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The paper  cons iders  the crea t ion of par t ic les  f rom a vacuum in a closed, open, and quasi-  
Euclidean Fr iedmann model.  Finite general  express ions  are  obtained for the density of 
the number of pai rs  created,  and also new analytical es t imates  are  given of the intensity of 
p r o c e s s e s  of creat ion at different s tages of evolution of the universe.  

The problem of pair  creat ion in cosmology originated by the union of the theory of e lementary  
par t i c les  and the general  theory of relat ivi ty.  In the papers  by D. D. Ivanenko and A. A. Sokolov [1-3], 
interaction p roces se s  between quanta of a gravitat ional  field and e lementary  par t ic les  were studied. In 
par t icular ,  D. D. Ivanenko and A. A. Sokolov [1-3] found the interaction c ross  section of two gravitons 
with the formation of an e lec t ron--pos i t ron  pai r .  

Here we shall consider  the effect of pair  creat ion by a nonsteady c lass ica l  gravitat ional  field. The 
creat ion of par t ic les  and ant ipar t ic les  by a gravitat ional  field can be considered by analogy with the well- 
studied corresponding phenomenon in e lec t rodynamics  [4-8]. However, the specific p roper t i e s  of a gravi -  
tational field, in compar ison with an e lect romagnet ic  field, are re la ted with the necess i ty  for distinguish- 
ing "true" and "virtual" gravitat ional  fields and relat ing their  special fea tures  to some or  other specific 
solution of the problem.  

Pa i r  creat ion f rom a vacuum by a c lass ica l  external  field is a consequence of instability of the 
vacuum state. When the magnitude of the external  field reaches  a cer ta in  cr i t ical  value, the work p e r -  
formed by the field at the distance of a Compton wavelength of the part icle,  becomes  equal to 2mc 2. In 
this case, vir tual  pairs ,  which are  always present  in the vacuum, escape to a mass  surface and may be 
observed as real  par t i c les .  On the other hand, the phenomenon of pair  creat ion f rom a vacuum by ex te r -  
nal fields can be conceived also on a more  r igorous  bas is  without the inclusion of a model of the vacuum 
as a sea of vir tual  par t i c les .  It is well-known that the opera tor  of a number  of par t ic les  does not com-  
mute with the opera tors  of the field, the cur rent  density, the part icle  density, etc.  In consequence of 
this, there is always a so-ca l led  "zero  ~ field in the vacuum, w h i c h  manifests  i tself in zero  vacuum fluc- 
tuations.  The interaction of an external  c lass ica l  field with a zero  field of par t ic les  and ant ipar t ic les  can 
lead to the appearance of a fo rm of pa rame t r i c  per turbat ion in the theory of osci l lat ions.  With this pe r -  
turbatton, the energy of the zero  osci l lat ions increases  so strongly that the vacuum conver ts  to a state 
containing a finite number  of par t ic les  and ant ipar t ic les .  

A study of the effect of par t ic le  creat ion f rom a vacuum by a gravitat ional  field, is of great  impor-  
tance for cosmology.  In par t icular ,  a point of view is possible according to which all observed  mat ter  
was c rea ted  f rom a vacuum at a cer ta in  charac te r i s t i c  t ime.  Such a cosmology would be f ree  f rom the 
difficulty associa ted with the infinite density of a substance in singulari ty.  It is interest ing also to consider  
the possibi l i ty of the role of the effect of pair  creat ion during the re la t ivis t ic  collapse of a s tar .  This has 
led to the appearance of a large  number of papers  devoted to the study of the effect of part icle  creat ion in 
cosmology (see, for  example, K. P.  Stanyukovich [91, L. P a r k e r  [10], Ya. B. Zel 'dovich, and A. A. 
Starobinski i  [11], and also [12, 13], e t c . ) .  
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Sehwinger showed [4] that par t ic le  crea t ion by an e lect romagnet ic  field is accompanied by po la r iza -  
tion of the vacuum, which leads to the necess i ty  for replacing Maxwell 's  equations by more  general  non- 
l inear  equations [4]. If the p r o c e s s e s  of pair  creat ion by a gravitat ional  field are  sufficiently intense, then 
Eins te in ' s  equations also, obviously, should be replaced by somewhat more general  equations, which take 
into account the phenomenon of polar izat ion of the vacuum. 

Par t i c le  crea t ion f rom a vacuum is considered in this paper,  in homogeneous isotropic models of 
the universe.  In this case,  the effects of crea t ion are not so intense that the r eve r s e  effect of the created 
par t ic les  on the s tar t ing  met r ic  should be taken into account and the question of the possible modification 
of Eins te in ' s  equations should be considered.  Pa i r  creat ion in the quasi-Eucl idean and open Fr iedmann 
models  had been considered previously  [10, 12, 13]. Here we shall write the general  express ions  for the 
density of the c rea ted  mat ter  in open, closed, and quasi-Eucl idean forms of the Fr iedmann model and also 
we shall give new numerica l  es t imates  for  the number of par t ic les  c rea ted  in unit volume of space at dif- 
ferent  s tages of expansion of the universe.  

