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The f o u r - f e r m i o n  weak in te rac t ion  is fo rmula ted  in t e r m s  of invar ian t s  of the groups  
G 2 = I.~SU (2) and G 3 = L| The f o u r - f e r m i o n  Hamil tonian  is cons t ruc ted  as a 

l n f o u r - f e r m i o n  invar iant  of the group G~ on the b a s i s  of the spin t e n s o r s  ~ . ~ ,  where 
a ,  fi, 7 = 1, 2, 3, 4 a r e  the sp inor  indices  and l ,  m, n = 1, 2, 3 a r e  the uni ta ry  indices  of 
the r e p r e s e n t a t i o n  of G 3. It is  shown that in the case  of one mul t ip le t  ~/~a~ one c a n  

cons t ruc t  one non t r iv ia l  invar ian t  and in the case  of two mul t ip le t s  ~ / r ~  and ~p/n~n, 
nine non t r iv ia l  i nva r i an t s .  Of these,  only in the ca se  of two of the invar ian ts ,  ~ i % h  
contain two mul t ip le t s ,  a r e  the lepton and ba ryon  numbers  conse rved  independently.  
One of these  i nva r i an t s  is  c o n s i d e r e d  in de ta i l .  In the case  of SU(2) there  is no funda- 
menta l  diff icul ty and a number  of r e l a t i ons  a r e  obtained for  the constants  of the weak 
in te rac t ions  and the p r o b a b i l i t i e s  of p r o c e s s e s .  In the case  of SU(3) it is shown that 
the known b r e a k i n g s  of SU(3) in weak in te rac t ions  can be l o c a l i z e d  in the lepton octet  
by choosing it in a spec i a l  way. 

I N T R O D U C T I O N  

It is  not diff icul t  to fo rmula te  weak f o u r - f e r m i o n  in te rac t ions  in t e r m s  of invar ian ts  in the case  of 

the s y m m e t r y  G 2 = L | SU(2), where  L is the Loren tz  group [1]. That is not the case  for  G 3 = L ~) SU(3). 
Because  ne i the r  the hype rcha rge  Y nor  the t h i rd  component  13 of the i sospin  a r e  conse rved  in weak in t e r -  
act ions ,  to say nothing about the absence  of a lepton octet ,  the v e r y  fo rmula t ion  of the quest ion of d e s -  
c r ib ing  a f o u r - f e r m i o n  in te rac t ion  in t e r m s  of invar ian t s  of the group G 3 = L | SU(3) would appear  to be 
devoid of meaning .  Neve r the l e s s ,  if the quest ion is posed  "sens ib ly ,  " it can be given a pos i t ive  answer ,  
as  we shal l  show below.  

