
S Y N C H R O T R O N  R A D I A T I O N  F R O M  A C H A R G E D ,  

C U R R E N T - C A R R Y I N G  R I N G  

A.  B .  K u k a n o v  a n d  G. A .  L a v r o v a  UDC 535.14 

The problem of synchrot ron  radiation f rom a charged, c u r r e n t - c a r r y i n g  r ing is considered.  
An express ion is found for the spect ra l  and angular distribution of radiation intensity in- 
cluding polar izat ion effects .  Some special  cases  of the general  formula  are examined: a 
l imit ing transi t ion to the general ized Schott formula, a formula for the intensity of synchro-  
tron radiation f rom a magnetic dipole oriented along the tangent to the t ra jectory,  and a 
t ransi t ion to the formulas  for the intensity of Vavilov--Cherenkov radiation f rom a charged, 
cu r r en t - ca r ry ing ,  annular cloud by taking sums of Bessel  functions. 

The foundations of the c lass ica l  theory of radiation by e lec t rons  in constant magnetic fields were 
laid by G. A. Schott [1]. It was shown in [2] that because of the intense e lect romagnet ic  radiation f rom 
relat ivis t ic  e lec t rons  in a magnetic field which bends their  path, there must be a limit to the attainable 
energy in a c i r cu la r  betatron acce le ra to r .  Later ,  synchrot ron radiation was studied in [3-13], with spe- 
cial interest  in quantum effects in acce le ra to r s  and par t ic le-s torage  devices [7-13]. 

The recen t  appearance in the scientific l i tera ture  of papers  [14] dealing with the c i rcu lar  motion 
of charged par t ic les  in extended clouds and c u r r e n t - c a r r y i n g  objects is reason to formulate the problem 
of synchrotron radiat ion f rom charged, c u r r e n t - c a r r y i n g  r ings  and a number of related problems.  

We shall consider  a uniformly charged, infinitely thin, c u r r e n t - c a r r y i n g  r ing of radius a, whose 
center  descr ibes  a c i rc le  of radius R in the xy plane. The plane of the ring coincides with the plane con- 
taining the z axis and the radius vec tor  of the center  of the ring. The total charge of the ring is e. We 
write the e lec t r ic  charge density of the r ing in the fo rm 

e { ~ ( x - - ( R + ~ ) c o s % t ) ~ ( y - - ( R + ~ ) s i n % t )  p(x,  y, z, t) =  -ff 

+ ~ (x --  (R -- ~) cos % t) ~ (y : -  (R -- ~) sin % t)} ~ (a - z) ~ (z + a), 

The e lec t r ic  cur ren t  density is then to be written in the form 

L 0 

(1) 

+ c o s  o0 t  ( x  - - t )  c o s  ( y  - ( a  - sin o ot) 

0 

+ -~- sin %t ~ ( x - - ( R + ~ ) c ~ 1 7 6 1 7 6  

--1 

M. V. Lomonosov Moscow State UniVersity. Trans la ted  f rom Izvestiya Vysshikh Uchebnykh 
Zavedenii, Fizika, No.12, pp.84-89,  December,  1974. 

�9 76 Plenum Publishing Corporation, 227 West 17th Street, New York, N. Y. 1001!. No part of  this publication may be reproduced, 
stored in a retrieval system, or transmitted, in any form or by any means, electronic, mechanical, photocopying, microfilming, 
recording or otherwise, without written permission o f  the publisher. A copy of  this article is available from the publisher for $15. 00. 

I 

1705 



I ) g + ~_ sin o0t ~(x - - (R- - } . ) cos~o t )~ (y - - (R- - } ) s in~o t )  X ~ ( a - - z ) ~ ( z + a ) .  

