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Trad i t iona l  methods  of s c a l a r  opt imizat ion,  ve ry  effect ive for  the solution of sufficiently s imple  p rob-  
l e m s  of op t imal  design,  a r e  l a rge ly  ineffect ive fo r  the solution of complex  p r o b l e m s  in r ea l  des ign conditions.  
This  is  because ,  in e s sence ,  p r o b l e m s  of op t imal  design a r e  mu l t i c r i t e r i a l ,  hierarcl~/cal ,  and decomposi t ional  
[9]. In fact ,  the difficulty of solving l a rge  and complex  p r o b l e m s  is  a s soc ia ted  p r i m a r i l y  with inde te rminac ies  
in es t imat ing  eff iciency,  condit ions,  and a ims .  The l a t t e r  i nde te rminacy  a r i s e s  in that  in complex  p r o b l e m s  
the re  a r e  a lways  s e v e r a l  a ims ,  each of which c o r r e s p o n d s  to i t s  own local  c r i t e r ion .  In consequence,  the 
es t ima t ion  of the eff ic iency of solutions and the op t imum choice  of solutions mus t  be made  with r e spec t  to 
s e v e r a l  c r i t e r i a ,  and the p rob l em  is  f o rma l i zed  as  a vec to r  model  of the choice of solutions [2, 4, 5]. 

1. Vec tor  opt imizat ion  is  a s soc i a t ed  with a number  of p r o b l e m s :  c r i t e r i a  may  be i ncommensu ra t e ,  of 
different  impor tance ,  and cont rad ic tory ,  which means  that  the choice of op t imal  solutions mus t  be made on the 
bas i s  of a c e r t a i n  set  of c o m p r o m i s e s .  The difficulty in choosing an expedient  set  of c o m p r o m i s e s  Jis that,  
in genera l ,  in the vec to r  e s t ima t ion  of eff iciency,  t he re  is  an indefinite number  of viewpoints  as  to what 
cons t i tu tes  an opt imal  solution; each of these  viewpoints  c a r r e s p o n d s  to a definite pr inc ip le  of opt imali ty .  
In choosing the pr inc ip le ,  the following logical  sequence mus t  be followed: s i tua t ion--axiomat ics- -opt imaD.ty  
pr inc ip le  [2], i . e . ,  the given si tuat ion d e t e r m i n e s  the choice of the cor responding  c o m p r o m i s e  ax iomat ics  
(set  of axioms) ,  and then the s ea r ch  for  opt imal  solut ions begins .  Thus,  the main  point is  that  all  the basic  
p r o b l e m s  (choice of op t imal i ty  pr inciple ,  method of normal iza t ion ,  and pr inc ip le  adopted in taking account of 
p r io r i t i e s )  a r e  solved in s t r i c t  accordance  with the na ture  of the r ea l  s i tuat ion of choice between solutions. 

The p r e s e n t  work  cons idered  the op t imal  design of rod and th in-wal led  s y s t e m s  in conditions where  
the re  a r e  s e v e r a l  a ims:  m i n i m um  weight of the s t ruc tu re ,  m a x i m u m  ease  of const ruct ion ,  and m a x i m u m  
rigidi ty  of the s y s t e m  (minimum tendency to deformation) .  The c r i t e r i a  of the p rob lem may  be ca tegor ized  
into th ree  types  [9]: a) inequali ty type 

/] (S, X,) > 0 or 

b) equal i ty type 

c) e x t r e m a l  type 

h, (S, X,) >/0  (i = l, 2 . . . . .  rn); (1.1) 

T(S,X~)~-O or t , (S,X~)=O (i-~-1,2 . . . . .  n); (1.2) 

U(S,X~)--+extr or u~(S, X,)-~extr ( i =  1,2 . . . . .  PL (1.3) 

where  S is  the s t r u c t u r e  of the sys tem;  X s a r e  the p a r a m e t e r s  of the sy s t em for  a given s t ruc tu re  from_ the 
se t  of p a r a m e t e r s  ~ x and the set  of s t r u c t u r e s  Cs. 