The p r o b l e m  is solved as  follows: 1) It is f i r s t  a s s u m e d  that there  e x i s t s  a lepton octet  as  a r e -  
p r e s e n t a t i o n  of SU(3) [ i . e . ,  it t r a n s f o r m s  in accordance  with an octet  r e p r e s e n t a t i o n  of SU(3)] and in weak 
f o u r - f e r m i o n  in te rac t ions  t he re  is no b reak ing  of SU(3) s y m m e t r y .  One cons t ruc t s  the fo rma l  m a t h e m a t i -  
ca l  appa ra tus  of the f o u r - f e r m i o n  weak in te rac t ions  in t e r m s  of the invar ian t s  of G 3 and obta ins  final r e -  
su l t s  in t e r m s  of the ba ryon  and lepton oc te t s .  2) The lepton octet  is cons t ruc t ed  as a genera l  3 x 3 m a -  
t r i x .  Since the e l e c t r i c  charge  is c o n s e r v e d  in weak in te rac t ions ,  in the lepton octet  the pos i t ions  of the 
cha rged  and the neut ra l  p a r t i c l e s  a r e  f ixed.  The lepton octet  is cons t ruc ted  as  an SU(3) r e p r e s e n t a t i o n  
by analogy with the ba ryon  octet ,  the following subst i tut ion be ing  made for  the charged  p a r t i c l e s  (with a r -  
b i t r a r y  coeff ic ients) :  p + - -  e +, Z + ~ e+',  ~ ' -  - - /~- ,  Z-  - -  t~ -~, and the neu t ra l  p a r t i c l e s  a r e  r e p l a c e d  by a 
l i n e a r  sum (with a r b i t r a r y  coeff ic ients)  of the co r r e spond ing  neut r inos :  u - v e, w =- up, v'  = ue ' ,  w - p ~ ' .  
Thus,  the lepton m a t r i x  conta ins  four  new p a r t i c l e s  (e +', p - ' ,  u', w') and 24 a r b i t r a r y  p a r a m e t e r s .  If 
these  24 p a r a m e t e r s  a r e  d e t e r m i n e d  sui tably ,  the m a t r i x  is  a r e p r e s e n t a t i o n  of SU(3), and the f o r m a l i s m  
is invar ian t  under  the group G 3 = L ~ SU(3). 3) The b r e a k i n g  of SU(3) s y m m e t r y  is  now e x p r e s s e d  by the 
fact  that  in the r e s u l t i n g  lepton m a t r i x  one a s s u m e s  e +' = e +, p - '  = p- ,  v '  = u, w' = w. In addition, the 
r e m a i n i n g  14 constant  p a r a m e t e r s  in the lepton m a t r i x  r e m a i n  a r b i t r a r y ,  and these  a r e  to be de t e rmined  
a p p r o p r i a t e l y .  The no rma l i za t i on  condit ion and the r e q u i r e m e n t  that the lepton m a t r i x  be an octet  y ie ld  
seven equat ions .  The r e m a i n i n g  condi t ions a r i s e  f rom the r e q u i r e m e n t  that  in baryon  decays  the re  be no 
c r o s s e d  t e r m s  of e l e c t r o n  and muon neu t r inos  (of the type (wTpe+), ( u - T p u ) . . . ) .  As a r e su l t  of these  
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TABLE la .  P a r a m e t e r s  of Leptoni c Decay of Baryons  
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tion (28) 

II 

r  

I 

general  requirements ,  the lepton octet is determined in t e r m s  of e +, p-,  v, w to within one a rb i t r a ry  con- 
stant.  4) It r emains  to show that the lepton octet const ructed  in this way takes on, to the neces sa ry  extent, 
all b reak  ings of SU(3) in weak four - fe rmion  interact ions.  The proof  is by direct  calculation of the p rob-  
abili t ies of leptonie decays of ba ryons  of the octet in the f o r m a l i s m  when the const ructed  lepton octet is 
used. 

It is well known that to obtain experimental  values of the probabili ty of leptonic decays of baryons  
of the octet it is also n e c e s s a r y  to introduce fo rm fac tors .  However, to avoid the introduction of new free 
pa rame te r s ,  which is neces sa ry  when f o r m  fac tors  are  taken into account, the probabil i t ies of p roces se s  
are  calculated in the present  work at a small  momentum t ransfer ,  q~ = 0. The resul t s  are  compared  with 
the resu l t s  of Cabibbo theory  (for which it is known that the theory can be made to agree with the exper i -  
ment if the fo rm fac tors  are  suitably chosen) under the same conditions q2 = 0 Comparison shows that # �9 
the resu l t s  of these two fo rma l i sms  in the case  of leptonic decay of baryons  of the octet are ve ry  s imi lar .  
At the same time, Cabibbo theory  (for q~ = 0) depends on at leas t  three p a r a m e t e r s  (| the Cabibbo angle 
and the p a r a m e t e r s  F and D). In the fo rma l i sm developed below, there  is only one pa rame te r  (the analog 
of | F and D are determined by the specification of the symmet ry ) .  

In our work we calculate the probabil i t ies  (for q2 = 0) of p r o c e s s e s  that cor respond  in the usual 
te rminology to neutral  cur ren ts ,  these being ent irely absent in Cabibbo theory .  

