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The physical  foundations of  the nonholonomic formula t ion  of genera l  re la t iv i ty  a re  d e t e r -  
mined, and the ro le  of  the Fock-- Ivanenko coeff ic ients  in set t ing up and developing the 
t e t r ad  f o r m a l i s m  in genera l  r e la t iv i ty  is d i scussed .  The physical  and geomet r i ca l  m e a n -  
ing of the nonholonomic t r a n s f o r m a t i o n s  used in genera l  r e la t iv i ty  is de te rmined .  

Study of the local  p r o p e r t i e s  of inhomogeneous space t ime  en ta i l s  the use in genera l  re la t iv i ty  of 
nonholonomic methods connected with nonholonomic t r a n s f o r m a t i o n s  of spaee t ime  in tervals  and the me t r i c  
t e n s o r :  

d x  % = a~ dx  x, d x  ~ = a~ d x  ~ , ~ (!) 

~ (2) 

where gxta is the R iemannian m e t r  ic tensor ,  and ea/3 is the Minkowski m e t r  ic t ensor ,  ea/~ = ( 1 , -  1 , -  1 , -  i)  (Greek 
indices take the values  0, 1, 2, 3; Lat in indices, the values  1, 2, 3). 

The nonholonomic formulat ion of genera l  r e la t iv i ty  in the f o r m  of a t e t r ad  theory  of the g r a v i t a -  
tional f ield (G field) has i ts  o r ig ins  in invest igat ions of Einstein,  Fock, and Ivanenko.  Einstein [1] was 
the f i r s t  to use a nonholonomie t r an s fo rm a t ion  of the type (1). La te r ,  Foek and Ivanenko [2, 3], to .s tudy 
the interact ion of f e rm i ons  with al lowance for  the G field, introduced f r a m e  t r an s fo rma t ions  under which 

gila = inv: 

h'~ (') 2~h(~) (3) 

' = , , > .  ~ ~ p , = g x ~ ,  ( 4 )  

where ~2~ a re  the Fock-- Ivanenko coeff ic ients ,  and h.{ ~)  a r e  the components  of the orthogonal  f r a m e  
(tetrads~, which, l ike (1), r e l a t e  the Gal i lean (physichal) space t ime  in te rva l s  dx(~) to the Riemannian  co -  
o rd ina tes  dxX by means  of 

d x  (') hi') d x  x d x  x - h X~, dx(~), = , - () (5) 
d x '  (,) = h'x (~) d x  x = 9,~ dx(~). (6) 

Because  of the r e l a t ions  (4), (5), and (6), the coeff ic ients  f ~  have the p r o p e r t i e s  of the Loren tz  
coeff ic ients  L~ that de te rmine  Loren tz  t r ans fo rma t ions :  

�9 ~ L~ e.~ = ( 4 a )  ex~ = Lx e~,~ 
o o ,  o ,  ~ o 

~ ~ d ~ ( 6 a )  d x~ = L~ d x  , d x  ~ = L ,  ~ . 

At the s a m e  t ime,  the ~2~ differ  f r o m  the L~ because  ~2~= fl ~ (x), where V is the t h r ee -d imens iona l  ve lo-  
P o 

ci ty of the f r a m e  of r e f e rence  (x f) r e la t ive  tPo (x). 

In connection between the analogy between (4) and (6), on the one hand, and (4a) and (6a), on the 
other ,  the Fock-- Ivanenko t r a n s f o r m a t i o n s  �9 play the role  of Loren tz  t r a n s f o r m a t i o n s  in genera l  r e l a t i v -  
ity and they f o r m  the b a s i s  of the t e t r ad  fo rmula t ion  of genera l  re la t iv i ty ,  which desc r ibe s  phenomena by 
means  of the c l a s s i ca l  concepts  of specia l  re la t iv i ty .  
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Current ly ,  the t e t r ad  formulat ion of genera l  re la t iv i ty  is widely used and has been developed by 
many  Soviet and fore ign sc ien t i s t s ,  (Ivanenko, Rodichev, Fedorov,  Levashov,  Ivani tskaya,  Mitskevich,  
M~bller, Synge, Shmutser ,  T r e d e r ,  and o thers) .  