1 

H e r e  w 0 is the cons tan t  angu la r  ve loc i ty  of ro ta t ion  of  the c e n t e r  of the r ing  about the z axis;  ~2 is the 
cons tan t  angular  ve loc i ty  of  ro t a t ion  of the e l e c t r i c  c h a r g e  d i s t r ibu ted  o v e r  the r ing;  ~ = a2,/~--~--z2, ~(u) 
is the Heavis ide  step funct ion.  Here  we a re  not c o n s i d e r i n g  the p r o b l e m  of the s tabi l i ty  of the c u r r e n t -  
c a r r y i n g ,  c h a r g e d  r i n g  and we neglec t  the effect  of  rad ia t ion  on the k inema t i c s  of the r ing .  

To  ca lcu la te  the rad ia t ion  in tens i ty  f r o m  th is  sou rce  we use the f o r m u l a  

W = -- ~ (E j)  dr, 

which e x p r e s s e s  the damping  f o r c e  ac t ing  on the s o u r c e  due to the e l e c t r o m a g n e t i c  f ield p roduced  by it. 
F o r  m o r e  gene ra l i t y  we shal l  r e g a r d  the space  as  f i l led with a t r a n s p a r e n t  i so t rop ic  subs tance  with e = 
e(w) and ~ = ~(a:); n = n(co) = ~ is the r e f r a c t i v e  index of the m e d i u m .  

We now r e s o l v e  the F o u r i e r  t r a n s f o r m  of the f ield.  

E (~, o = ~ .E (r,  t) e -~'+t~t  d r  d t  

(2) 

(3) 

along the v e c t o r s  ag ,  af, ~ = (z/K) [15]: 

ag = cos ~ l~ + e~T sin ~. l=, a! = sin ~ l~ --  e iT cos a 1,, (4) 

, g ( u , ~  (5) 

Here  c~ and T a r e  r e a l  p a r a m e t e r s ,  spec i f ica t ion  of which d e t e r m i n e s  the c h a r a c t e r  of  the expans ion  in 
Eq .  (5); x = {sin@ cos~0; sin | sin~0; cos  0} is the unit v e c t o r  along ~; (aga~') = 6gf 

_ _  x 2 x 1 ; } 
Ir (z~q-x])xl 2 ; (x, 2q-xl)'/2 ; 0 ={--sin~; cos~;O}, (6) 

l , =  {--ztx3; - - z ~ s ;  ( ~ + z ~ ) }  = { - - c o s O c o s ~ ;  - - c o s O s l n ~ ;  slnO}. 
(z,~ + x~)'I'- (7) 

We do the calculations in Eq. (3) taking the laws of radiation into account. Finally, we obtain the 
following expression for the intensity of synchrotron radiation by a charged, current-carrying ring in- 
cluding polarization effects: 

w = W~ + W~, (8) 

oo ~ 

(w~) = (e)* ~ ~ +~176 ~~176 A~+ ( s ~ n ~ 3 0 0 3  . . . .  2~ _"'77c ( \  sin * a }  \cos*~] BZ + (+11 ) stn 2r sln T AB}~(to--~%)do~sinOdO, (9) 

g il A r J;(u(R--})) Xcos(vz)dz+~ T (R-}-}) 
3 L  
0 0 

J, (u (R + ~)) 

B =  
o Joy COS 0 

/1. 4 

i . . i  

4- J, (u (R -- })) ] sin (vz)dz, (10) 
I 

a a �9 

0 0 

+ J~ (u (R - -  ~))l sin (vz ldz  + 2  sin O, S [J~ (u (R + ~)) --  J~ (u (R - -  ~))1 cos (vz) dz, 
0 

r C 
u =  sinO, v = - - c o s O ,  c '  . . . . . . . .  ; . 
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where Jv and J r '  a re  the B es s e l  function and its der iva t ive  with r e spec t  to the a rgument .  

The expres s ion  under the integral  in Eqs.  (8) and (9) is the spec t r a l  and angular  (over the angle O) 
dis t r ibut ion of the radia t ion intensi ty taking polar iza t ion  into account.  

We can see  that the em i s s i on  at f requency w in the angular  in terval  (O, | + dO) is comple te ly  e l l ip-  
t ica l ly  po la r i zed .  The components  of the po la r iza t ion  vec tor ,  P(Pi ,  P2, Pa) [16], a re  de te rmined  by the fo r -  
mulas  of [17]. 