We also consider  lepton--lepton interaction in SU(3) using our lepton octet and we determine the 
ra t ios  of the weak coupling constants  of different lepton--lepton interact ions.  

w  G e n e r a l  F o r m  o f  t h e  H a m i l t o n [ a n  o f  t h e  

F o u r - F e r m i o n  I n t e r a c t i o n s  

1. F o u r - F e r m i o n  Invariants .  In this section, we const ruct  the formal  mathemat ical  apparatus of 
four - fe rmion  weak interact ions in t e r m s  of four - fe rmion  invariants  of the group G 3 = L ~ SU(3), assuming 
at the same t ime that in weak four - fe rmion  interactions there is no breaking of SU(3). We shall descr ibe 

[/m]n Here, a ,  fl ,  T a r e  the baryons  by the octet r i/rain and decuplet ~h(/mn), and leptons by the octet ~0 [~fi]T " 
[~TT T ( ~ T )  

the spinor indices and l, m, n the' unitary indices.  The square bracke ts  denote an t i symmetry  and the round 
bracke t s  symmet ry .  All these mult iplets  are  symmet r i c  with respec t  to the composi te  indices (ABC), and 
it is therefore  sufficient to cons t ruc t  a four - fe rmion  invariant f rom @(ABC) and r and their  conjugate 
functions, which contain as i r reducible  representa t ions  the octet and decuplet in which we are  interested.  
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TABLE lb .  P a r a m e t e r s  of Leptonic Decay of Baryons  
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2c m - -  2c ~ ----57 
2 / - -  - -  
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F r o m  one mult ip le t  r or  gO(ABC ) one can cons t ruc t  one nontr ivia l  f o u r - f e r m i o n  invariant  [1],: 

6, m~ (N, N) mJ (Y, N), m~ (N, N) _~co  ~?Aco 

A = ( ~ , l ) ,  B = ( ~ , m ) ,  C----- (]', n), D = ( ~ , t r  
~, ~, 7, ~ = 1, 2, 3, 4; I ,m ,n . : l ,2 ,3 .  (2) 

F r o m  the two mul t ip le t s  ~b(ABC ) and q~{ABC) one can cons t ruc t  ten nontr ivial  invar iants  [(1), m~ (N, L)m~ 
(/V, L), m~ (N, N) m~ (N, L), m~ (N, N) m~ (L, N ) ,  and a fu r the r  four invar iants  obtained f r o m  these  by the 
subst i tut ion N ~ L, L ~ N, and the two invar ian ts  (3)]. If at the same  t ime one r e s t r i c t s  onesel f  to the r e -  
qu i rement  that the ba ryon  and the lepton number  be conse rved  separa te ly ,  instead of (1) there  r ema in s  only 
the two invar ian ts  

H -  - ~  {m~ (N, N)m~ (L, L ) +  ~m~ (N-, L)m~ (L, N)}. 
(3) 

Here  N a re  the baryons ,  L the leptons,  and G z and fi a re  two a r b i t r a r y  cons tan ts .  

If we r e s t r i c t  o u r s e l v e s  to only the ba ryon  octet  $ [/m]n formula te  the co r respond ing  conditions on 
[ ~ ] 7 '  

the spin and isospin,  make  r ) sa t i s fy  the Di rac  equation in the f o r m  of the B a r g m a n n - - W i g a e r  equation, 
and use the actual  f o r m  of ~ [ / ~ ] n  in t e r m s  of a n t i s y m m e t r i c  Di rac  m a t r i c e s  (c, c75, c%~Tp, where c is the 

charge  conjugation mat r ix )  and the cor responding  functions N[lm] n, N[lm] n, we find f r o m  (1) 
P 

- -  __ b g ~,'~ m~,, (b, b) ---- 0=a 8 J 4 -4- ~J"  

i ~-n bl } ~_ - �9 _nbl _ ~ (4) +-~(o~m ~n) + {[~,,,(b~b~+b~b~)~--5(lJ~b3+b~b~,.~)~l--(bm n-eb~,nb~n)}, 

where ~b)~ - b~b k. At the same time 
I 1 too=O, b--L, L~=y~L, s (5) 
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TABLE lc .  P a r a m e t e r s  of Lept0nic Decay of Baryons  

2 (c, :,)7' 

2c~ 

2c~ 

2e~ 

2 c ~  

(2e~, a,)~ n 

~. 2 (c3 :~)7' 

