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The s t ruc ture  of the sources  of a gravitat ional  field in Schwarzchild and K e r r  spaces is 
investigated using the method of geodesic curva ture .  The curvature  i s  calculated in 
Schwarzchild space for an isotropic and t ime-l ike  congruence and in K e r r  space for  two 
isotropic congruences .  An analysis  of the curvature  is made. 

Geodes ic  curvature  is utilized in [1] to analyze the s t ructure  of the source of a gravitat ional  field 
in Schwarzchild space.  In this paper,  geodesic curva ture  is considered for determining the physical  s in-  
gular i t ies  in the Schwarzchild and K e r r  solutions using the Newman--Penrose  (NP) fo rma l i sm [2] (see also 
[3, 4]). 

The quasiorthogonal t e t rad  fo rmed by the four l inear ly  independent isotropic vec tors  l#, n#, m#, 
and l~p, sat isfying the orthogonali ty condition 

l~ n~ = =- m~ m~ = 1 (1) 

(the line denotes complex conjugation) is utilized in the N'P fo rma l i sm.  The res t  of the contract ions  of 
these vec to r s  vanish.  It is convenient to write the te t rad  in the fo rm Zm~ = (l~, n#, mp, mp), where the 
te t radic  indices a re  denoted by Latin le t te rs  (except i, j) and the covar iam indices are denoted by Greek 
le t t e r s .  All of the indices va ry  f rom 1 to 4. 

The K e r r  solution [5] is written in the NP fo rmal i sm in the following manner  [6]: 

g~ ---- l~ n ~ + l ~ n~ - -  m~ m ~ --m~ mL 

P = ~',  n ~ = ~ + U ~ L  m~ = o , ~  + ~ ~,  

= % + a s l n  = 0  ~,, n ~ , = - - U ~  

m~ = - -  1 / l / 2 ( r + i a c o s O )  (~I + i s i n  0 ~ ) ,  (i ,  tr = 1, 3 ,  4 ) ,  

U =  I 1 m(p@-p), ~=~o~,  ~=~ol~, 
2 2 

1 ~o4 = _ _  i ~o = __ ~ot =_ ~ / a  sin O. ~os 
- -  V---~ ' V2  sin o" ' ] / 2  (2) 

The coordinates  x~ = (u, r, | go), where u is the r e t a rded  time, are  utilized; r is the affine pa ra -  
me te r  along the isotropic geodesic and cha rac t e r i ze s  the distance f rom the source;  | and go are  polar  an- 
gular  coordina tes .  The supersc r ip t  "0" denotes that the function is independent of r .  The nonzero ro ta -  
tion coefficients of Rieci  and the components of the Weyl tensor  are  

! ~ = - -  ~ _ cos 0 t 
P =  r + i a c o s O  ' 2V'2s |nO P' T='~-rn~ 2, 

i . 

3 
g o  = ~ l  = O ,  tF2 = m~ s, ~Fs = ~ i a m ~  4sln O, 1F 4 = - 3 p  ~ a 2 m s i n  ~0. (3)  
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on e a c h  of the  g e o d e s i c s .  
fo l lowing  m a n n e r :  

The  S c h w a r z c h i l d  so lu t i on  is  o b t a i n e d  f r o m  the K e r r  so lu t ion  
by  l e t t i n g  a equa l  z e r o .  

The  equa t ion  of the  g e o d e s i c  c u r v a t u r e ,  a c c o r d i n g  to [7], 

ha s  the  f o r m  

a2 V ~  ~ ~ U ~ = Ox~ V ~ OxZ ( 4 )  ~ + l ~ ) , ~ u  v ~ g ~ = o ,  a-~' = a-~' 

w h e r e  6/6u i s  the  a b s o l u t e  d e r i v a t i v e ;  u is the  c a n o n i c a l  p a r a -  
m e t e r  a long  the g e o d e s i c ;  v is  a p a r a m e t e r  which  i s  c o n s t a n t  

T h e  v e c t o r s  Up (the v e c t o r  t angent  to the  g e o d e s i c )  and Vp a r e  r e l a t e d  in the 

U~;, V ~ = V~;, U ~. 

We sha l l  de f ine  the  g e o d e s i c  c u r v a t u r e  as  

(5) 

~ = ~2 V ~  - -  R~p U U t  (6) 

Le t  us  c o n s i d e r  an i s o t r o p i c  g e o d e s i c  c o n g r u e n c e  in S c h w a r z c h i l d  s p a c e  such  tha t  Up =lp.  As is  
in o r d e r  tha t  the  i s o t r o p i c  v e c t o r  lp would  be  t angen t  to the  g e o d e s i c ,  it i s  n e c e s s a r y  to  s a t i s f y  known, 

the  cond i t i on  k = 0 [2] and  

& ,  v = (e  + ~) l~. (7) 

One can  t r a n s f o r m  the  c o e f f i c i e n t  lp ~ ~olp to z e r o  by  a change  in s c a l e  (e + ~).  The  v e c t o r  lit i s  a 
g e o d e s i c  f o r  the  S c h w a r z c h i l d  s o l u t i o n  w r i t t e n  in the  f o r m  (2). 