If the r equ i r emen t  of m i n i m u m  tendency to de format ion  may  be wri t ten  in the f o r m  in Eq. (1.1), the 
s ea r ch  p rob l em for  a s y s t e m  of m i n i m u m  weight with cons t r a in t s  on the s t rength,  r igidi ty,  and stabi l i ty  of 
the f o r m  in Eq. (1.1), taking into account  coupling conditions of the f o r m  in Eq. (1.2), r educes  to the well-  
known p r o b l e m  of m a t h e m a t i c a l  p r o g r a m m i n g  with one c r i t e r i o n  of the e x t r e m a l  type in Eq. (1.3). However ,  
r igidi ty condit ions - -  e . g . ,  cons t r a in t s  on the d i sp lacement  of points --  cannot a lways  be wri t ten in the 
f o r m  of Eq. (1.1). In p r ac t i ce  these  conditions a r e  often inde te rmina te ;  i . e . ,  the p e r m i s s i b l e  d i sp lacement  
of specif ic  points  cannot  be c l ea r ly  specified.  In some ca se s ,  a lso,  cons t ra in t s  on the d i sp lacement  of 
s e v e r a l  points  cannot  s imul taneous ly  be sa t is f ied ,  because  they a r e  con t rad ic to ry  or  poss ib ly  s ta t ica l ly  
unachievable.  The re  then a r i s e s  the sea rch  p rob lem for  a s t ruc tu re  that  has  l i t t le tendency to deformat ion,  
and at  the s a m e  t ime  is  of r easonab le  weight (two c r i t e r i a )  mad re la t ive ly  s imple  to cons t ruc t  (three 
c r i t e r i a ) .  This  op t ima l -des ign  p rob l em  m a y  be fo rmula ted  as  follows 

Yv (S, X~) --* extr (p ~--- 1,2 . . . .  ); (1.4) 
S,XsE~ 
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fht (S, X~) ~ 0 (i ----- 1, 2 ... . .  m); (1.5) 
,:{gj(s,x~)-----o ( 1 =  1,2 . . . . .  n); (1.6) 

(S 6 0~), (1.7) 

2, 

shape of the rod c r o s s  section,  i t  i s  r equ i red  to find the op t imal  solution ( c r o s s - s e c t i o n a l  area)  F ~ e ~ x  c o r -  
responding to the eff ic iency v e c t o r  Y(_Y,, Y2, "Ya), where  y~ i s  the weight of the sys t em;  u = Tco i s  the 
difficulty of cons t ruc t ion;  Y3 = b i s  the d i sp lacement  of a point of the sys tem,  cha rac t e r i z ing  the tendency to 
de format ion  of the sys t em;  ~ is  the p e r m i s s i b l e  d i s c r e t e  se t  of a r e a s  chosen f r o m  among a s e r i e s  of sets .  
I t  i s  a l so  n e c e s s a r y  to sa t i s fy  the conditions of s t rength ,  s tabi l i ty ,  and d i s c r e t e n e s s  of the a r e a s ,  and a lso  
the condition that  the e l emen t s  of the s y s t e m  belong to a definite group q with the s ame  a r e a s :  

m 

Tco= K l q b  VG-m i -~  min; (2.1) 
F'E@ 

" ( / " ~R,F, ~ NlO~-{- Z N,IXj. % R~Fi; (2.21 

m 

i=1 / 

] = o; (2.3) 
i=| 

\ i, -/- [Fro,,] > O; (2.4) 

F, = { F ; ,  G,  - ,  (2.5) 
Fi6Q; Q-~-{F;, F 2 .... , Frd}60~; [q]<m (2.6) 

i = l ,  2 ... . .  m; ] = l ,  2 ..... n, s=l,  2 ..... k), 

where  m i s  the n u m b e r  of rods  in the sys t em;  K = ~TCkT i s  a coeff icient  taking into account the type of con-  

s t ruc t ion  and the use  of h igh- s t r eng th  s t ee l s  [7]; a and b a r e  p a r a m e t e r s ,  constant  for  each type of sys tem,  
de te rmined  by the s ta t i s t i ca l  dependence Tco = f(q); q is  the number  of t ype -d imens ions  (groups of ident ical  
c r o s s - s e c t i o n a l  a r e a  etc. ); q i  = q i  (M) a r e  nonl inear  functions cha rac t e r i z ing  the dependence between the 

coeff ic ient  of c a l c u l a t e d - d r a g  reduct ion  for  c o m p r e s s i b l e  rods  and the ductil i ty '~i ; q i  = mt /K[  if ;q ~- '~b; 
~0 i = 1 - m a x  2 i f  A i _< s  mt  and m 2 a r e  coeff ic ients  depending on the m a t e r i a l ;  k b is  the boundary value 
of the ductil i ty co r respond ing  to the point of inf lect ion of the cu rve  of q i  = ~~ The conventional  notation 
is  used  fo r  o the r  quant i t ies  (lengths, rod c r o s s - s e c t i o n a l  a r ea s ,  fo rces ,  etc. ). 