@ 
"~ 2 (e~ a~)~ 

o 
2c~ 

2e~ 

2e~ 

2c~ 

16.~0tm 

4biota 

16 atom " 

r'~ 

~ 1 8  sinZ 0 , 

9 (I--5 cos~ O) 

- -  18 cos"- 0 

9 sln~ 0 

- -  27 cos~ 0 

9 cos~ 0 
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6-/~ - -  25  ( 1 - -  ~ ~) - -  19.~ - 
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6 :~ - -  25 (I - -  }~) - -  1 9 ~  

- -  2 5  - -  1 9 x ~  

6p~ - -  25 ( l  - -  ~ )  - -  19 }~ 

- -  2 5  (1 - -  :r 

- - - 6 4 - - 6 4  8 8 8 - - 3  - - 1 6  

1 1 - - 4  - - 4  - - 2  0 ] / 3 -  

- - 4 - - 4 - - 4 - - 2 - - 1 - - 3  ] / -3-  

- - 6 4  - - 6 4  - - 6 4  8 8 0 

I 1 1 - - 4  - - 4  - - 3  

- - 4  - - 4  - - 4  - - 2  - - 2  0 

+ I t + 

,-.; o,i o/  .4 ~ ~ r,: + 

m ]  a o = o a s = O  

+ I I 

,..z c,,i ~ -4 ~ ,:_,5 

m] ~o =o  as=O 

m o4=0, b~-_N, N r  K~ =qCN, 
i i , , q~.~------p,~, -q~.=_ p~, p~,=(p, ,  iE), p~=(p.,iE'), p~=--mg. (6) 

I n  o m o 

In (4), the t e r m s  in the cur ly  b racke t s  coincide with the cor responding  express ions  in SU(2) (when 
the octet b / is rep laced  by the doublet b / ) .  The t e r m s  outside the cur ly  b racke t s  are  pecul iar  to SU(3). 
We can obtain m~.(N, L) and m~ (L, N) f rom (3) by the simple substitution b --  N, b ~ L and b - -  L, b - -  N, 
re  spect ively .  

In this  paper  we r e s t r i c t  ourse lves  to cons ider ing  the following case:  a) m L = 0 (m L is the lepton 
mass)  and b) fl = 0 in (3). Thus, f rom (3)we consider  only the single invariant 

h G2 a - -  N ~ =--~--~-m,~,,,(N, )m~t ([,L). (7) 

2. The Case SU(2). If for  a lepton we substitute into (1) 

L l =  (1 ~) , L ~ = - ~ L  t, L~=--~rtTr (8) 

we obtain 
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T A B L E  2. V a l u e s  o f  t h e  P a r a m e t e r s  a ~  a n d  b ~  

m? 

m ~, 

a j ~ O  

as = 2"(~.0 + 2~a x~ + ~s.. 

~j#= o 

b s = - - ~ % - - ~ a  x~- -5=%.  

m~ 

m~ 

a l  ~ 2 x 1 % ,  aa  = %2 g2, 

a~ = (~ + 20) ~a + (P + 2-~) }~, 
a~ = (~ + 2~) ~4+ (~+ 2~) ~, 
a9 = (~ + 2~) }a + (P + 2"~) ~, 
a,o = (~' -~- 2p) ~, + (~ + 2~) ~. 

bI = --" el  Zl ,  b3 ~ - -  5e2 g~2' 

t~ = + (5,~ + 0 ~, - -  (5-~. + p) ~a. 
b, = (5~, + ~) ~ -- (5~ + ~) ~,, 

- -  b~ = (5~ + ~) ~a + (5~ + "r) ~ ,  

- -  b,o = (5"( + p) h + (5~ + ~) ~.:. 

ml 
a~=  -- 2, a = = 2  (3a=--2), 
a , - - - -2(3~--2) ,  a~=6a},  

a~o=6~ .  

b i -~ - -2 ,  2 b : = t - - 6 a  ~, 
2 b ~ = 1 - - 6 ~  =, b~=--3=~,  

m~ 

a, = 2 ( ~  - -  i), aa = ~ - -2 ,  
a~ = 2{~ + ~-~ + 3~2 - -  2, 
a , ~ - - 2 ~ + ~ + 3 ~ - - 2 ,  
a~ = 3"r~ + ~ ~ + 2~-a ~, 