L e t  us  def ine  the  v e c t o r  V~ in the  f o r m  

I/~ = alp + n~ + cm~ + cm~, (8) 

w h e r e  a and  c a r e  f u n c t i o n s  of  r and  @. U s i n g  Eq.  (5), we ob ta in  a = - -  m r  -1 and c = - - c ~  Then  the g e o - -  
d e s i c  c u r v a t u r e  i s  w r i t t e n  in the  fo l l owing  f o r m :  

'7~ = - -  R ~ p  P V �9 l~ = - -  R ~ t  = ( ~  + ~ 2 )  l~. (9) 

S u b s t i t u t i n g  ~I, z = - -  m r  -3 into Eq.  (9), we ob t a in  

~ = - -  (2m/r3)l~. (t0) 

L e t  us now d e t e r m i n e  the  g e o d e s i c  c u r v a t u r e  in S c h w a r z c h i l d  s p a c e  fo r  a t i m e - l i k e  g e o d e s i c  c o n -  
g r u e n c e .  L e t  us def ine  the  4 - v e c t o r  v e l o c i t y  in the  f o r m  

1 u~ = ~ (l~ + n~). (11) 

L e t  us  s a t i s f y  the  g e o d e s i c  e q u a t i o n  ul,;vuV = 0 with the  a id  of the  L o r e n t z  r o t a t i o n s  l"P = ~0lp, n p =  tO -1 n#. 

Le t  us def ine  the  v e c t o r  V/~ in the  f o r m  

V~. = al~ + (1 q- a) n~ + cm~ q- crn~. (12) 

So lv ing  Eq.  (5) and  s u b s t i t u t i n g  the  e x p r e s s i o n  o b t a i n e d  f o r  V~, and  Eq.  (11) into Eq.  (6), we ob ta in  

~q~ = -21 (~F2 q_ ~F2) ( l~ -- n~) = - - 1  m ) ( l~ -- n~.). (13) 

C o m p a r i n g  e x p r e s s i o n s  (10) and (13), we c o n c l u d e  tha t  a unique p h y s i c a l  s i n g u l a r i t y  o c c u r s  in S c h w a r z -  
c h i l d  s p a c e  a s  r ~ 0, in a g r e e m e n t  wi th  the  r e s u l t s  in [1]. 

I t  is  e s p e c i a l l y  i n t e r e s t i n g  to a n a l y z e  the  b e h a v i o r  of  the g e o d e s i c  c u r v a t u r e  in K e r r  s p a c e .  L e t  
us  c o n s i d e r  the  i s o t r o p i c  g e o d e s i c  c o n g r u e n c e  with  the  t a nge n t  v e c t o r  Up = l~  [the v e c t o r  lp i s  the  g e o -  
d e s i c  f o r  the  t e t r a d  (2)]. 

L e t  us def ine  a v e c t o r  Vlu s i m i l a r  to (8): 

V~ =- al~ + n~ + cm~ q- cm~. 
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Solv ing  Eq.  (5), we ob ta in  a = l/2 m(p + p) and  c = c ~  T h e n  the g e o d e s i c  c u r v a t u r e  a s s u m e s  a f o r m  
s i m i l a r  to (9): 

~ = (q~'2 ,4- qg~) l~. 

S u b s t i t u t i n g  ~I, 2 f r o m  (3) into th i s  e x p r e s s i o n ,  we ob ta in  the f o r m u l a  for  the  g e o d e s i c  c u r v a t u r e  in K e r r  
s p a c e  

[ 2 m r  ( r  ~- - -  3a 2 cos ~ O) 
~=-L ~r~: - -~sT-~ ]l~. (14) 

The  c o o r d i n a t e s  r ,  | and  (p a r e  not the  u sua l  p o l a r  ones  s i n c e  e v e n  in the  l i m i t  of p l ane  s p a c e  (m 
= 0) the  K e r r  m e t r i c  is  not  the  M i n k o w s k i  m e t r i c  in p o l a r  c o o r d i n a t e s .  T h e  fo l lowing  c o o r d i n a t e  t r a n s f o r -  
m a t i o n  r e d u c e s  a l l  of  the  c o o r d i n a t e s  to the  p o l a r  ones  r ,  | ~0, u = t - -  ~ [8]: 

r ~ = r  2 + a  ~sin ~0, t g ~ =  t g ~ - - a / r  
1 + ( a i r )  tg ,~' 

cos ~ = r cos O/(r ~ -4- a" sin 2 O) '/2, u = a - -  ( r 2 + a  2 sin~ O)'I~+r.  (15) 

T h e  s i t u a t i o n  is  such  tha t  we have  an i n i t i a l  c u r v e d  s p a c e  a s s o c i a t e d  wi th  a p l ane  s p a c e ,  in which  
p o l a r  c o o r d i n a t e s  a r e  d e f i n e d .  We can  now a n a l y z e  the  g e o d e s i c  c u r v a t u r e  a s  a func t ion  of  the  p o l a r  c o -  
o r d i n a t e s  e s t a b l i s h e d  in t he  a s s o c i a t e d  p l a n e  s p a c e .  

