How-
ever, expressing these concepts in ‘continuous’ rather than “finite-difference’ form
gives rise to entities with the relative dimensions of resistivity rather than
resistance. It is important to remember that the rigorous analogue of electrical
resistivity is the reciprocal of eddy diffusivity (e.g., Kixi); and also that the now
conventional use of the term ‘aerodynamic resistance’ is not dimensionally
precise, since this entity has dimensions of (Resistance X L?). The parameters here
called ‘diversive resistivity’ are similarly poor electrical analogues in that they also
contain a dimensional factor L. In this way, the name ‘diversive resistivity’ is
merely an expression of their dimensional content with respect to diffuse resis-
tance.

Equations (8), (9), and (10) embody the fundamental difference between
‘single-source’ and ‘multi-layer’ models with regard to the role played by the
aerodynamic transfer resistance between individual elements and the airstream. In
single-source models, this resistance forms part of the Penman-Monteith
‘aerodynamic’ resistance. In the course of the following, it will become apparent
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that its rdle in a simple electrical analogue is more correctly that of a ‘surface’
resistance.

It is not hard to see how confusion could arise: the mathematical distinction
that ‘diffusive’ aerodynamic resistance applies to the total vertical flux, while
‘individual element’ aerodynamic resistance and stomatal resistance together
apply to the separate contributions to that flux, is lost in the simplification of the
‘single-source’ hypothesis. Identities may have been assigned by the implicit
observation that both canopy flow and individual element resistances can be
regarded as ‘aerodynamic’, since they are associated with air motion. However,
the physical processes responsible for stomatal and ‘individual element’ resistance
are to a certain extent similar, at least for properties other than momentum; and
both are related to area, a blatantly ‘surface’-like characteristic. The association
between ‘individual element’ and stomatal resistance is explicit in equation (13).
Obviously the reassignment of this ‘individual element’ resistance carries with. it
the implication that all property transfers are subject to some Kind of surface
resistance, which is additional to the intrinsic surface resistance at the surface-air
interface (Shuttleworth, 1975), and usually dominates that resistance. The vapour
flux, however, sees a further ‘surface’ resistance, the stomatal resistance, when the
canopy is dry, and some portion of that resistance (Appendix 1) when partially
wet.

The consequences of this reassignment at the single-leaf level appear trivial,
and it is of course still possible to make a ‘Monteith type’ extrapolation to the leaf
surface through the ‘boundary-layer’ part of the surface resistance in order to
deduce the ‘internal’ or ‘stomatal’ part: the change is mere nomenclature. How-
ever, the author believes that even at this level a conceptual reassignment is
worthwhile since it helps to clarify the process by which the behaviour of
individual leaves can be combined to deduce the behaviour of the whole
community.

3. A ‘Height-Dependent’ Available Energy

All models of the vegetation-atmosphere interaction rely on the conservation of
energy: it is convenient here to apply this principle in its more general form as the
continuity equation for total energy. In one dimension this takes the form:

9g,.(z) 3ik(2)]_
Z,:'[—az + =0 (15)

where, for each form of energy k, g, represents the ‘charge’ or energy storage at
level z, while i, represents the ‘current’ or energy flux at that level.

Included in this summation are:

(1) the latent heat of the water vapour in the air, for which:

q1=FA(Z)p7q’e(Z) (16)
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and
i1=AE(2) a7

where F, is the fractional volume of air per unit volume of crop;
(2) the sensible heat in the air, with:

42 = Fa(2)pc,T(z) (18)
and
i»=H(z); (19)
(3) the sensible heat in the biomass, for which:
q3=(1—Fa)pscsTs(z) (20)
is=b(z) (21)

where pg and cp are the density and specific heats of the biomass, respectively,
and T} its average temperature, while b is the vertical flux of sensible heat in the
biomass;

(4) the net, all-wavelength radiation, Ry (defined positive into the surface), for
which

q4=0 (22)

iv=—Ru(2); (23)
(5) the chemical energy in the biomass, with:

qs=C(z) (24)

is=c(z) (25)

where C is the energy stored chemically in the biomass and ¢ is the flux of
chemical energy through the biomass.

Neglecting other contributions, e.g., the sensible heat of any liquid water
present within, and possibly moving through, the crop gives:

1de oT aTg aC
F, —-—+—|+(1-F —+—
Apc”[y a1 Bt] (1=Fa)pscs ==+
d(AE) 60H d4b 4R
_M_____+_~_?_C_. (26)
9z 9z dz 9z 9z
It is convenient to collect the first two terms in this equation as:

1 de aT] 0Ty

s=Fapcy|——+—[+(1—Fa)ppcs —, 27

AP p[yat ar ( 'A)PBCB o (27)

calling the resulting parameter, s, ‘energy storage’. In addition, familiarity is
enhanced by relabelling the third, thus:

_%C

= (28)

p
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with p regarded as the net rate of energy uptake per unit height (volume) resulting
from the combined processes of photosynthesis and respiration. The fluxes b and
¢ (or more correctly their first spatial derivatives) are regarded as negligible, so
that Equation (26) simplifies to the form:

L3Ry _IAE) oH

STP az 0z 0z

(29

The terms on the left-hand side of this equation can conveniently be combined as
the parameter g, the available energy per unit height (volume), that is:

a(z)= —s—p+& (30)
a4z
and Equation (29) written as:
d(AE) oH
a(z)=7+;- (31)

To obtain A, the total available energy, Equation (30) is integrated through the
vegetation to the level h, the top of the crop, i.e.,

h

A= I a(z)dz
0
=—S~P+[Rn—Rn(0)] (32)
where S is the total energy flux into storage, given by:
h
S= I{FApcp[%(z—i+%]+(l—FA)chB %} dz (33)

0o

and P is the rate at which energy is absorbed chemically by the whole crop; Ry is

the downward flux of net radiation into the crop from above; and Rxn{0) is the flux

out below. (Hereafter, Ry should be regarded as a number and not a function.)
The equivalent integral form of Equation (31) is:

A = AEh + Hh - A() (34)
where
A0= AEO+ HO (35)

and AE, and H, are the total fluxes of latent and sensible heat out of the crop
above, and AE, and H, the equivalent fluxes into the crop from the soil. Very
often Equation (34) has been written as:

A'=AE,+H, (36)
where A’ is given by:

A'=-S—P+Rn—G (37)
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with G, the heat flux into the soil, equal to:

4. The One-Dimensional Combination Equation

Once the divergence of the latent heat flux inside the vegetation has been
assigned the analytic form of Equation (10), it is possible to integrate this
divergence through the crop to produce an expression for the total flux. If local
energy conservation and vertical diffusion are introduced into this integration
through Equations (31), and (3), and (4), respectively, a ‘combination equation’
results which, within the limits of a one-dimensional approach, describes the net
evaporation produced in the vegetation-atmosphere interaction. The mathemati-
cal details involved in the derivation of this equation are outlined in Appendix 2;
the resulting equation takes the form:

AA'+(pc,D +8)/ry

A=A ye(1+r/ry) G8)
where
8= vy[rii(A'— Ap)+r.AE(] (39)
e = [QJ Y (40)
1§24
with
h
Te Pf)xva
=< Lt At 4
L I:A"é] J' Pp1v dz “D
0
h
["::]_1 = J [Pi)lv]_1 dz (42)
0
h
[Tc]_l = J [PDIV]_1 dz (43)
0
(8T)
Ty = —pCp Hh (44)
_ _ Pep(8e)
rv= v AE, (45)

where (8T) and (8e)’, the weighted means of the differences between the values
of temperature and humidity in the canopy and the values at the top of the
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canopy, are defined by:

h

J [(T(h) - T(Z)][va]kl dz
(6T) =* - (46)

[PDIVT1 dz

(=]

and N
j [e(h)— e(Z)][prv]'l dz
(dey =2

(47)

h

J [pov] ™ dz

4]

The functions ppv(z) and p'pv(z) are defined in terms of the diversive resistivities
for vapour and sensible heat from the equations:

pmv<z>=p‘3”(z>+%'p3‘vu> (48)

Pbxv(2)=%p?;w(2)- (49)

The value of D, the vapour pressure deficit, used in Equation (38) is that
applicable at the top of the vegetation, which is in this respect the ‘screen’ height.
When the deficit is monitored at a new (higher) level, zg, providing there is no flux
divergence between h and zg, the combination equation preserves its general
form (see Appendix 3), and extending Equation (38) to a higher level is equival-
ent to a simple and fairly obvious redefinition of the parameters A, ry, rv, and yg,
thus:

ry—=>ri=rg+rag (50)
rv—=ry=ry+tray (51)
r"
Ye— b= [-V] Y (52)
T
ATH"‘A”,TAH
A—-A'=———
where
Tag = J [KH(Z)]_1 dz (54)

h

Zgr

Tav = J [Kv(2)] ' dz (55)

-
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and A" is the mean gradient of the saturation vapour-pressure curve between
T(zg) and T(h).

In this respect, a change in screen height is of no fundamental significance, and
within the constant flux layer all heights are equally valid. It is convenient here to
retain a screen height coincident with the top of the vegetation. It is worth
noticing that it is possible to extend the generality of definitions (42), (43), (46),
and (47) to higher screen heights by making the replacement h— zz and setting
Pborv(z) = pprv(z) = for h<z<zg.

The combination equation, Equation (38), can of course be written in its
diagnostic form as:

rc=j\£;—Eo[(%érH—rv)+(1+B)rI+(1+B)réll(1—-%g)] (56)

in which B is the Bowen Ratio above the crop and r; is the ‘isothermal resistance’,
defined by:

_psD

I ¥y A,.