This  fo rmula t ion  c o r r e s p o n d s  to a vec to r  opt imiza t ion  mode l  of gene ra l  f o r m  [2, 4] 

F ~~ = O-'{opt (r, Q)}, (2.7) 
F*E~ 

where  opt i s  an opt imiza t ion  ope ra to r ,  defining the opt imal i ty  pr inc ip le  and having the meaning of an o r d e r  
re la t ion;  r i s  the i n v e r s e  mapping Y--- F* = ~ - t ( y ) ,  i f  the eff ic iency vec to r  Y is  r e l a t ed  to the solution by 
the mapping  F * ~ Y  = ~,(F*),  g iven analyt ica l ly ,  s ta t i s t i ca l ly ,  o r  heur i s t i ca l ly ;  ~2 = @1, c0 2 , . . . ,  C~p) is  the 
p r i o r i t y  vec to r ,  indicating the re la t ive  impor t ance  of the local  c r i t e r i a  y,, Y2, Y3 .. . . .  yp ; p is  the number  
of c r i t e r i a .  

In o r d e r  to e s t ab l i sh  in what s ense  the opt imal  solution is  supe r io r  to all  the o ther  p e r m i s s i b l e  solu-  
t ions,  i t  i s  n e c e s s a r y  to expand the o p e r a t o r  op t (Y ,  ~ )  appear ing  in the model  in Eq. (2.7). 

In the c a s e  when the c r i t e r i a  a r e  n o r m a l i z e d  and of the s ame  impor tance ,  the na tura l  tendency is  to 
i n c r e a s e  the quali ty of al l  the local  c r i t e r i a  un i fo rmly  and harmonious ly .  This  idea m a y  be rea l ized ,  e, g.,  
us ing the quas iequal i ty  p r inc ip le  [2] 

o p t y , ~ { y [  Il YJ--y~ll < 8; l, ~ E I} fl YL (2.8) 

H e r e  al l  the local  c r i t e r i a  a r e  m i n i m i z e d  under  the condition that  the d i f ference  in the l eve l s  of the var ious  
c r i t e r i a  does  not exceed  g (g -~ rain). 

Suppose that,  g iven the outline and s t ruc tu re  of a s p h e r e - - r o d  sys t em,  i t s  load and m a t e r i a l ,  and the 
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Fig. 1 Fig. 

The idea of a valid c o m p r o m i s e  (" validity" in this  context  means  that  the levels  of all  the local  c r i t e r i a  
tend to equalize) is  r ea l i zed  in the opt imal i ty  pr inc ip le  [2] 

opt g~-~ rain [1 Yp. (2.9) 
y6.Y c tJEI 

If i t  cannot be a s s u m e d  that  the local  c r i t e r i a  a r e  of the s ame  impor t ance ,  a c o r r e c t i o n  is  in t roduced into 
the model  in Eq. (2.9) by m e a n s  of the weighting vec to r  a = ( a  1, a 2 . . . . .  C~p), which i s  a p -d imens iona l  vec tor  
defined in the region 

~EA-~{~I~pC[0,1  ], ~ p =  I, pE1} .  (2.10) 
p 

The op t imal  solution is  then found on the bas i s  of an opt imizat ion  model  of the f o r m  [2] 

opty3-~ rain ~ V~p. (2.11) 
YE Yc p 

Note that  in m o s t  c a s e s  in p r ac t i ce  it  i s  imposs ib le  to make  a well-founded choice  of weighting fac tors .  
In those  c a s e s  whenthe weighting f ac t o r s  cannot  be chosen in the f o r m  in Eq. (2.10), the m o s t  expedient  
choice of opt imal  model ,  r a t h e r  than those  above,  i s  the solution approaching the utopic point in c r i t i ca l  space  
in the sense  

p 

Z (g~ - -  g ])2_, rain, (2.12) 
I = !  

where  Yutj i s  the op t imum value of the c r i t e r i o n  yj ,  which c o r r e s p o n d s  to a cont ro l  belonging to the i m p e r m i s -  
s ible  contro l  region [3]. 