The met r i c  of homogeneous isotropic models in conformal-s ta t ic  form is written 

d s "  = g ~ ,  d x * ' d x  ~ = a=(~i )  [ d ~  ~ - -  d r  ~ - -  f" -  ( r ) (dg~  ~ + sin 20d?*)], (1) 

where 

where f ( r ) =  for y-= 
( sin r 

- -1 

0- 
+ 1  

The quantity n is a constant  [when a(r/) = 1] of the curvature  of three-dimensional  space and the 
t ime coordinate ~7 is de termined by the relat ion dt = a(r/)d~, where t is the t ime in the synchronous f rame 
of reference, c = I. 

The Kle in- -Fock  equation for  the quantum complex sca lar  field in the met r ic  (1) is 

V ~ - -  g Ox~ 
(2) 

where R is the sca la r  curva ture  (the tensor  of the curva ture  is determined the same as in [14], ~ = 1). 

Equation (2) cor responds  to the Lagrangian 

r ~ o ?  d?* ( r n ~ + _ ~ ) ~ ? . ]  " (3) 

The scheme of a quantum sca lar  field in isotropic Riemalm space was developed in [15]. The general 
solution of Eq. (2) is writ ten in the following way: 

1 
d] [f~i (x) lg; (7]) a(/-) + 4; (x)/gi (~) a(/+)], 

where fdI denotes summing and integration with respect  to the quantum numbers  of one-par t ic le  states;  
$I(X) are  eigenfunctions of the Laplace opera tor  in the space par t  of the met r ic  (1), with eigenvalues X~ 
and ui(~) is the solution of the equation 

h,(~)  + ~ (~) uj(~) = 0, 

with the s tar t ing conditions 

1 
u~ ( 7 0 ) -  V~-3-~0) ' 

~0 ~ (~) - m2 a 2 (~) + ~ _ ~4 

h,(~0) = i V~0 ('~0). 

(4) 

(5) 

The creat ion--annihi lat ion opera tors  of par t ic les  and ant ipart icles  are  denoted in accordance with 
[161. 

Pai r  creat ion f rom a vacuum by a c lass ica l  gravitational field is manifested mathematical ly  in that 
the met r ic  Hamiltonian [15] of the field (4) is diagonal with respec t  to the creat ion operator  at a cer ta in  
initial instant ~?0 and when ~i > ~?0, it becomes  a nondiagonal quadratic form of the type [12, 13]: 

I f  . . . . .  H (~) = ~ dl {e, (~) (a~+)a,(-> + ~(~) %-) )+  e, (~) :~7)a~fl + U (~) ~7 ~ ~7)}, (6) 
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where 

E , ( ~ ) ~ l ~ ,  (7)f~§ (7)lu~(~)l 2, F , ( 7 ) - - •  [h~(~) + ~0~ (~)u~(~)], 

] is a se t  of quantum number s  for  the complex-conjuga te  s ing le -pa r t i c l e  s ta te .  

The Hamil tonian (6) is wri t ten as Lagrangian,  d i f fer ing f r o m  Eq. (3) by the addition of the counter -  
t e r m  (I O/a20T) (a a ~0q~*). The introduction of this coun te r t e rm,  without changing the field equation (2), 
enables  finite exp re s s ions  for  the densi ty of the number  of pa r t i c l e s  to be obtained. 

The nondiagonal Hamil tonian (6) can be diagonalized by a Bogolyubov t r ans fo rma t ion  of the c rea t ion  
--annihi lat ion ope ra to r s ,  of the type: 

a(P = ~ (~) b(~ +) (~) + ~; (~) b(T ) (7), 

a (-) _-- %. (~) b(i)(~) § ~, (~) b(])(~), (7) 

where  lair 2 -- IfiiI 2 = 1; the t r a n s f o r m a t i o n s  for  the o p e r a t o r s  a~'(+) a r e  obtained f r o m  Eq. (7) with a H e r m i -  
t ian conjugate�9 

The r e q u i r e m e n t  for  diagonali ty of Eq. (6) with r e s p e c t  to the o p e r a t o r s  bi (:L) and b~(• r educes  to 
the equation 

4~0 (7) [Ez (-~) + 2~0 (~)] (8) 

The vacuum state  IO T >, which is the s tate  with the leas t  energy  in the sense  of the Hamil tonian 
H(T), is de te rmined  by 

b(7 ) (~) I o~ > = ~,-)(~) I o~> = 0 

The m a t r i x  e l emen t  of the densi ty  ope ra to r  of the number  of p a r t i c l e s  (ant ipart ic les) ,  de te rmined  
at the instant T0, with r e s p e c t  to the  vacuum IO~ > gives  the expres s ion  for  the densi ty of the c r ea t ed  p a i r s  