(57)

The similarity between Equation (56) and that deduced by Thom for the bulk
physiological resistance, rsy (Stewart and Thom, 1973, Equation (6)), is striking, if
not unexpected. However this equation contains the extra factor [AE,/(AE,, — AEy)],
to take account of the flux from beneath the vegetation; and an extra term to take
account of differences in the spatial distribution of the sources of latent and
sensible heats. It also differs fundamentally in that r. is not a pure measure of
bulk stomatal resistance but depends to some extent on the size of the
aerodynamic resistance between the vegetative elements and the canopy air
stream, i.e.,

h

[l S A S

—_= ISl r +—— |+ —] = dZ 58

r. e ucy vy LucH 58)
0

in dry canopy conditions. Obviously the extent to which Thom’s parameter, rsr, is
a measure of bulk stomatal resistance depends not only on the assumptions he
makes about values of ryz and ry, but also in a complicated way on the extent to
which the inclusion of this extra resistance on the left-hand side of Equation (56)

A
is compensated by its inclusion as the extra term [(1+B)r§11<1——?)] on the
. . A
right-hand side.

5. Equivalent Electrical Analogues

We have now shown that it is possible to start from an elemental, multi-layer,
one-dimensional description of the vegetation interaction and deduce a ‘combina-
tion equation’ containing parameters very similar {(but not identical) to those
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Fig. 1. Schematic diagram representing electrical anatogues of the exchange of latent and sensible
heat fluxes at the vegetation-atmosphere interface which give rise to the ‘generalized combination
equation’.

occurring in the Penman-Monteith equation (or more particularly Thom’s version
of that equation). All previous models can be considered as describing the
interaction in terms of an equivalent electrical analogue: the difference between
‘single-source’ and ‘multi-layer’ models is merely the complexity of the analogue
used. With this in mind it is conceptually interesting to consider what equivalent
circuit produces Equation (38), the combination equation derived in Appendix 2.
Figure 1 describes an analogue model in which currents of both latent and
sensible heat leave a moist vegetative surface at temperature T, pass through
respective ‘surface’ resistances Ry and Ry, and then, in confluence with the
currents AE, and H, (from below the vegetation), pass through ‘aerodynamic’
resistances ry and ry. Direct analogy with Ohm’s Law gives the immediate results:

-H,
T;.—To='—hrH (59)
PCp
H,—Hy)R
To—T, = _gh—o)kg (60)
Pl
AE AE, —AEg)R
en—eu(T.) = — h'v‘Y_( h 0) V’Y. (61)
PCo pCp

Obviously the left-hand side of (61) can be written in the form:
€n— ew(Ts) =-D+ ew(Th) - ew(TO) + ew(TO) - ew(Ts)
=—D+A[T, — To]+ A[To—T.] (62)

where D is vapour-pressure deficit at height h and A and A’ are the mean
gradients of the saturated vapour-pressure curve between T, and T, and T, and
T. respectively. Combining Equations (59}, (60), (61), and (62), and rearranging,
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yields an equation identical to (38) providing Ry and Ry are assigned the values:

RH—X," Il (63)

ARy

Ry=rt.— (64)
In this way the complexities of the one-dimensional description of the vegetation-
atmosphere interaction are capable of simple representation in terms of an
elementary electrical analogue. It is important to remember however that the
analytic complexity is still present in the assignment of the resistances used.

This electrical analogue differs fundamentally from single-source models in that a
finite surface resistance is used for both energy fluxes: indeed it is the essence of
the multi-layer approach, embodied here in ‘continuous’ form, that the transfer of
all properties is subject to this type of resistance. Further, it is to be anticipated
that the effective resistances seen by other types of flux should be formally similar
in definition to ry, rv, re, and, with this in mind, it is convenient at this stage to
consider momentum fiux.

To preserve the comparison, a screen height is chosen which is coincident with
the top of the vegetation; the bulk resistance to the exchange of momentum
between this height and the surface is then defined from the equation:

124
TD='—p'T_:. (65)

(In this analysis the sign of = is negative.) Integrating Equation (8) through the
crop gives the result:

‘r;. 0=—pj @)

PM
0

It is easily seen (by direct substitution of this last equation) that the bulk exchange
resistance, rp, can be written in the form:

h
.[[uh u(2)llpn 17" dz
rp=—5-" fmom) : (66

Th Th "
j [pr 1 ' dz j lpa 1" dz
] 0

Figure 2 describes an electrical analogue model of the momentum exchange in a
vegetation-atmosphere interaction which is identical to that for latent and sensible
heat exchanges. According to this model, u, is given by:

~Tuha (Th — To)Ru
Uy, = -
P £
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Uy,

T

'm

U= 0 — N\ N\NN——>—
[

Fig. 2. Schematic diagram representing an electrical analogue of the exchange of momentum at the
vegetation-atmosphere interface.

which substituted into (65) gives:

Th — T
D= rM+_(_h_0) RM
Th

Comparing this with Equation (66) allows identification of ‘surface’ and
‘aerodynamic’ resistances to momentum fluxes, given by the expressions:
h

[Ru]'= J [pa 1 'dz (67)

and
(Su)

Th

(68)

M=—p

where

b
f [u(h) - u(2)][pR~]1™" dz
(du) =2——; (69)

J lom 1" dz

0
which are similar to Equations (42) to (47). Thus, momentum exchange can be
treated like latent and sensible heat exchanges but the effective surface resistance
is simpler: the treatment of energy fluxes is complicated by the extra inter-
relationship of total energy conservation.