I t  should be emphas ized  that  the min imiza t ion  of Eqs.  (2.8), (2.9), (2.11), and (2.12) g ives  points in 
contro l  space  and the solutions obtained a r e  P a r e t o - o p t i m a l ,  i .e . ,  belong to the set  of un improvable  solutions 
(Fig. i). 

As an i l lus t ra t ion ,  two examples  --  the opt imizat ion of a s p h e r e - - r o d  s y s t e m  and a th in-wal led f r a m e d  
plate - -  will be cons idered .  

3. Example  1. The outline and s t ruc tu re  of a s y s t e m  is  given, toge ther  with i t s  load (Fig. 2), the 
m a t e r i a l  (St-3) with the ca lcula ted  d rags  of tensioned (R + = 210 MPa) and c o m p r e s s e d  (R- = 160 MPa) e lements ,  
and a lso  the shape of the rod c r o s s  sect ion (a T made  f r o m  two equa l - s ided  angle b racke t s ) ,  and the l imit ing 
e las t ic i ty  of tensioned and c o m p r e s s e d  e l emen t s  ([A+] = 400, [k- ]  = 200); h = 3 m; d = 4 m;  a = 2.45; b = 0.5; 
E = 2.105 MPa;  K = ~TCkT = 3.4 [7]; and 

p = 400 (kN); P i i =  0,0 (kN). 
0,0 400 

The following groups  of rods  of ident ical  a r e a s  a r e  es tab l i shed  

q--~-2, { 1 , ~ 1 ,  2, 3, 4, 5, 8, 9, 10; 1z--=6,7}; 
q-~3,  { l~ - - l ,  2, 5, 10; L,~---3, 4, 8, 9; I3-~6,  7}; 

q~--4, { I ~ l ,  2, 5, 10; I 2 ~ 3 ,  9; I3--~4, 8; I~---5, 7}. 

The min imum radi i  of ine r t i a  a r e  as  follows: for  rods  5 and 10 

4 - - )  ir -~- 0,75 era, lmin ~ 1,5 era; 

for  rods  1, 2, 6, and7  

il+) i(m~-~ ~-- 2.0 era; rain ~ 1 . 0  cm, 
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fo r  rods  3, 4~ 8, and 9 

1 P' 

/ /_7 /  

g 
r.  �9 �9 _ 

Fig. 3 

i ( + )  4- - )  mi~ 1.25 era, train ~ 2 . 5  etTl. 

The opt imal  solution with r e spec t  to each of the c r i t e r i a  in Eq. (2.1) is  now found: with r e spec t  to the 
weight 

G j.~---7,36 (kN) (100%), q ~ 1 0 ,  

Fa={F;}2={20.2; 12,4; 7,72; 34,4; 5,92; 38,4; 54,6; 21.1; 17.26; 6.96} (crn2): 

with r e spe c t  to difficulty of cons t ruc t ion  

Tr~n~ 1,4.1flG~mq~ ==5,58 (man-h) (100%), q ~  l, FT~.{49,4} (cruZ); 

with r e spec t  to r igidi ty 

6,.~n= 1.961 (cm) (100%), q - -  I. 

An i te ra t iona l  method of the type in [6, 8] is  used for  optimizat ion of the const ruct ion with respec t  to a 
single c r i t e r ion ,  s ince methods of nonl inear  p rograming  a re  difficult  to use when the cons t ra in ts  in Eqs. 
(2.2)-(2.6) a re  taken into account; this  does not exclude optimizat ion using other  methods of the type in [9]. 

According to the pr inciple  in Eq. (2.9), the optimal  solution co r responds  to the value q = 2, i . e . ,  
introducing a m e a s u r e  of the re la t ive  dec rease  in quality of the solution with r e spec t  to each of the c r i t e r i a  -- 
the " reduc t ion  cost"  n [4] -- the following resu l t  is obtained: As ql " ~  q2 

a s  q2 ~ q3 

as  c h ~  q4 

•  % q- • (0.813>0.39); 

•215 Us (0,14~0.157); 

• 2 1 5  q- • (0,066 ~ 0.128). 

This  solution co r r e sponds  to Gopt = 9.38 (k.N) (127.44%); a lso 

Top t ~- 6,0195 (man-h) (108%); 6oD t -  2,568 (cm) (131%): 

Fopt~ {23; 23; 23; 23; 23; 52,6; 52,6; 23; 23; 23;} (cm2). 

