note that the value of x(z) is independent of ¢, so that the estimates of x(z) presented be-
low are valid for arbitrary neutrino mixing angle. Numerical estimates of Y(z) are presented
in Fig. 3 for the values w = 0.1 MeV and w = 0.5 MeV. At the value z = &4 (Sm3 = 1072 ev2,

= 400 m) the lowest value of x(z) = —0.6 occurs for w = 0.1 MeV, above which there is a slow
increase until a maximum is reached at z = 15 (L = 1500 m). With further increase in z the
quantity x(z) approaches a constant value of ~0.5. From the analysis performed it is evident
_that neutrino oscillation has a marked effect on the energy spectrum of photons produced by
the process of Eq. (1).
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HAMILTON FORMULATION OF A THEORY WITH HIGH DERIVATIVES

D. M. Gitman, S. L. Lyakhovich, and I. V. Tyutin UDC 53%9.12.01

A method of "Hamiltonization" of a singular theory with high derivatives is de-
scribed. 1In the nonsingular case the result agrees with the known Ostrogradskii
formulation. It is shown that the Lagrange equations of motion reduce to normal
form in the nonsingular theory.

I. It is known that the addition of terms containing high derivatives to the standard
Lagrange field theory improves the convergence of the appropriate Feynmann diagrams in a num-
ber of cases [1]. Here, gravitation with the Lagrangian R? and the Yang-Mills theory with
high derivatives can be mentioned.* At this time, gauge field thecries naturally attract the
greatest attention, which also indicates an interest in gauge theories with high derivatives.

In this connection, the problem of quantization of such theories arises, particularly ca-
nonical quantization. As is known, canonical quantization actually reduces to the problem of
"Hamiltonization'" of the appropriate classical theory.

For a theory with high derivatives, Ostrogradskii [2] first considered "Hamiltonization."
However, his method is not directly applicable to singular theories among which are gauge the-
ories in particular. This was noted even in the original paper {2]. Nevertheless, in a num-
ber of particular cases of singular theories with high derivatives, different modifications of
the Ostrogradskii method afforded an opportunity to construct a Hamilton formalism [3-5].

A generalization of the Ostrogradskii method is proposed in this paper which will permit
an arbitrary theory with high derivatives to be reduced to a form allowing application of the
Dirac method [6], i.e., actually to "Hamiltonize" it.

The examination is made in an example of a theory with a finite number of degrees of
freedom. Transformation of the results to field theory is trivial and not presented in the text.

*It must be noted that the introduction of high derivatives creates definite difficulties,
for instance, with the appearance of the indefinite metric.

Lenin Komsomol Tomsk Pedagogic Institute. Translated from Izvestiya Vysshikh Uchebnykh
Zavedenii, Fizika, No. 8, pp. 61-66, August, 1983, Original article submitted October 25,
1982, .

730 0038-5697/83/2608~-0730807.50 © 1984 Plenum Publishing Corporation



II. Let us consider the classical system with N degrees of freedom in the case when the

Lagrange function L depends on the generalized coordinates qiz, i=s, ..., N and their deriv-~
atives above the first order.

The action S is expressed in terms of the Lagrange function in the usual way:

f

1%
1

The Lagrange equations are obtained from the appropriate action principle:

i ’

85 E?(*l)l(% )mLQ. (2)

3¢} = og\®

In the following it is convenient to go over to the problem on the conditional extremum of the
action:

S =1L(g}, g3, ... 11, v,) dt (3)
under the additional conditions

4S5 S S n, .
‘;il—“c][l y q,-‘ = UL', Si :2,..., ;. (4)

This problem is equivalent to the problem for an absolute extremum of the functional S* [7]

St =1pFHe T = @D et — v) L (g, v)] at, )

where all the g, p, v are independent functions of the time subject to variation. The appro-
priate equations of motion have the form

Iy JdL ‘
i = T s
dgi (6)
pfl = ?Ls _p;i_lv §;= 27"'7 ; !
o’
qs‘iml = q‘:i’ ; :'i = vU; (7)
-2 o ®)

0v;
The action S* in (5) and the equations (6)-(8) are called an expanded Lagrange system.
If qii, pgi, Vi, T, T 1, ..., n, are eliminated in the expanded system (as is always possible),
we return to the action (1) and the Lagrange equations (2). Only v; must be eliminated to go
over to the Hamilton formulation.

III. 1) Let the following condition be satisfied

PG A (9)
o
(the matrix zymgéiﬁiy is called the Hessian). In this case v4{ can be expressed in terms of g
q;40q; 7

R J
and p% from (8)

v, = v;(q, p). (10)

Let us substitute v4(q, p®) into (6) and (7) in place of vy The equations of motion (6) and
{(7) can afterwards be written in the canonical form:
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= A, HY, 4= {g, H), a1
where the Hamilton function H(q, p) has the form

N

H = E (Epfi"qui + phiv; (g, p”))'— L(g,v(q,p")); (12)

i=158,=2
: lsl

_ N\ [0A 9B 0A 9B\ | . .
i 55; é;; 6p?‘dqﬁ) is the Poisson bracket. In this case (9), we say that the
1=t i L 12 i

theory is nonsingular. Ostrogradskii [2] first obtained such a formulation of a nonsingular
theory.