It is emphasised that subdividing the resistance to momentum fiux in this way is

not new in concept, €.g., see Thom (1971); what is new is the interpretation of the
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resulting fractions. Here, the ‘uniform canopy wind speed’, i, is assigned the
analytic form:

i = uy, — (8u)’ (70)

6. Discussion

It has been shown that both ‘single-source’ and ‘multi-layer’ models of the
vegetation-atmosphere interaction are similar in as much as both can be shown to
yield combination equations with a broadly similar form, and that both can be
regarded as equivalent to simple electrical analogues (although in the multi-ldyer
case this simplicity is more apparent than actual).

There remain, however, important differences, firstly with respect to fluxes from
the soil, and secondly in the way the aerodynamic ‘boundary-layer’ resistance is
introduced into the model. The consequences of these differences determine the
plausibility of the simple single-source assumption in a particular application. It is
not of course possible to make general statements about the practical importance
of these differences; this will depend on particular meteorological conditions and
crop characteristics. However, within the limits of the one-dimensional assumption,
it should be possible, by comparing (say) Equation (56) with its single-source
counterpart (e.g., Stewart and Thom, 1973, Equation (6)), to determine whether
the single-source hypothesis is valid in any particular case.

At the risk of denegrating the generality of this analysis, it is perhaps worthwhile
considering this procedure in more detail. In this context the equation

rsr=(ATB r?;T—r%T)HHB)rI (71)

introduced by Stewart and Thom (1973) is regarded as a definition of the ‘bulk
physiological resistance’, rst, used in their work where ry; and r5F are the
‘aerodynamic’ resistances to the transfers of sensible heat and water vapour as
defined in that analysis. The object is to estimate how reliable a measure rgy is of
rstom, the resistance of all the stomata acting in parallel, i.e., to test the
hypothesis:

h

11 JL(Z)

dz (72)

I'st Istom rsto(z) )

To do this we combine Equations (56) and (71) in the form:

(225 w12

+[¥(r§3 —m)—(rsvT—rv)]. (73)
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To assist in understanding how the several terms of Equation (73) interact, it is
perhaps instructive to place this equation in some actual numerical framework.
The data given by Stewart and Thom (1973) are probably adequate for this
purpose, especially since, in this case, the sizes of the terms allow us to make
fairly arbitrary approximations and assumptions. For the purpose of this illustra-
tion, it is probably adequate to assume (on the basis of the figures presented in
Table 1 of that paper) that

r=rvy=6sm.
It is further assumed that ry and rv can be set equal to the ‘eddy diffusive’ part of
these resistances, and (on the basis of the same Table) that the ‘eddy diffusive’
and ‘boundary-layer’ parts are of equal size (3 _s_m_l). We make the additional
assumption that the functions p"/ uCY and p™/uC™ are constant (independent of
z) through the active canopy, and that they are equal to each other; while, for the
purposes of illustration, we set A/y=A"/y=2 and B=1.5.

These several assumptions are equivalent to setting:

rH=rV=3Sm-1

rr=2x3=6sm '

£ )_6(LAI)
Po1viZ) = L(z)
and
pov(z) = L(lz) rsto(z) +9(LAI)

inside the active canopy, where (LAI) is the leaf area index.

Within these assumptions, the degree of equivalence between rer and rgrom
depends on the form of the functions L(z), rsro(z) and a(z), and on the size of
the ratios (Ao¢/A’) and particularly (AE, — AE,)/AE,. For Thetford Forest in clear
sky, mid-day radiation conditions, similar to those described by Stewart and
Thom (1973) (viz., A’=AE, +H, =500—600 W m™?), the net radiation meas-
ured beneath the canopy, Rn(0), is typically 50 W m>; while the measured soil
heat flux is typically 20 W m™>: these correspond to a value of 30 W m™2 for A,. If
(say) half of this energy appears as latent heat flux from the soil, then, bearing in
mind that the measured latent heat flux above the canopy is typically 200 W m™>
in these conditions, it is possible to make the following estimates:

AE, — AEO) 3
( B, ) 0925

and
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Variations in the particular form of L(z), rsro(z) and a(z) affect Equation (73)
through r. but their major effect is through the value of the integral I, whose
value might be altered by a factor of two or three. However, for the purposes of
this illustration, it is convenient to assume that there is no variation in stomatal
resistance through the canopy. This simplifies the evaluation of the terms in
Equation (73) considerably, and makes their values independent of the particular
forms of L(z) and a(z). With this assumption

(z)= (rstom+9)(LAI)
Ppr1v —_L (2)
so that
.= rSTOM+9 S l'l'l_1
and L=1.

Substituting all the values into Equation (73) yields:
Yst= 0.925 r'stom-

The agreement between rgr and rsron is therefore fairly good for the values of ry
(in the region 100 s m™') presented in that paper.

7. Concluding Remarks

It is important to remember that the theoretical description of the vegetation-
atmosphere interaction presented in this paper depends ultimately on the validity
of a one-dimensional approach. The artificiality of this assumption gives rise to
empirical ‘shelter factors’ and puts limits on the validity of the theoretical
formalism produced. The analysis also depends on the assumed validity of the
diffusion equation, which could also put limits on its applicability.