It follows f r o m  Eqs.  (9) that the emis s ion  spec t rum is d i sc re t e .  

It is of in te res t  to note that in the absence  of a charge  cur ren t  around the r ing  (~ = 0), the emiss ion  
at angles | = 0, 7r is c i r cu l a r l y  polar ized ,  as in the ease  of synchro t ron  radia t ion f r o m  a point charge  [7]. 
In the opposi te  case  (f~ # 0) the em i s s i on  at these  angles is comple te ly  el l ipt ical ly po la r ized .  At these 
angles  the emis s ion  is at the fundamental  f requency,  w = w 0. 

Let  f~ = 0 and a - -  0. Then, making some e l emen ta ry  t r an s fo rma t ions  in Eqs.  (10) and (11), we 
find the gene ra l i zedSeho t t  f o rm u l a  for  the spec t r a l  and angular  intensity dis t r ibut ion of radiat ion f r o m  a 
point charge  uni formly  gyra t ing  in a c i r c l e  of radius  R about the z axis:  

~ ,s in~ a ]  \cos2~] (c' ctgO)~J$ + 1 
Ws ~, ~, . . . .  , 

X J~ J~> ~ (to - -  v%) d~o sin 0 dO; J~ = J, (uR). (12) 

We now find the f i r s t  nonzero  t e r m s ,  which contain a 2, in Eqs.  (10) and (11). Then the par t  of Eq. 
(9) due to the cu r r en t  of e l ec t r i c  charge  around the r ing gives the following resu l t s :  

( l V ' g ~ = ~ t '  ~ ~ ~~176 ( I c 'c tgO 2 ~ J * ` u R , + (  sin2~)J,  '~ 
c' ~ \  s i n ~  ] " ~ - - ~ - 1  \ cos2~ 

) c'ctgO > 
+ ( ~ 1 i  sin2~sin'~ ~ - J ~ ( u R )  J~ ( u R )  , (13) 

where P9 = (e~a2/2c) is the magnet ic  moment  of the annular eu r r en t .  Summing over  polarLzations in Eq. 
(13) we find the resu l t  co r r e spond ing  to [18] and, fur ther ,  letting R ~ 0, we obtain the known fo rmula  of 
Landau and Li fsh i tz .  

It is of in teres t  to find the l imi t ing  value of Eqs .  (9) as R ~ oo for  v = fie = coo R # 0. 

We have to use the method of adding Bes se l  funetions desc r ibed  in [19, 20], and utilize the sums 
numbered  8.530 and the in tegra ls  numbered  3. 876, 6.672, and 6.677 in [21]. We find that l{wv-c'  

lira ( W g ) =  ,Wy ._c j  n , > l .  (14) 

~-.oO~.o W/ 0 n~ < I. 

= \sln ~ a / c - -o  P~o (}~o' -- l) Jo ~ m dr0 -}-i eA ( 9---al= f p}-' (}}7' .4- I)-' J~ m dr0 wV-C J. c \ c / ,o~ 

\cos '  ~] t~[30 (1 -- 130) Jg to ~13o x (t~,8o~ + 1) -~ J~ to dto 
\ c / o  . 

0 0 

c o  (_+) e, 
1 s i n 2 ~ s i n ' f - - . - -  l*~-'~0(~2~o 2 -  1)1'2JoJlvadm. 

+ 1 c c .  
0 
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Here 

We have obtained the formulas, including polarization effects, for the intensity of Vavilov--Cherenkov 
radiation from a charged, cur ren t -car ry ing  annular cloud moving translationally with a constant velocity 
v, in a transparent,  isotropic, dispersive medium, and uniformly rotating about its axis of symmetry 
with an angular velocity ~2. Here v 2 + (~2a) 2 < c 2. 

Letting a - -  0, we find the formula for the Vavilov--Cherenkov radiation from a charged point part i -  
cle in the form given in [22, 23]. Summing further over the polarizations, we obtain the results of [24, 25]. 
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