SYNCHROTRON RADIATION FROM A CHARGED,
CURRENT-CARRYING RING

A, B. Kukanov and G. A, Lavrova UDC 535.14

The problem of synchrotron radiation from a charged, current-carrying ring is considered,
An expression is found for the spectral and angular distribution of radiation intensity in-
cluding polarization effects. Some special cases of the general formula are examined: a
limiting transition to the generalized Schott formula, a formula for the intensity of synchro-
tron radiation from a magnetic dipole oriented along the tangent to the trajectory, and a
transition to the formulas for the intensity of Vavilov—Cherenkov radiation from a charged,
current-carrying, annular cloud by taking sums of Bessel functions.

The foundations of the classical theory of radiation by electrons in constant magnetic fields were
laid by G. A, Schott [1], It was shown in [2] that because of the intense electromagnetic radiation from
relativistic electrons in a magnetic field which bends their path, there must be a limit to the attainable
energy in a circular betatron accelerator. Later, synchrotron radiation was studied in [3-13], with spe-
cial interest in quantum effects in accelerators and particle-storage devices [7-13].

The recent appearance in the scientific literature of papers [14] dealing with the circular motion
of charged particles in extended clouds and current-carrying objects is reason to formulate the problem
of synchrotron radiation from charged, current~carrying rings and a number of related problems.

We shall consider a uniformly charged, infinitely thin, current-carrying ring of radius g, whose
center describes a circle of radius R in the xy plane. The plane of the ring coincides with the plane con-
taining the z axis and the radius vector of the center of the ring. The total charge of the ring is e, We
write the electric charge density of the ring in the form

p(x, ¥, 2, t)=2%E{3(X—(R+§)Cos%t)3(y—(R+E)sinwot)

+3(x — (R —E) cos 0y )3 (y — (R— ) sin o, )} 1 (@ — 2) 1 (2 + ). )

The electric current density is then to be written in the form
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Here wy is the constant angular velocity of rotation of the center of the ring about the z axis; Q is the
constant angular velocity of rotation of the electric charge distributed over the ring; ¢ = va?~z2, n(u)

is the Heaviside step function. Here we are not considering the problem of the stability of the current-
carrying, charged ring and we neglect the effect of radiation on the kinematics of the ring,

To calculate the radiation intensity from this source we use the formula
W=_— X(Ej) dr, (3)

which expresses the damping force acting on the source due to the electromagnetic field produced by it.
For more generality we shall regard the space as filled with a transparent isotropic substance with & =
g(w) and p = p(w); n =n(w) =Veu is the refractive index of the medium.

We now resolve the Fourier transform of the field,

. 1
= —— \ | E(r, §)e-tvrtivt drdt
B )= g ] O e
along the vectors ag, af, n = (x/ k) [15]:
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Here o and y are real parameters, specification of which determines the character of the expansion in
Eq.(5); n ={sin® cosg; sin @ sing; cos ®} is the unit vector along «; (agaf) = 8gf
: —_— % ;
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We do the calculations in Eq. (3) taking the laws of radiation into account. Finally, we obtain the

following expression for the intensity of synchrotron radiation by a charged, current-carrying ring in-
cluding polarization effects:

W/:Wg+Wf1 (8)
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where J, and J,' are the Bessel function and its derivative with respect to the argument.

The expression under the integral in Egs. (8) and (9) is the spectral and ahgular (over the angle ®)
distribution of the radiation intensity taking polarization into account.

We can see that the emission at frequency « in the angular interval (®, ® + d®) is completely ellip-
tically polarized. The components of the polarization vector, P(P,, Py, P3) [16], are determined by the for-
mulas of [17].

1t follows from Eqgs. (9) that the emission spectrum is discrete.

It is of interest to note that in the absence of a charge current around the ring (£ = 0), the emission
at angles ® =0, r is circularly polarized, as in the case of synchrotron radiation from a point charge [7].
In the opposite case (2 = 0) the emission at these angles is completely elliptically polarized. At these
angles the emission is at the fundamental frequency, w =wy.

Let & =0 anda — 0. Then, making some elementary transformations in Eqgs. (10) and (11), we
find the generalized Schott formula for the spectral and angular intensity distribution of radiation from a
point charge uniformly gyrating in a circle of radius R about the z axis:

. p,u)z /cos* )v”?—i—(sm )(c ctg ©)2J2 - <+1 >sin2asin~wc’ctg8
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We now find the first nonzero terms, which contain «2, in Egs. (10) and (11). Then the part of Eq.
(9) due to the current of electric charge around the ring gives the following results:
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where pgp = (eQa?/2c) is the magnetic moment of the annular current. Summing over polarizations in Eq.
(13) we find the result corresponding to [18] and, further, letting R — 0, we obtain the known formula of
Landau and Lifshitz,

It is of interest to find the limiting value of Eqs. (9) as R —« for v =8¢ =wyR =0,

We have to use the method of adding Bessel functions described in [19, 20], and utilize the sums
numbered 8.530 and the integrals numbered 3. 876, 6.672, and 6.677 in [21]. We find that
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Here

= (@)% G =d (CYFRT),

=, (%’)—VB—E—_———I)

We have obtained the formulas, including polarization effects, for the intensity of Vavilov—Cherenkov
radiation from a charged, current-carrying annular cloud moving translationally with a constant velocity
v, in a transparent, isotropic, dispersive medium, and uniformly rotating about its axis of symmetry
with an angular velocity @. Here v2+ (Qa)? < c?.

Letting a— 0, we find the formula for the Vavilov—Cherenkov radiation from a charged point parti-

cle in the form given in [22, 23]. Summing further over the polarizations, we obtain the results of [24, 25].
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