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Fourier Transforms of Magnetic Anomalies of
Two-Dimensional Bodies

By S. SENGUPTAY)

Summary — Fourier transforms of theoretical magnetic anomalies of two-dimensional bodies
(vertical fault and horizontal cylinder of infinite length) are computed. In both cases it is shown that
for a particular body the amplitude spectra of horizontal and vertical anomalies are the same and the
phase spectra differ by /2. Different parameters like depth and susceptibility contrast can be calculated
from the amplitude spectrum.

1. Introduction

The present paper deals with the Fourier transform of theoretical anomalies of
two-dimensional magnetic bodies. The magnetic anomaly of a regularly shaped body
is a function of the direction of magnetization, shape and size of the body and its
susceptibility contrast with the surrounding material. The Fourier transform of a
magnetic anomaly, therefore, contains information regarding all these parameters.

In recent years extensive work has been done regarding the application of spectral
analysis in gravity and magnetic interpretation (DeaN [3], ODEGARD and BERG [7]).
ODeGARD and BERG [7] have applied Fourier integration for the interpretation of
gravity anomalies due to regular bodies.

2. Method of analysis

The theoretical magnetic anomalies due to a horizontal cylinder of infinite length
and a vertical fault are noted from HEILAND [5]. In both cases the plane of observation
is perpendicular to the strike direction. In the case of a horizontal cylinder the axis of
the cylinder is perpendicular to the plane of magnetization. The strike of the fault
makes an angle « with the magnetic north through the magnetic west. Exact Fourier
sine and cosine transforms of these anomalies are calculated. The nature of the phase
and amplitude spectra are discussed and different parameters like depth of burial and
throw of fault are calculated from the amplitude spectra.

1) Department of Geology and Geophysics, Indian Institute of Technology, Kharagpur-2 (W.B),
India. '



988 S. Sengupta (Pageoph,

i) Horizontal cylinder of infinite length

The theoretical vertical and horizontal magnetic anomalies due to a horizontal
cylinder of infinite length are given as,

2KS
Z=— ——4—[220xd—‘ Ho(x2 - d2)]
r
and
2KS
H=—""2[2H,xd + Zo(x* — d?)]
r

respectively where

Z = vertical magnetic anomaly, -
H = horizontal magnetic anomaly,
K = susceptibility contrast,
S = cross-sectional area of the cylinder,
Z, = vertical component of Earth’s magnetic field,
H, = horizontal component of Earth’s magnetic field,
x = horizontal distance of point of observation from origin,
d = depth of the axis of the cylinder from the Earth’s surface,
r’=x*+d>

The Fourier transforms of Z and H are taken as F,(w) and Fy(w) respectively. The
necessary formulas for integration are given in the Appendix.

; X . Fox2—d?
Fy(w)=—-2KS [4120 df msm wxdx —2H, f m cos wx dx
o] 0
=2nKSw(H, + iZy) e @
In a similar way it can be shown that
FH(CU) = — 2T[KS(0(ZO - lHo) e~ (2)

where i = 4/—1 and w is frequency in radians per unit distance. The amplitude spectrum
for both the horizontal and vertical anomalies is given as
|F(w)] = 2nKSw(Z2 + H3)'? e~
= 2nKSwTe (3)

where T is the total magnetizing field.
The nature of | F{w)| versus @ is shown in Fig. 1 by plotting [ F(e)| as we™* versus w.
| F(w)] will be maximum when w = 1/d as

d|F(w)|

w0

=2nKSowT(l1 — wd)e ™ =0



Vol. 112, 1974) Magnetic Anomalies of Two-Dimensional Bodies 989

—~Wwd 2 2 2
[F@l= 2TKSWTe 5 T=2Z5+H,
2MKST=1; d=!