In the t e t r ad  formula t ion  it is a s s u m e d  that the p r i m a r y  and basic  cha r ac t e r i s t i c  of the G field 
is not the m e t r i c  t ensor  gkp but the t e t r ad  coeff ic ients  h~ a ) .  According to M~ller ,  "the gravi ta t ional  field 
is not s imply  a m e t r i c  f ield but essen t ia l ly  a t e t r ad  field" [4]. According to the proposa l  of Ivanenk0, it 
is natural  to take "the m o r e  p r imi t i ve  t e t r ad  and not the me t r i c  components  as bas i s  and formula te  general  
r e la t iv i ty  accordingly .  "* 

In this connection, the h~(~) a re  de te rmined  f r o m  the t e t r ad  equations of the G field, gauge condi- 
t ions being invoked for  unique de te rmina t ion  of the hx(~ (Rodichev, M~bller, Schwinger).  T h e t e t r a d e q u a -  
t ions of the G field and the gauge conditions lead accordingly to the pr inciple  of re la t iv i ty  and to the de t e r -  
minat ion of hx(Ol) in the f o r m  of functions of the coordinates ,  which makes  it poss ib le  to desc r ibe  the "fine 
s t r u c t u r e "  of the G field, namely:  the interact ion of e lec t rons ,  protons ,  and other f e rmions  with allowance 
for  the G field (Fock--Ivanenko) .  

In the f r a m e w o r k  of t e t r ad  theory,  cons iderable  impor tance  at taches to the concept of a noninert ial  
f r a m e  of r e f e rence ,  which was p roposed  by Hodichev in his pape r s .  He defined a f r a m e  of r e f e r e n c e  as a 
col lect ion of t e t r ads ,  whose posi t ion and or ientat ion geomet r i ca l ly  re f lec t  the motion of a tes t  body in a 
given fo rce  field.  The t e t r ad  field de te rmines  the f r a m e  of r e f e r e n c e  in the p r e sence  of a physical  bas i s  
(for example ,  sun, s t a r s ,  gy roscopes ,  pendulum signals,  e tc . ) ,  but a f te r  it has been ca l ib ra ted  [6]. 
Following Hodichev, T r e d e r  defines a f r a m e  of r e f e r ence  as follows: "a f r ame  of r e f e r ence  is a field of 
f o u r - f r a m e s "  [5]. However ,  this  definition of a f r a m e  of r e f e r e n c e  has  a fo rmal ,  mathemat ica l  nature  
unless  it is r e l a t ed  in the sense  of Rodichev to a physica l  b a s i s .  

A new approach to the nonholonomic formulat ion of general  re la t iv i ty  was sketched and implemented  
in invest igat ions by a group at Tbi l i s i  (Mirianashvili ,  Kir iya ,  Gobedzhishvili ,  Kerese l idze ,  Gogsadze,  
Saliya, Vepkhvadze, Lezhava,  Gargamadze ,  Erkomaishvi l i )# .  The invest igat ions of this group on the 
nonholonomic formula t ion  of genera l  re la t iv i ty  a rose  in connection with the genera l iza t ion  in [7] by Mi r i a -  
nashvi l i  and Gobedzhishvi l i  of the method p roposed  by  Lenz in an unpublished pape r  [see S o m m e r f e l d ' s  
book E lec t rodynamics ,  Moscow (1958), p. 49] in which the Schwarzchi ld solutions of the equations of the G 
field were obtained by means  of incomplete  Loren tz  t r an s fo rma t ions  (contract ion of lengths and t ime in te r -  
va l s ) .  