A n a l y z i n g  Eq .  (14), we conc lude :  when r = a a n d  @ = 7r/2, t h e r e  e x i s t s  a s i n g u l a r  annu lus  on which  
~ ~ r162 Hence ,  one c a n  c o n s i d e r  t h i s  annu lu s  a s  a p h y s i c a l  s i n g u l a r i t y  which  i s  unique in K e r r  s p a c e .  
F u r t h e r m o r e ,  i t  i s  n e c e s s a r y  to  m e n t i o n  the e x i s t e n c e  of  a c e r t a i n  "nul l  ~ s u r f a c e  on which  the g e o d e s i c  

c u r v a t u r e  c h a n g e s  s ign .  

G r a p h s  of the  e q u a t o r i a l  and ax i a l  c u r v a t u r e s  a s  a func t ion  of r a r e  g iven  in F i g s .  l a  and  lb ,  r e s -  
p e c t i v e l y .  A c r o s s  s e c t i o n  of  4 - d i m e n s i o n a l  K e r r  s p a c e - - t i m e ,  u = cons t ,  i s  g iven  in F i g .  l c .  

L e t  us  c o n s i d e r  a s e c o n d  i s o t r o p i c  g e o d e s i c  c o n g r u e n c e  wi th  the  t a n g e n t  v e c t o r  Up = u~.  F o r  the  
v e c t o r  np to  be  a g e o d e s i c ,  i t  i s  n e c e s s a r y  to  s a t i s f y  the  c o n d i t i o n  ~ = 0. In o r d e r  to s a t i s f y  t h i s  condi t ion ,  
a t e t r a d m  t r a n s f o r m a t i o n  i s  p o s s i b l e  which  l e a v e s  the  o r t h o g o n a l i t y  cond i t i on  f o r  the  t e t r a d i e  v e c t o r s  in -  
v a r i a n t .  T h i s  t r a n s f o r m a t i o n  i s  a z e r o t h - o r d e r  r o t a t i o n  of  the  t e t r a d  about  I~ [3] 

l~ = l'~, m ~ = tn~ + at  ~, n~ = n~ + am ~ 4- am~ -4- aal~,  (16) 

and  a i s  a c o m p l e x  s c a l a r .  If  t he  c o m p l e x  s c a l a r  a e q u a l s  a = (in s i n |  p,  t hen  the  f u n c t i o n s  v, ~I, a, and  
~4 a r e  e l i m i n a t e d  by  t h i s  t r a n s f o r m a t i o n .  T h e n  the g e o d e s i c  equa t ion  f o r  the  i s o t r o p i c  v e c t o r  r~ wi l l  b e  

n~;~ n �9 = (7 ~- :t) n~. (17) 

L e t  u s  t r a n s f o r m  the  c o e f f i c i e n t  (T + 7) to  z e r o  by  m e a n s  of  the  s c a l e  t r a n s f o r m a t i o n  l~  ~ q~l~. 

We def ine  a v e c t o r  V~ in the  f o r m  

V~ ---- l~ + bn~ + cm~ ~- -c'm~, (18) 

w h e r e  b and c a r e  func t i ons  of  r a n d  O. One can  show tha t  t h i s  v e c t o r  s a t i s f i e s  Eq .  (5), the  func t ions  b 
and  c not  o c c u r r i n g  in t he  e x p r e s s i o n  fo r  the  c u r v a t u r e .  Thus ,  f o r  an i s o t r o p i c  g e o d e s i c  c o n g r u e n c e  with 

t he  t angen t  v e c t o r  n# we o b t a i n  

[ 2 r n r  ( r  ~ - -  3a~- cos 2 (~) ] 

C o m p a r i n g  e x p r e s s i o n s  (14) and  (19), we c o n c l u d e  tha t  the  c u r v a t u r e s  a r e  i d e n t i c a l  fo r  bo th  c o n g r u e n c e s .  

Thus ,  l e t  us  e m p h a s i z e  tha t  the  a n a l y s i s  c o n d u c t e d  a l l o w e d  one to  u n c o v e r  the  m o r e  d e t a i l e d  p r o -  
p e r t i e s  of  the  s t r u c t u r e  of  the  s o u r c e  in K e r r  s p a c e  (the s u r f a c e  fo r  the z e r o t h - o r d e r  c u r v a t u r e )  than was  
p o s s i b l e  wi th  c o n v e n t i o n a l  m e t h o d s  [8]. A d d i t i o n a l  i n v e s t i g a t i o n  is  r e q u i r e d  to e x p l a i n  the  p h y s i c a l  m e a n -  

ing of t h e s e  p r o p e r t i e s .  
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