The pr inc ip le  in Eq. (2.8) then gives the r e su l t  

] Y i  - - - Y 2  [ ~--- ~(mli) = 0 . 2 5 3  ~ q = 2; 

emin - -  0,053--~ q ~- 3, 

where Y1, Y2, and Y3 a r e  the normal ized  values of the c r i t e r i a  according to the method of [4]. 

Comparing the sums of the d i f fe rences  in level  of the c r i t e r i a  

P~ ~ 0,253 q- 0,074 (q ~ 2)andPz ---~ 0,34 q- 0.053 (q ~ 3) 

o r  calculat ing the total  e r r o r  

l q ~ ( 2 7 %  q- 31% q- 8 % ) ~ 6 4 %  (q~2) ;  FI e~ (14% ~ J5% --', 25%) ~ 7 4 %  ( q ~  3), 

the r e su l t  is  again qopt = 2, 
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A c c o r d i n g t o  Eq. (2.12) 
3 

- yu t j )  
/ = 1  

and this  sum --- 1.44 fo r  q = 1, -* 0.1754 for  q = 2, ~ 0.209 fo r  q = 3, i . e . ,  qopt = 2. 

Example  2. I t  i s  r equ i red  to find a f r a m e d  pla te  of r easonab le  weight and r igidi ty,  subjected to two 
types  of load. The s y s t e m  is  shown in Fig. 3. The following informat ion  is  also given: T h e m a t e r i a l i s A K 4 -  
1; the ca lcula ted  drag of the e l emen t s  of the longitudinal and t r a n s v e r s e  se ts  i s  R(+) = 160 MPa,  R(-) = 100 
MPa,  and that  of the wall  i s  I t ]  = ~ -R  + = 80 MPa,  K i  = 0.5 [11]; E / G  = 2.5; E = 7 .1 .10  ~ MPa,  h = 200 m m ,  
d = 400 ram. The f i r s t  type of load c o r r e s p o n d s  to a fo rce  P1 = 40 kin and the second to P 2  = 133 = 30 kl~. The 
a r e a s  of e l emen t s  of the longitudinal and t r a n s v e r s e  se t s  within the l imi t s  of the panel  a r e  taken to be constant  
and to belong to one of the given groups  of ident ical  a r e a s  

q.-~-2: { l , ~ l , l l ;  I 2 ~ 1 - - 2 ;  2 - - 3 ;  3 - -4 ;  4 - - 5 ;  5 - - 6 ;  I - - 6 ;  2- -5 ;} ;  

q~---3: {lt---~l,ll; I2 -~- I - -2 ;  2 - - 3 ;  4 - - 5 ;  5 - - 6 ;  I s - - ~ l - - 6 ;  2 - - 5 ;  

3 - -  4;}; 
q-~4:  {I~-~-l,ll; I z ~  1 ~ 2 ;  4 - - 5 ;  5 - - 6 ;  I3~-~-1--6; 2 ~ 5 ;  

I~ ~ 2 - -  3; 3 - -  4;}; 

q ~ 5 :  {l t-~-l , l l ;  lz-~ 1 - -2 ;  4 - - 5 ;  5 - - 6 ;  I ~ 2 - - 3 ;  3 - - 4 ;  

I~ = 2 --5; 15 ~ 1 - -  6}, etc. 

The given p r ob l em  m a y  be fo rmula ted  in the f o r m  in Eqs.  (1.4)-(1.7) with the two opt imal i ty  c r i t e r i a  

i = I  1 ~ I  

rn r 

Y f (32) Gtj " 
l = 1  l j = i f  

where  V is  the volume of the sys t em;  Ors , d i sp lacemen t  of a point r ,  cha rac t e r i z ing  the tendency to d e f o r m a -  
tion of the s y s t e m  under  a load s; m,  number  of e l emen t s  of the longitudinal and t r a n s v e r s e  se ts ;  Fi ,  c r o s s -  
sec t ional  a r e a  of the e lement  i; fj, a r e a  of wall  j of height h and length d; tj, wall  th ickness ;  T j r ,  shea r  fo rce  
on the wall  j due to a force  P = 1 applied at the point r .  