The nonholonomic methods  in genera l  re la t iv i ty  were developed fur ther  in this  group by Kir iya  [8], 
who rep laced  the incomplete  Loren tz  t r a n s f o r m a t i o n s  by specia l  nonholonomic t r an s fo rma t ions  of the 
f o r m  (1) subject  to the condition that in the absence  of a G field they go over  into the Loren tz  t r a n s f o r m a -  
t ions of specia l  r e la t iv i ty  connect ing two moving f r a m e s  of r e f e r e n c e  (the Loren tz  condition). In l a te r  
publ icat ions of the Tbi l i s i  group, nonholonomic methods were  used in conjunction with nonholonomic ma the -  
mat ica l  ana lys is  to solve a number  of p rob l ems  in genera l  re la t iv i ty .  Of these,  we mention [9-15]. 

The fundamental  role  in the f o r m a l i s m  of nonholonomie t r ans fo rma t ions  is played by the nonholo- 
nomic t r a n s f o r m a t i o n s  (1) that sa t i s fy  the Loren tz  condition. The coeff icients  of these t r an s fo rma t io n s  
a r e  de t e rmined  f r o m  the ten equations (2), which contain the 16 unknowns a ~ .  The p re sence  of f ree  a~ 
enables  one to subordinate  them to the Loren tz  condition as well as invoking gauge condit ions.  The 
Loren tz  conditions introduce into a~  a r b i t r a r y  ve loc i t ies  V and ~2 of the t rans la t iona l  and rotat ional  mo-  
tion of the te t rad ,  which leads  to the exp res s ions  a~ =a~(gpv, V, ~2). The 16 functions a~ now depend on 
the 16 quant i t ies  gxp, V, fl, of which the p a r a m e t e r s  V and ~2 rep lace  the gauge conditions of the t e t rad  
formula t ion  of genera l  re la t iv i ty .  

Because  of the Loren tz  condition and the p r e sence  of ve loc i t ies  in a~ ,  the nonholonomic t r a n s f o r -  
mat ions  (1) play the role  of Loren tz  t r a n s f o r m a t i o n s  in general  re la t iv i ty .  The re fo re ,  the nonholonomic 
t r an s fo rma t ions  (1) de t e rmined  in the above manner  a re  a genera l iza t ion  of Loren tz  t r ans fo rma t ions  to a 
dependence on the gravi ta t ional  potent ia ls  and the acce l e r a t ed  motion of the f r a m e  of r e f e r ence .  

* See Ivanenko 's  fo reword  to T r e d e r ' s  book [5]. 
j" The work of this group on the applicat ion of nonholonomic methods in genera l  re la t iv i ty  has been pub- 
l i shed in the following conference  proceedings:  GR-I I  (Tbilisi ,  1965), GR5 (Tbilisi ,  1968), GR-III  (Erevan, 
1972) and also in the col lec t ions  Modern P r o b l e m s  of Gravi ta t ion (Tbilisi,  1967), P r o b l e m s  of Gravi ta t ion 
(Tbilisi ,  1974), and in other scient i f ic  publ icat ions .  
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This nature of the nonholonomic t ransformat ions  {1) leads to their  interpretation as formulas  for 
going over  f rom an inertial f rame of reference  to a noninertial  f rame of reference  and vice v e r s a  (IFR 
--~ NFR) in the absence or  presence  of a G field. 

The interpretat ion of the nonholonomic t ransformat ions  (1) subordinated to the Lorentz  condition 
as formulas  for  the transit ion IFR ~ NFR was f i rs t  introduced in [8]. Then, in [11, 12] a general  defini- 
tion was given of the concept of a noninertial  f rame of reference  in general  relat ivi ty on the basis  of the 
following assumptions:  a) in the absence of a G field Lorentz  t ransformat ions  are valid locally for any 
acce lera ted  motion of the f rame of reference;  b) in the presence  of a G field the coefficients of the Lorentz  
t ransformat ions  L ~  and Lfl must  be replaced by the coefficients of the nonholonomic t ransformat ions  a~ 

and ~ ,  these being subordinated to the Lorentz  condition; c) t ransformat ions  of the coordinate sys tem 
:~~ (x k) in the case of a IFR ~ NFR take into account the change in the position and orientation of the 

o o o o  

f rame of reference  relat ive to the basis ,  and they must  therefore  have the form t = t, xi = xt(t, xk); d) the 
motion of a distinguished f rame of reference  (XN) is determined relat ive to the main f rame of reference  
(~) re la ted to the basis ;  e) the law v < c must be observed.  