It is easily seen that, even in one dimension, the general description of the
vegetation-atmosphere interaction is very complex, perhaps too complex for
direct practical application in any predictive sense. This is of some importance
since it implies that the prediction of evaporation might always have to rely on
simplified and less precise treatments: the precise determination of evaporation is
perhaps only possible (even as a long-term average) by direct measurement.

A large part of this paper has been devoted to demonstrating that the concept
of a ‘combination equation’ has validity even in a multi-layer model of the
vegetation interaction. The author sees danger in that this will add further to the
stature of the ‘combination equation’ approach to evaporation ‘measurement’, and
foster the erroneous belief that the detailed measurement of meteorological
variables, specifically for use as input to a combination equation (which a priori
involves making assumptions about other parameters in the equation), represents
a direct measurement of evaporation.
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Appendix 1. Formulation of Diversive Resistivity

The diversive resistivity is. the parameter relating the divergence of a mean flux at
a height z to the difference, at that height, between mean air conditions and
average surface conditions. It controls the contribution made to the total fluxes by
the portion of vegetation at height z. It is a function of a parameter called here
the ‘true surface resistance’, and denoted by RY, R, and R, for momentum,
sensible heat and vapour, respectively. In general, the true surface resistance
consists of two parts: firstly, the ‘intrinsic surface resistance’ (Shuttleworth, 1975);
and secondly, the aerodynamic resistance seen by the flux in diffusing from the
surface into the air stream at height z. This is more complicated for the vapour
flux from a ‘dry’ canopy, because most of the surface responsible for that flux is
separated from the visible surface of the vegetation by the additional aerodynamic
resistance it sees in the stomatal fissure. It can of course be made to appear more
simple by the introduction of the term ‘stomatal resistance’.

(a) THE FLUX FROM INDIVIDUAL ELEMENTS

Consider an individual vegetative element i of area g, surface temperature T
and wetness factor w;, this being the ratio of the area of the free water on the
surface to the total surface area of the element. Consider first the resistance to
vapour flux, and assume that the vegetative element has a ‘local’ surface resis-
tance which is equal to the stomatal resistance 7™ over the ‘dry’ fraction of the
element and equal to the intrinsic surface resistance to vapour flux R;” over the
wet portion of the element. If these resistances are assumed to act in parallel,
the effective resistance from the vapour source to the air in immediate contact
with the vegetative element is given by:
1 _ W (1-w;)

RY’S_EIV-FW (All)

or

STO
v,s T

=m (A1.2)
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where
riSTO —-RY
p:(z) =—TI : (A1.3)
I

Obviously R}*® reduces to r{™ when the element is dry and to Ry when

completely wet.

Similarly, but more simply, Ri*® and R, the ‘local’ surface resistances to
sensible heat flux and momentum flux, respectively, for element i are given by the
intrinsic surface resistances to these parameters, that is, by:

R =R[ (A1.9)
and
RMS=RM (A1.5)

Once in the air, the fluxes diffuse into the air stream flowing over the particular
element. In this context, the portion of flux originating on element i is regarded as
being ‘in the air stream’, at level z, when its transfer begins to be primarily
controlied by the eddy diffusion, at which point the effective vapour pressure, air
temperature and wind speed are represented by e;, T, and u; respectively. In
diffusing from the surface into the air stream, the fluxes see aerodynamic
resistances R}**, R{** and R}** given by:

R4 = [uiciv(ub ‘Isi)]-l (Al1.6)
RiH'A = [uiciH(uis ¢i)]_1 (A1.7)
Rliw’A = [uiCzM(ui’ (bi)]_l (A1.8)

where CY, C and C}" are the transfer coefficients for vapour, sensible heat and
momentum for the element i exposed at an angle of incidence ¢; to a wind speed
u;. Hence the total resistances seen by the elemental fluxes of vapour, sensible
heat and momentum between the internal origin on element i and the air
stream at level z, R/, Ry and RY, respectively, are given by:

RY=RVS+RY*

etc., that is by:

v e v 1

= 4 + (. , AT
Ry 1+ wite [ulcl (uu ¢:)] {A1.9)
R =Ry +[wC (u, ¢)]7" (A1.10)

RY=R{"+[wCM(u;, 617 (Al1.11)
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while the total fluxes leaving the element i, fY, f and f%, are given by:

v =_EC_p .I:ew(Tsi) - ei]

fi S 4T RrY (A1.12)
Tsi_’I‘i

£ =pcpai[ R ] (A1.13)

= pai[%;]. (Al.14)

(b) DEFINITIONS

At this stage it is convenient to define mean transfer coefficients C¥, C* and CM
at level z by the equations:

CcY(z)= Islgt [ZgTCV] (A1.15)
H
C™(z) = Limit [Z aC ] (A1.16)
dz—0 Z a;
= e dl [Z aiCAi‘]
C (Z)—I;iril(l)t o (A1.17)

and the elemental area per unit height L(z) by:

L(z)=Limit [;(—1-'] (A1.18)

dz—0 dZ

with all the summations extending to the elements i between the levels z and
(z+dz) and over unit area of crop. When the element is a leaf, and the plan area
is used, then L(z) is the Leaf Area Index per unit height. It is also convenient to
define an average wetness factor W(z) at level z, and an average stomatal
resistance rstofz) in a similar way by the equations:

W(z) = Limit [Z “‘W‘] (A1.19)
dz—0 Z a;
[rsto(2)1 ' = %lrglt [Z“Z_;__] (A1.20)

with the range of summation similarly restricted.
It is also convenient to introduce the ‘clemental modifiers’ v, v/%, v, v,
v and ;" which take account of the individuality of element i with respect to



292 W. JAMES SHUTTLEWORTH
the mean parameters at level z. They are defined by the equations:

(ew(Ts)— &)y = e (Ti(z))—e(z) l
(Tu— Ty = T(2) - T(z)

(w)y" = u(z)
CY (s ¢)y:"“=C"(2) [
re_ TR (A1.21)
CH(u, ¢1)yi™“=C"(2)
C (uu ¢1)'YMC'_ CM(Z)
r_STO
! — L, WpVs
1+ Wi[L,' Yi R )
where
VS _ rsto(z)
R “ T W as WD) (A1.22)
and
—RV
p(z)=18E0_ 21 (A1.23)

RY

(c) SHELTER FACTORS

Combining these definitions with Equations (A1.12), (A1.13) and (A1.14) gives
the results:

v _PC ew(Ts)—e

fi =—y£ai TRy VR (A1.24)
T.-T

H=ca 2 — A1.25

ot BRI PR TA] (123
—U

M = pa A1.26

f=ea YMRY +yMyMERMA] ( )

where

RV =[u(z)C¥(z)]"* (A1.27)

R™4=[u(z)C™(2)]™ (A1.28)

RMA=[u(z)CM(2)]". (A1.29)

These equations can be made to appear more simple by the introduction of the
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‘product modifiers’ p¥, p% and p”' defined as:

pY =y yMy"C (A1.30)
pF =y My (A1.31)
p = yMyMy (A1.32)

and the ‘hybrid modifier’ «; defined from:

w =y vV (A1.33)

(bearing in mind that w; reduces to y;” when the canopy is dry or completely wet).
The resulting simplified equations are:

=P, e(T)—e

) , (A1.34)
v R V’S+p;"'R v.A
T.—-T

H — s
fi = pCpai ‘7‘ ;_I IR}'I.{..leI—zHr—j (A1.35)

M —u

M=pgy——————————=—. (A1.36)
fo=e v'RY +pMRMA

Consider now a volume of crop of unit cross-sectional area between heights z and
z+dz; and consider, for example, the momentum flux. There is a flux 7(z)
flowing into the volume from below and a flux 7(z +dz) out above. The difference
between these fluxes is the sum of the contributions f inside the volume, i.e.,

r(z+dz)—7(2)= Z ™

=—pu) —— & (A1.37)

i Vi Ry '*'P:MRM’A'

It is convenient to define two height-dependent terms I M(2) and P (z) such that:

a; Z aQ;
— = — (A1.38)
Z yMRM +pMRMA  I'™M(z)RM + PY(z)RMA

which is an identity in the situation y}*=vy", p}*=P" for all i, with equivalent
terms P¥(z) and PY(z) (corresponding to p;’ and p/), and I'(z) and 2"(z)
(corresponding to v;” and ;) for the sensible heat and vapour fluxes.

These functions have the effect of decoupling the individual contributions to the
summation and replacing them by a fraction of the sum of an equal number of
‘average’ elements. They are identical in concept to the ‘shelter factors’ used by
Thom (1971, 1972) in as much as they are (at worst) no more than a mathemati-
cal device in which to shroud the complexity of elemental interference by
introducing apparent simplicity into the equations. Their conceptual similarity
with the ‘shelter factor’ is emphasised by the fact that PY(z), P¥(z) and PY(2)
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are identical to the shelter factors for momentum, sensible heat and vapour as
used by Thom (1971, 1972) in the approximation Ri'=R;'=R*Y=0, apart
from the fact that Thom makes the extra implicit assumption that ;' = 1 (which is
equivalent to setting ; = ii) and that he also assumes the shelter factor is height
independent. The term ‘shelter factor’ is adopted for the functions P™ P™ and
PV in the following discussion.

The need to contain such essentially empirical factors is a result of using a model
which is fundamentally based on horizontal homogeneity: their presence reflects
the fact that this assumption is not perfect inside the crop. No doubt it would be
possible in principle to evaluate the summation on the right-hand side of
Equation (A1.38) explictly if the details of the canopy were known: it might even
be possible to do this in practice, with a large digital computer. However, the
value of the summation would be so particular in time and space as to be of trivial
importance from a practical standpoint, and of no real interest theoretically,
introducing no new understanding. These empirical factors are retained for this
reason.