261 = 1 - - ~ ,  2ha-- I --Sz~, 

- -2b~=6~Sq ' -5  ~, {=q- Ca ~, 

bto = b~. 

m~ 

a t = 2 ( z ~ - - l ) ,  a a = x ~ - - 2  , 

a ~ = 2 ~  +.~] + 3 ~ - - 2 ,  

~10 ~ a9" 

For the solution (1.28) sin 0 = 0 

2b1= 1 --x~,  2ba= 1 - - 5 ~ ,  

2bg=6?~q-5}a~+~ l  }2, 
bm~bg. 

m} 
ml 
m~ 
m~ 

a 5 ~ C l C5, a6 ~ - -  5C 2 C 6. 

a t = - - 2 ,  a : = a ~ = - - 4 .  

a~ = a3 = - -  2, a: = --  l. 

a a = a 4 = - - l .  

b 5 ~  - - 5 c  l c5, b6 ~ c 2  C 6. 

b1=2,  b ~ = b , = 0 , 5 .  

b ~ = b a = 0 , 5 ,  b 2 = - - 2 .  

b3= b , : - -2 .  

S i m i l a r l y ,  i f  i n t o  (7) f o r  t h e  n u c l e o n s  w e  s u b s t i t u t e  

N t  = ( p ) N t  qw N t, --, i _ i p(f),  , N v . = q ~ N  t, q~--  p("', q , ~ - - - - - -  
lZ In n m.p 

a n d  f o r  t h e  l e p t o n s  w e  u s e  t h e  f o r m s  (8), w e  o b t a i n  

(89 

-I- 0,80 P~ (nn)] (; F~- ~) -l- 8 [ F (p Ta T5 P) q- 2~2i Pa (/Tp) l (~ F~ v) -{- . . . } .  {9') 

Here we have omitted the terms corresponding to the reactions e + p ~ e + p and e + n -- e + n, which can 
be obtained.from those above by the substitution n ~ p, u ~ e and p - -n ,  v ~ e, respectively: 2F = I + q/lq/~, 
2P/~ = q/z + ~I#. In the limit of a small momentum transfer, F ~ I, P/, --  q#. 
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3. "Cur ren t  on C ur r en t "  F o r m a l i s m .  With r e spec t  to the spinor  indices (a, fl) the t ensor  m.~ ~t 
can be decomposed  with r e s p e c t  to the v e c t o r s  of the a lgebra  of Di rac  m a t r i c e s .  In the genera l  case ,  the 
expansion contains all five v e c t o r s  (scalar ,  p seudosca la r ,  vec tor ,  pseudovector ,  and an t [ symmet r i c  ten-  
sor ) .  However ,  in the case  of leptons,  when m L = 0, under  the assumpt ion  that all  the leptons of the mul -  
t iplet  (octet) have the s a m e  helici ty,  only the vec to r  and the pseudovec tor  r e m a i n  in the expansion.  Then 
the Hamil ton[an of the f o u r - f e r m i o n  in teract ion of the two mul t ip le t s  (7) can be r e p r e s e n t e d  in the f o r m  

H =  - ~ - ~  {I~ (N, N)t~J~(L, L)} " -- I~s(-ff, N ) t  ]~,s(-s L)7}, (10) 

where I~ and I~5 a re  the ba ryon  and Jp and J#~ the lepton c u r r e n t s  and p seudocu r r en t s .  In pa r t i cu la r ,  

- ( ] ' - l ' / / '  I~L ~ 'J ' 

=_--~(q~-Fq~).O.u)-F (1 + q, g )  -f, (o,], 

r ), O)Um = -- 2~ U Btr a -~ 4 ~, + , di],~ Xxra, 

-tb,n=-~ik/,n, bm~ =~t) .~ ;  , c , i , j = 1 , 2 , 3 , 4 , 5 , 6 , 7 , 8 ;  l , m =  l ,2 ,3 .  
(11) 

dij k a re  the known s t r u c t u r e  coeff ic ients  of the Get l - -Mann m a t r i c e s .  R is not difficult to show that fijk, 
decays  of b a r y o n s  of the octe t  with I AQI = 1, i AS I= 0 and IAQI = 1, I ASI= 1 (Q is the e lec t r i c  charge  and S 