These basic assumptions enable one in the general  case to determine the coefficients of the t r ans i -  
tion IFR -~ NFR explicitly, and it was found that they have the Fock--Ivanenko proper t ies  (under the t r ans i -  
tion IFR --~ NFR, gi~u = inv [11, 12]. 

In contras t  to the field definition of a noninertial  f rame of reference  in the f ramework  of the c lass i -  
cal  te t rad  formulation of general  relativity,  its definition on the basis  of a)-e)  is a nonfield definition. In 
this case, one has a descr ipt ion of the motion of one distinguished f rame of reference  (XN) independently 
of the external  field with an a rb i t r a r i ly  specified velocity relat ive to the fixed f rame of reference  (~) a s so -  
ciated with the bas i s .  It is assumed that the motion of the f rame of re fe rence  (XN) relat ive to (~:) can be 
due to the effect of a motor  or  a force field. 

The f o r m a l i s m  of nonholonomic t ransformat ions  is based largely  on two principles:  

1) in an infinitesimally small  region of spacet ime special relat ivi ty holds (Einstein 's  local pr in-  
ciple [1]); 

2) nonholonomic t rans format ions  of physical  var iables  take into account the local  influence of the 
G field and accelera t ion on physical  p r o c e s s e s  [11]. 

The f i rs t  principle,  on the bas is  of nonholonomic t ransformat ions  of spaeetime intervals and physi -  
cal var iables  that satisfy the Lorentz  condition, leads to an explici t  mathemat ica l  connection between 
general  and special  relatiovity through the establishment of formulas  for  the transi t ion f rom a locally Gali-  
lean f rame of reference  (x) to a non-Galilean f rame of re fe rence  (XG) in the presence  of a G field. The 
second principle determines  the local influence of the G field and accelera t ion on physical  p roces se s  f rom 
the point of view of an external  obse rve r  in whose f rame of re fe rehce  the G field has been eliminated {by 
the t ransi t ion gxp ~ e ~ ) .  This  is also re la ted to the Lorentz  condition. 

The main feature of the nonholonomic formulat ion of general  relat ivi ty in this var iant  is the non- 
holonomically covariant  formulat ion of general  relativity,  which can be implemented on the bas is  of non- 
holonomie mathematical  analysis  and Eins te in ' s  local  principle.  To obtain the nonholonomically covariant  
formulation, it is not adequate mere ly  to express  general  relat ivi ty in nonholonomie coordinates .  For  
example, the equations of the e lec t romagnet ic  field were expressed  by a number  of authors in nonholono- 
mic coordinates using Car t an ' s  exter ior  differentiation, but the equations of the e lect romagnet ic  field 
general ized in this way do not satisfy Eins te in ' s  local principle since they are  not connected to the ordinary  
Maxwell equations by means  of a nonholonomic t ransformat ion .  Apart f rom the formal  express ion of 
general  relat ivi ty in nonholonomic coordinates,  for the nonholonomic covar iance of general  relat ivi ty Ein- 
s te in ' s  local  principle and the Lorentz  condition must  be sat isf ied for the a~ and a ~ .  