The s t r u c t u r e  is  op t imized  with r e s p e c t  to one c r i t e r i on  using the a lgor i thm of [6], which r equ i r e s  no 
m o r e  than 4-6 i t e ra t ions  to r each  an opt imal  solution with r e spec t  to one c r i t e r ion ,  sat isfying the cons t ra in t s  
speci f ied  in the conditions of the p rob lem.  The usual  a s sumpt ions  for  th in-wal led  s y s t e m s  a r e  made in the 
ca lcula t ion [1, 12]. Quest ions  of s tabi l i ty  a r e  not considered:  It  i s  a s sumed  that  the ca lcula ted  drag of the set  
and the wal ls  is  chosen  so that  s tabi l i ty  loss  does not a r i se .  Where  requi red ,  s tabi l i ty  of the th in-wal led 
panels  under  shear  may  be ver i f ied ,  as in [10, 11], by calculat ing,  and then making m o r e  accura te ,  the 
coeff ic ient  K i. 

Opt imizing the s t ruc tu re  with r e s p e c t  to the volume for  fixed q, and then maximiz ing  the r igidi ty of the 
s y s t e m  accord ing  to [6] with fixed volume and q, the following values  a re  obtained for  the c r i t e r i a :  

q=2---~V----.1.4708; 5-~1;  q-~3--~V-----1,295; ~-~-1,099; 

q-~4--~V~---1.185; 6-~-1.197; q~-~-5-,-V=l.155; ~--~1,216; 

q -~ 9 -o. V = 1,0; 5-~- 1.348, etc. 

These  a r e  n o r m a l i z e d  values  of the c r i t e r i a  according to the method in [4]. According to the opt imal i ty  
p r inc ip les  in Eqs.  (2.8) and (2.12), the bes t  solution c o r r e s p o n d s  to qopt = 4, Voo t = 1048.48 cm (118.5]0), 
Ogp t = 0.128 5 cm (119.7%) with the following values  of the local  c r i t e r i a  (single-c 'r i tc.rion optimization):  Vop t = 
884 .4cm 3 (100%), q = 9; 5op t = 0.107 cm (100%), q = 2. The solution q = 4 c o r r e s p o n d s  to the following a r e a  
vec to r  (cm 2) and wall  th ickness  (cm): F'opt = {3; 1.5; 3; 4; 1.5; 0.2738; 0.2738}. 

C O N C L U S I O N S  

A s t ruc tu re  of r easonab le  weight, r igidity,  and ease  of cons t ruc t ion  may  be found usil~g the ~heory of 
m u l t i c r i t e r i a l  opt imizat ion.  F o r  the given c l a s s  of rod and th in-wal led  f r a m e d  s t ruc tu re s ,  t h e m o s t  expedient 
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systems of compromises  are  those realized using the principles of quasiequality, valid reduction, and minimal 
deviation from the utopic point. The approach proposed for the solution of optimization problems for rod and 
thin-walled systems allows the factor of technological feasibility to be taken into account (F i = const, q < m). 
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EFFECT OF THE COMPLIANCE OF FOUNDATION SUPPORTS 

ON THE MOTION OF A CENTRIFUGAL PUMP IMPELLER 

D. K. O v c h a r o v a  a n d  E.  G.  G o l o s k o k o v  UDC 534.1 

This study deals with the motion of a centrifugal pump impeller.  We consider the effect of the elasticity 
and damping character is t ics  of the foundation supports on the stability of synchronous precession of an out- 
of-balance impel ler  with a single-groove seal mounted on an elastic and inert  base. For  establishing the 
stability cr i ter ia ,  we apply the method of averaging to the periodic coefficients in the perturbation equations 
and then quasinormalize those equations. 

The dynamic model of such an impeller  is a flexible weightless shaft of stiffness cl with a disk of mass 
ml at the center  of the span. The impeller  is mounted on a perfectly rigid plate of mass m 2 resting on 
inert ia less  spring supports. All masses  and stiffnesses of the system are  assumed to be symmetric with 
respect  to the plane of the disk, with the stiffness c 2 of the foundation supports the same in the horizontal 

plane and in the ver t ical  plane. 

The displacement of the disk, relative to the center of the seal, during flexure of the shaft produces a 
circumferent ial  p ressure  gradient in the fluid around the disk and a hydrodynamic net friction force normal 
to the plane of disk flexure. This force can, under certain conditions, cause self-excited asynchronous 

precess ion of the impeller  [2]. 
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