�9 1 ~ d l  [~, (~) 12. (9) n (~) = a~ (~---) 

Numer ica l  ca lcula t ions  of n(~) f r o m  Eq. (9) and (8) a r e  given in [12] for  the case  of the quas i -Euc l id -  
ean F r i edmann  model .  In th is  case ,  the function obtained by means  of the f i r s t  i t e ra t ion  of the Vo l t e r r a  
integral  equation equivalent to Eq. (5) was used for solving Eq. (5)�9 Here  we shall  calculate  n(T) at an ea r ly  
and a recen t  s tage of expansion of the universe ,  by means  of the cor responding  exact  solutions of Eq. (5), 

Let us cons ider  f i r s t  of all the case  aQ?)/a(T)<<l, which c o r r e s p o n d s  to the recen t  s tage of evolution 
of the universe �9  In this case  

a (~) = a0 [1 § Ha0 ( 7 "  ~0)], (10) 

where H ~ 10 -2s pe r  cm is Hubble ' s  constant .  

Taking Eq. (10) into account,  Fq.  (5) a s s u m e s  the f o r m  

d 2 u~(~) + ~ (1 § h~) ur (~) = 0, 
dl 2 (11) 

where 
2in ~ a~) ~ H 7 -- ~0 

to~ -% 

The exact  solution of Eq. (11), with the initial conditions of Eq. (5), can be e x p r e s s e d  in t e r m s  of an 
Airy  function. I ts  asymptot ic ,  for  the condition h~ << i [this is val id if H( t - -  to) << 1] is: 

(:0) [u~ (0  ~ ~~ ~/~ 1 ' e~'~ § - -  sin ~0 ~. (12) 
~ 4(00 

Substituting Eq. (1~.) in Eq. (8), we obtain a f te r  t r a n s f o r m a t i o n s  
~ h2 .  

i ~ l Z  16~ sin20~o f. (13) 

The exp re s s ion  can be obtained f r o m  Eq. (9) and (13) for  the number  of pa r t i c l e s  c r ea t ed  pe r  unit 
volume of space .  Fo r  example ,  in the case  of the open F r i edmann  model ,  we have 
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mI-I ~ ( ao ~3;  x~odx sin2[!flxz+ lmao(~--~o)l, (14) 
n ~  8~z ~ \a ( 'q ) ]  , ( x ' + l )  3 0 

With the natural condition m(t - - to)  >>1, Eq. (14) gives 

mH" ~ 10_47 l (15) 
n ~ 256~ em ~ 

for  7r mesons, which coincides with the calculation in [12]. F r o m  qualitative considerations,  a resul t  
which coincides with Eq. (15) to an order  of magnitude was obtained by K. P.  Stanyukovich [9]. 

Let us now consider  the case a(~) = a0~/~ 0, which cor responds  to evolution of a universe filled with 
radiation, in the proximity of s ingulari ty.  

where 

In this case, the equation written in (5), in WeberTs equation 

d 2 ,ut (`7) + q~ (`7) Ul (`7) = O, 
dz ~ 

! ]/2mao~o "~ , q ~ ( ~ ) - - p 2 +  ,~2 ~ ( z - - k ~ )  
~o "% 4 ~2 

The solution of Eq. (16), with the start ing conditions of Eq. (5), is: 

u,(~)=~L ~o ] l La`7 " 

-72 
.4,~ 

(is) 

where 

- - i q ( I Q E *  (__p2, ~ ) l E ( _ p 2  ' `7) + 

E (a, x) = ]/2-exp 

a -= arg  F (1/2 + ia) and Dv (z) is the function 

Introducing the momentum variable 
dition ~ /m  >>rl/~?0, we obtain f rom Eq. (8). 

[~- -]- i ( 2  -1- 8)]O-la-t ( Xe- t'~) , 

of a parabolic cylinder [17]. 

K 2 = "Z.--k~ and calculating the asymptotic of Eq. (17) for the con- 

m4a4~ [(~--~-----~~ 4--3-~sin2tc(~--~o)]. (18) 
l~tl " ~  16tc6+q~ \ "% ] "% 

If we denote by Kin the minimum value of momentum at which the condition of applicability of the 
asymptotic  used is still satisfied, then it follows f rom Eqs. (9) and (18) that 

3rn ~ t -  to 
n~>~ m ~ (19) 

128 o 2 K,3. t~ 

Relation (19) coincides with [12] but gives a lower est imate for the density of pairs  crea ted  in the 
initial stage of expansion of the universe.  We note that the magnitudes of Eqs.  (15) and (19) are  small in 
compar ison with the density of the mat ter  specified by the metr ic  (1). This result ,  as a l ready mentioned 
above, allows the inverse effect of crea ted  par t ic les  in the s tar t ing metr ic  to be neglected in the case of 
homogeneous isotropic spaces.  
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