~' (N, N), m~ (N, N ) ,  r e spec t i ve ly .  At the s a m e  t ime,  is the s t r angeness )  a r e  conta ined in the t e n s o r s  m~x 
one can show that 

(12) 

T h e r e f o r e ,  when 

I a Q l = l ,  t h S l = 0 ,  H ~ m ~ l ~ ( X t - - i } , z ) ,  (12') 

I & Q [ = I ,  ] A S [ = I ,  H ~ m ] ~ 1 ~ ] ~ ( X , - - i X s ) .  

Thus,  the ma in  assumpt ion  of Cabibbo theory  in th is  f o r m a l i s m  a r i s e s  as a consequence of the genera l  
s t ruc tu re  of the invariant ,  and m o r e o v e r  quite independently of the assumpt ion  about the s t ruc tu re  of the 

lepton octe t .  

4. Genera l  St ructure  of the Baryon  T e n s o r  m ~  (N, N). By analogy with the f o r m a l i s m  of the f o r e -  
going subsect ion,  the Hamil ton[an (7) can be r e g a r d e d  as  the " t ensor  on t ensor  ~ f o r m a l i s m .  The baryon  

t enso r  ~l - m ~  (N, N), if the solution (6) is subst i tu ted into it and it is wri t ten out in full, can be r e p r e s e n t e d  
as  a sum of t e r m s  of the following genera l  form:  

F o r  example ,  

m~t (~B) = atm D~, (~4B) + btom ( l + q~ q~) ( A~' Bo), 

1 
D~ -=- ~ + (7~)~, (q~ + -q~) + "~ ['r~ "(~]-~ q~q~, 

atom, btom_ are constant numbers. 

( 1 3 ' )  

~l . ~  1 3 - _ 1 

- - - - a  - -  

_ ! (1 + q~ ~,) {5~'p~ - ~ ~; + V 6  7c Z i  + 2 V2  Z0 Z~ }. (13) 
4 

Thus,  the ba ryon  pa r t  of the Hamil ton[an (10) of the reac t ion  B ~ A +l  i + ~, where  A and B a re  ba ryons  
and l 1 and l 2 a r e  leptons,  can be c h a r a c t e r i z e d  by a set  of two constants  (a 0, b 0) or  {b 0, ?'0). The va lues  
of these  p a r a m e t e r s  a r e  given in Table  1. 

5. Genera l  S t ruc ture  of the Lepton T e n s o r  m~7 (Z, L). In this  pape r  we opera te  with a lepton m a -  

t r i x  of the gene ra l  s t ruc tu re  
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where 

x2 F- !a~ ~ l~W p,~ ~ c;W 

a, ~, 7, ~, R, ~, zt, e~, z,, x.~, it, i~, in, }+ are  a r b i t r a r y  constants .  

Substituting (14) into the lepton t ensor  m~7' (L-, L), we obtain 

j = l  

J(~)-A ~)---(;7~), j~5)_= (;~e), if>= ( ~ ) ,  

J J,_ has a s imi la r  s t ruc ture :  
- -  - a  f ( l O )  - - a  - - ~  

The values  of the p a r a m e t e r s  (at) / . . . .  (at0)/m, r (blo)/m are  given in Table 2. 

6. General  F o r m  of the Hamiltontan of the F o u r - F e r m i o n  P r o c e s s .  If (13') and (15) are  subst i-  
tuted into (7), then af te r  mult ipl icat ion we obtain the Hamiltonian of the fou r - fe rmion  p roces s  A -~ B + l~ 
+ 12 in the fo rm 

t t (AB)= G~ boCj(~D~B)A ' Ci~8al+7bj ,  Xo=_4ao , 
V 5  64 �9 00 

9b i - ~_ I (lq-q~)~(l--~i~5). 

All the quanti t ies n e c e s s a r y  for  determining H (~,B) f rom (17) a re  given in Table  1. 

(14) 

(15) 

(I,6) 

(17) 

i+ 

2. 
3. 
4. 
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