(d) REDUCTION TO DIVERSIVE RESISTIVITY
Making use of the definition:

+dz)—
97 _ Limit [ﬁ——z)—f@] (A1.39)
92 dz—o0 dz
with Equations (A1.37) and (A1.38) gives:
aT —Uu R Z a;
—= = Limit [—]
az © ™(z)RY +PM(z2)R™* 4,0 Ldz
which combined with Equation (A1.18) becomes:
2 —ulL
== uL.(z) (A1.40)

P =,
9z  I'™M(z)RM+PM(z)RM*

Equations describing the divergences of sensible and latent heat fluxes follow
by direct analogy thus:
oH [Ti(z) - T(2)]L(2)
—=pc,—; ra— — (A1.41)
9z '*(2)R{*+ PY(z)R™
dQAE) _ (pcp) [ew(Ts(2))—e(z)]L(2)

oz v ! Q(z)RVS+PY(z)RVA’

(Al1.42)

Comparing these equations with Equations (8), (9), (10) gives immediately:

i« T™(2)RM + PM(z) R™A
PPN (7) = e (A1.43)
p,‘?,“’(z)=r (z)Rr +P7(z)R™ (A1.44)

L(z)
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Q(z)I—QTS+PV(z)W
L(z)

pvV(z)=

(A1.45)

which are the most general results.

Using the assumptions R} « R™* and Rf « R™*, which are usually valid, and
incorporating (A1.27), and (A1.28), reduces Equations (A1.43) and (A1.44) ‘to
the more useful form:

DIV PM(Z)
M = _4
P (2) u(z)C™(z)L(2) (A1.46)
and
DIV PH(z)
= Al4
P (2) u(z)CH(z)L(z2) ( 7

It is of course possible to write a simplified equation for the diversive resistivity
for vapour flux with the assumption RV« R¥* thus:

PY(2)

DIV —
pv (2) =@ DOLE) (A1.48)

but it must be remembered that this can only be used when the canopy is
completely wet. If the crop is not completely wet, and if it is assumed that over a
horizontal plane inside the crop the fractional variation in vapour-pressure deficit
and stomatal resistance is small, and further that the crop is equally ‘wet’
throughout, then w; = v;’y;" can be set equal to one for all i. Further making the
assumption that all the elements in the crop are aerodynamically identical, gives
the approximate result:

pl‘),IV(Z)= 1 [ rsto(z) + PV(Z) ] (A1.49)
L1+ W()p@) u(z)CY(2)
where
}L(Z)=I§T—c;%,§i, (A1.50)

and where W(z) is the average Wetness Factor at height z. When the crop is
completely dty, W(z)=0 and (A1.49) reduces to:

DIV, _\ _ PV(Z) ]
Pv (Z) [rSTO(Z)-Fu(Z)E—% . (A151)

1
L(z)
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Appendix 2. The Derivation of a Generalized Combination Equation

Most of the concepts are introduced and assigned mathematical formalism
elsewhere but before proceeding, it is convenient to introduce the identities:

e.(T(h))— e, (T(2)) = A[T(h)— T(z)] (A2.1)
and
ew(T(z ) — ew(T(2)) = A[T(2) - T(2)] (A2.2)

in which h is the level of the top of the vegetation, where the temperature and
vapour pressure are T(h) and e(h), respectively, and A and A’ are the mean
slopes of the saturated vapour-pressure curve between the temperature T(z) and
T(h), and T,(z) and T(z), respectively.

Rewriting Equation (4) as:

de_ ¥ AE(Q)

az pc, Kv(z)

and integrating from z to h gives the result:

h

- Y [ AE@E)
e(z)—e(h)+pcp j Klz) dz (A2.3)

while rewriting and integrating Equation (3) gives:

h

T(h)y—T(z)= -1 J
PCp

H(z")

Ka(2) dz (A2.4)

which combined with (A2.1) gives:

h
H(z")
I Ku(z) dz’.

z

ew(T()) ~ e, (T(2)) = -

A2.5
e (A2.5)

Taking the identity:

ew(Ts(2)) —e(z) =[ew(Ti(2)) — ew (T(2))]—[ew(T(h)) — €. (T(2))]
—[e(z) — e (T(h))]
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and introducing (A2.2), (A2.5) and (A2.3) gives:

e (T,(2))—e(2) = A[T(2) - T(z)]+ D

h h
A J HZ) ., v jAE(z')
¢, J Ku(z') z ¢, J Ky(z')

dz' (A2.6)

where D is the vapour-pressure deficit at the top of the vegetation, i.e.,
D =e,(T(h))-e(h).