2) If the Hessian is degenerate

0L (q, v)

=R, N—R=m>0, 13
0v,0v; > 13

rank

then the relationship (8) in the form (10) cannot be solved. In this case we call the theory
singular. It can be considered that the minor of maximal rank in the Hessian is in the upper
left corner.* We shall sometimes use the following notation

f"Z“‘—‘Pa, Vo = Va: %= 1""’ R;

(14)
p;ﬁjla = Tg, UR+a :)‘m a= 15"‘v m.
From the first R equations in (8) we express V in terms of q, P, A
Vi= Va(g, P, ). (15)

We substitute V in the form (15) into (6) and (7) and the remaining m equations in (8). Then
it turns out that these latter have the following structure

oY ==, —f,(q. P) =0, (16)
where - ‘
oL (q, v)
T P = *
falg, P) ., v

The functions @él)(q, p?) will be called the primary couplings. Let us introduce the
function H

H=pi~'qit 4 PaVa(g, P, W) + 2o (g, P) —L(ghs ¢% Vg, P, )D). a7

It is easy to see that H is independent of A:

%:P%+f(q, P)—%%}g_%:o. (18)
Let us also introduce the function H(l)(q, P, A):
HO (g, p, N) = P75+ PaVa(q, P, W)+ 50— Lig, V, ). (19)
It is evident that '
H® = H 3,05 (20)
By using H(l) the equations of motion can be‘rewritten as follows:

*This does not limit the generality since the minor of the maximal rank can always be relo-
cated in the upper left corner in a symmetric matrix by the simultaneous renumbering of the
rows and columns.
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i = (s, HOY, g = (g, HOY,
g (21)

oy (¢, p) =0,

which have the form of the equations of motion of Hamiltonian mechanics with couplings [6],
which permits application of the Dirac method and assures the possibility of canonical quan-
tization.

Let us clarify the meaning of the function H(q, p). As already noted, the momenta p§i,
ry =1, ..., nj and v4 can always be eliminated from the expanded Lagrange system (6)-(8).
The following expressions are obtained for the momenta

Vll

oL \U=rp .
( - r( qun) b =pli. (22)
lfr

i

1f the momenta pii are replaced by their expressions (22) in H(q, p), then it turns out that
H agrees with the energy*

< gL U=
N l(r) ~
}- ; \ (aql(ll

l r; . /

— L. (23)

[
'[l‘z

i=1r,=

i

IV. Let us examine the question of the possibility of reducing the system of Lagrange
equations (3) to normal form.t For simplicity we limit ourselves to the case
L(xv x“)’-"a x(n), y: y(l),"'v y(m))v X —_—'(x‘..../\“w), y: (,Vl-.-yﬂ'l)- - (24)

It is considered here that n and m are the real order to which the derivatives of x and y (re-
spectively) enter into L, i.e., that

oLy
dxm Aytm

1) If m = n, then evidently the nondegeneracy of the Hessian is sufficient for the La-
grange equation to be reduced to the form

xn = X (x.,.x@n—1) y...y(z”‘”)] (25)
yOD = ¥ (y...y@-b) x, x@=D) |

If the Hessian is degenerate, then the Lagrange equations in the variables x, y are not re-
duced to the form (25).

2) Let n < m. The Lagrange equations have the following structure

S / 0L 02l
o= (— n| T gl2n) (ntmy) 4.
=(=1 Oximoxm Y Ayima x(n) y /ﬂ (26)
+ F(x,.., xCGr=0_y  yetm—i)y,
&S,_(__ )m(‘——qz;—__xw+m)%4__~QEL___y@mf_+_G(x‘““ xirem=h oy ., yEm=ly, (27)
By | dx{mgytm dyimigy(m
(n+m) (zm)

can enter only into (27). There-
(n+m) y(zm)
’

Let us note that the high-order derivatives x and y

fore, it is impossible to solve the Lagrange equations (26) and (27) for x
taneously. Nevertheless, when the Hessian is nondegenerate:

simul-

*The expression (23) for the energy is the der1vat1ve of the action (2) with respect to t, at

the extremals. Expressions (22) for the momenta pll are the derivatives of the action (2) with
respect to qi(r l)(tz) 4 daeel
tThat form of the differential equations qi i) o Qi(qj, eees q§ i )) is called normal. The

Cauchy problem has a unique solution for normal equations.
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0*L d*L
dximgxn  gytmgxim
o*L oL
oxmgytm  gytmgyim)

det #0, (28)

the Lagrange equations are reduced to normal form.

Let g denote the minor of maximal rank N in the matrix

L 0L
(dx“”@x(”) Ax(mQyim) ) )

We partition the coordinates x, y as follows

form:

o*L

x; = Xj, 1if the column W &
X; = X;, - if the column ——ﬂ————Eg'
’ Oxtmax™ ="
y;=Yj, if the column ———a—L—(m—,‘ &
axmayy
. 0*L —
¥ = U, if the column W cg.

CONCLUSION

The Lagrange equations in the nonsingular theory (28) reduce to the following normal

Xen = F(X.. X@n=h x  x@m Yy Yiete=D g getm),
Yuotm = G(X.. . X g x@0 Y, Yermolog glosm)

29
xtm = o (X, XD, g xlntm=Ly  Yirtm=D gy g@me-D); (29)

wm) = § (X, Xen=D x,_ glwbn=l) |y, Yiatm=D g g@m=D),

In the singular theory the Lagrange equations do not reduce to the form (29) in the x, ¥y

variables. An analogous assertion is valid even for an arbitrary quantity of different njy.
The nondegeneracy of the Hessian (9) is the condition assuring the possibility of reducing the
Lagrange equations (2) to a normal form of the type (29) even in this case.

1.

oWk w N
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