Note that the c lass ica l  te t rad  formulation of general  relativity,  except for  the te t rad  equations of 
the G field, does not satisfy the requirement  of nonholonomic eovar iance.  In addition, the need for non- 
holonomic covar iance in the te t rad  formulation under the nonholonomic t ransformat ion  (5) is due to the 
a rb i t r a r iness  in the choice of the orientation of the te t rads ,  so( that nonholonomic covar iance of the te t rad  
formulat ion of general  relat ivi ty has a pure ly  geometr ica l  meaning [6]. In contrast ,  in the nonholonomi- 
cally eovariant  formulat ion of general  relat ivi ty the requirement  of nonholonomic covariance,  in connec- 
tion with the Lorentz  condition, r epresen t s  an extension of Lorentz  eovarianee of the laws of physics  in an 
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inertial f rame of re fe rence  to all laws in a noninertial f rame of reference  in the presence  of G field. 
Therefore ,  the requi rement  of nonholonomic covariance in the f ramework  of the  nonholonomieally co-  
variant  formulat ion of general  relat ivi ty has the meaning of a physical  law. 

It follows f rom the above that the Lorentz  conditions play a fundamental role in the fo rmal i sm 
of the nonholonomically covariant  formulation of general  relat ivi ty.  Among all possible nonholonomic 
t ransformat ions ,  the Lorentz  conditions select  those in which coordinate effects are  eliminated and purely  
gravitat ional  situations are  taken into account. These conditions eliminate the occurrence  of geometr ical  
G fields corresponding in the sense of Laue to coordinates and enable one to establish when the nonholono- 
mic t rans format ions  descr ibe  a change of gauge or  a t ransi t ion to a different f rame of re ference .  

The physical  and geomet r ica l  meaning of the nonholonomic t ransformat ions ,  in addition to the above 
pr inciples  and conditions, is also determined by the relation between nonholonomic t ransformat ions  and the 
tors ion and curva ture  of met r ic  space and the gravitational force .  

On the one hand, the tors ion and curvature  tensors  are covariant  under nonholonomic t r ans fo rma-  
tions [10, 11]: 

= a~ a~ a~ K;~ R.~# = ax a~ a~ a6 R ~ ,  (7) 
o o o 

where K~ and R ~  ~ are  r e f e r r e d  to the local f rame of reference  (x) of the tangent space.  It follows f rom 
(7) that ~(x)  is a~foeally Galilean f rame of re fe rence  and Kpk v ;~ 0 and Rl~ua ~ 0, then K~7 ~ 0 and R~/5 ~ 0 
als0. However, this holds when d~ = ds .*  This  means that the nonholonomic t ransformat ion  (1) f o r  
d~ = ds does not c a r r y  a met r ic  space with tors ion and curvature  into a flat space.  On the other hand, the 
gravitat ional  four - fo rce  in nonholonomic coordinates has the fo rm [11] 

% = C~ d~, is) Fo = G~ 
o o 

where U is the four-ve loc i ty  in (x), and G~. v a re  the connection coefficients, which t r ans fo rm in accordance 
with 

G~ = a~ a~ a T P~, + ax a T a~,~. (9) 
o o 

It also follows f rom (8) and (9) that F~ ~ 0 in (x) even when F x = 0. #u 
Thus, neither curva ture  nor the gravitational f o r c e c a n  be eliminated by means of a nonholonomic 

t ransformat ion  in the locally Galilean f rame of re fe rence  ix). Therefore ,  Einste in 's  local principle cannot 
be understood as a t ransi t ion by means of a nonholonomic t ransformat ion  to a locally Galilean f rame of 

o 

re fe rence  (x) in which the laws of special relat ivi ty hold because of the elimination of the force G field, 
curvature ,  etc.  Instead, Eins te in ' s  local  principle must be understood nontrivially, as the validity of the 
laws of special  relat ivi ty in an infinitesimally small  region of spacet ime when locally Galilean coordinates 
are  introduced in it, in the p resence  of the G field as an external force field, and the curvature  in the infi- 
ni tes imal ly  smal l  region of space introduced in this way does not affect locally the physical p rocess .  This 
is comprehensible  since the t ransi t ion to an infinitesimally small  region does not by itself mean the el imina-  
tion of the G field and curvature  of spacetime, and physical  p r o c e s s e s  are  related by force effects .  
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