Combining Equations (9) and (31) gives the result:

T.(2)- T() = 222 [ (2)-208)] (A2.7)
while (10) can be rewritten in the form:
e.(Ti(2))—e(2) = pv_(z) 9AE) . (A2.8)

pcp az

After some mathematical manipulation, introducing Equations (A2.7) and (A2.8)
into Equation (A2.6}), yields the result:

h h
d(AE) pc,D A j H(z') J AE(z)
— !’ 4= ' [ .
where z z
Al
PhIvV = ? P’ (A2.10)
and
pov =PV +phrv. (A2.11)

Dividing Equation (A2.9) by pprv and integrating from ground level through the
crop gives the result:

h h h
! H r
AEh—AEo=jpD“'a(z) PP j dz +éj dz j (z? dz’
Pprv Porv Y J Pprv Ky(2')
o
dz J’)\E(z’)
- — dz’. ;

I porv ) Kuo(2) z (A2.12)
) z
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It is convenient to define the parameters r., r., ry and ry from the equations:

o%
il
—
S|e
2

h
J dz
r.=
PD1IV

, dz
rg= | ——
H

0

h
, dz
rv= -
\%

o

-1

(A2.13)

(A2.14)

(A2.15)

(A2.16)

and to introduce pprv, Pprvs kv, ki and d, normalized versions of the parameters

pbrv, porv, Kv, Ky and a, which are defined by:

Ay _ PDIV
PDIV="",
Te
b DIV
DIV =
Te
kv =ryKy
ke =riKy
R a
a=—.
A

(A2.17)

(A2.18)

(A2.19)
(A2.20)

(A2.21)

It is also convenient to introduce H(z) and E(z), renormalized versions of H (z) and

E(z), defined by:

Ay H(z)
H(Z)__H;.
&« E(z)
E(z)———Eh.

(A2.22)

(A2.23)

Introducing Equations (A2.17) to (A2.23) into Equation (A2.12) produces the

result:

AE,—AE,=2¢ AL, +2 CPD Po- | —r— LG AAL )\E,J3
Y

C

(A2.24)
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in which I,, I, and I, are defined by:

Il=

~ dz

h
Ay oA
J Porva
Pprv
(o]

Introducing Equations (34) and (36) into (A2.24) gives:
pc,D

AE;, _AEQ =% (A;_AO)II-F
[+

<

299

(A2.25)

(A2.26)

(A2.27)

Arg , ry
+—7— L(A —)\E,,)—-r— AE. I, (A2.28)
Y fe

[4

where
Ao = H() + /\Eo
Rearranging (A2.28) gives:

\E, = AA™+(pc,D +8)/rq
" A+ve(1+rdry)

where
8=vylrdi(A'— Ap)+1AE,]
-]
YE = et Y

ru=DLry

rv =Iarv.

(A2.29)

(A2.30)

(A2.31)
(A2.32)

(A2.33)
(A2.34)

These later definitions of ry and ry are not particularly convenient: it is fairly
easily shown, by combining Equations (A2.18), (A2.20), (A2.22), (A2.26) and
(A2.33) and then introducing Equation (3), that ry has the alternative form:

(A2.35)
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where h
J. [T(h)— T(Z)][PDIV]_1 dz
(6T) =2 ; : (A2.36)

f [porv] ™ dz

0

Combining the equivalent equations for vapour flux yields:
_ PG (8e)
ry Y _—AE;, (A2.37)
where

h
J [e(h)—e(2)][porv]™

(8ey =2 " dz. (A2.38)

j [porv] ™" dz

0

It is perhaps worth noting that it is possible (by combining Equations (A2.2),
(A2.7) and (A2.8)) to obtain an equation similar to Equation (A2.30) which
applies at each level in the canopy, namely:

,0A | pc,D(z)

a(AE iz P (z
e pr ) (A2.39)
A'+vyE 1+———STOM]
L rv

where
D(z)=e.(T(2))—e(z)

A’ =[en(Ti(2)) — eu(T(2)I[ To(2) — T(2)]

yE=l
'y
- _P')
VT CY(2)
_PY(z)
Ty = CH(Z)

which equation is very similar to that applicable to a single leaf.

Appendix 3. ‘Screen Height’ Changes in the Generalized Combination
Equation

It is necessary to know how Equation (38) is changed when the ‘screen height’ is
changed from h, the top of the vegetation, to a new (higher) level, zg. It is
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assumed that there is no flux divergence between the levels h and zg, i.e.,
AE(z)=AE, =AE

} for h<z<zg
H(Z)=Hh=H

The diffusion equations, Equations (3) and. (4), yield after rearrangement and
integration:

e(zr)~e(h)=—AE—L ray (A3.1)
pCp
and
1 A'—\E
T(zr)—T(h)=—H—ray = _(A'ZAE) (A3.2)
pép PCp
where:
Tav = J‘ K;'l dz (A3.3)
h
and
Tag = J Kq'dz (A3.4)

h

Introducing the identity,
ew(T(zr)) — €. (T(h)) = A"[ T(2r) — T(h)]

where A" is the mean gradient of the saturated vapour-pressure curve between

T(zg) and T(h), and combining this identity with Equations (A3.2) and (A3.1)
yields:
pcpD = pc,D'+ A" A'rap; — AE[A"Taps — YT av)

which, when introduced into (38), yields, after some manipulation,

'+
AtpA}+(pcPl)'I 5)
Iy
AE= ; (A3.5)
eriet]
Iy
where
Arg+A"r
Ar=——"2 (A3.6)
ra
rE=Tag+Ty (A3.7)
rv=rav+try (A3.8)
rII
vE= [—VJ 2 (A3.9)
1§34
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