Cross-section of cylinder perpendiculor
to the direction of oxis

040+
o —p
f E //’
0-36+ i ot
) i _- -
0321
T -2K$ 2
225 [22gxd - Hot = az)]
0281 HeT2ES [2 Hoxd + Zolié~ dz)}
r
] F (@) = =2 TKSW [Ho+iZo] €9
0-24 —wd
F{w) = 2TTKSW|Z4— iHg|e
0204 S= Cross-sectional area of cylinder
016 E
r4
1 2
&
oi24| &
o
1l E
@
[+ 4
o084{| «
B
w
0-04+4 —
-4
© (ARBITRARY UNIT)
0 v T T T T T T T T —T
0 | 2 3 4 5 6 7 8 9 10

Figure 1
Fourier transform of vertical and horizontal magnetic anomalies over a cylinder of infinite length
(amplitude spectrum)

when o = 1/d. Let | f ()| = |F(w)|/w, then
In| f(w)| = lin2nKST — wd C))
A plot of | f(w)| versus w on a semilog paper will be a straight line with slope — and

intercept 2nKST. The nature of In| f(w)| versus w is shown in Fig. 2, where d and
2nKST are taken as unity.
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Figure 2
Modified amplitude spectrum | f(w)| versus frequency o for a horizontal cylinder
The phase spectrum of vertical and horizontal anomalies are related as
d(w) = tan™' [ZofHo) = n/2 — tan™ (Ho/Zo] = /2 + $pu(w) (5)
This shows that the horizontal magnetic anomaly lags the vertical anomaly by /2.
ii) Vertical fault

The vertical and horizontal magnetic anomalies due to a vertical fault are given as

¥
Z= ZK[HO sina.lnr—2 — Zo(0, ~ 92)]
1
and

,
H= 21<[H0 sin «. (6, — 6) + Z In —2]
ry

respectively. The meaning of ry, r,, 6; and 6, is explanied in Fig. 3. The strike of the
fault makes an angle o with the magnetic north through west. E.g. for a fault with
strike in the north-south direction « = 0 and when the strike of the fault is in an east—
west direction o = n/2. The Fourier transforms of Z and H are given as Fy(w) and Fy(w)
respectively.

F(w)=2K|2H,sina | ln ———=—=—coswxdx
Z( ) l: 0 6[ m

d d+h\ |
—i27Z, f tan~' — —tan™! sin wx dx
X X
1]

2K
- %— [~ — e-9W+0) [H, sin o + iZ,) (6)
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Figure 3
Fourier transform of horizontal and vertical magnetic anomalies over a vertical fault (amplitude
spectrum)
In a similar way it can be shown that
2nK d d+h . :
Fy(w)= — [e@d — e~ @D [Z, — iHysina] 7

The amplitude spectrum [F(w)| is the same for both the horizontal and vertical
magnetic anomalies.

2K
|F(@)] = = [eod — e~o@m] . [Z2 + H3sin® o]
w

2nKT"’

[e—wd _ e—w(tH-h)] (8)
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where T is the total intensity of the magnetizing field in the plane perpendicular to
the strike of the fault.
The phase spectra ¢,(w) and ¢y(w) are given as

o 2o , Hosina
¢ (w)=tan™t —— and ¢u(w)=—tan™! ——— 9
Hysina Z,
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Figure 4
Modified amplitude spectrum | f(w)] versus frequency w for a vertical fault (d = h)
It can be shown from the above equation that
¢2(w) — p(w) = n/2. (10)

Equation (10) is the same as equation ¢5). The phase of the vertical anomaly thus
differs from the phase of the horizontal anomaly by an amount of 7/2. Figure 3 shows a
plot of |F(w)| versus o in arbitrary units. For simplicity, and as it does not change the



Vol. 112, 1974) Magnetic Anomalies of Two-Dimensional Bodies 993

nature of the amplitude spectrum, 2zKT" is taken as unity for computing |F(w)|. Two
cases of depth and throw of fault are taken. In the first case 4 and £ both are taken as
unity and in the second case d is unity and 4 is 0.5. From equation (8) it can also be
shown that

27‘CKT'[e_wd — e—w(d+h)]

. 2aKT'[—de™? + (d + h) e~ @1+M]
m

lim {F(w)] = lim =l
w—=0 -0 w T w—0 1
11
=2aKT" h (11)
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Figure 5
Modified amplitude spectrum | /()] versus frequency o for a vertical fault (d = 2k)

The peak value of the amplitude spectrum is, therefore, equal to 2nKT" h. Since in the
present case 2nK7T" is taken as unity so the peak value of |F(w)| is 1.0 and 0.5 in the first
and second case respectively (cf. Fig. 3). If we define | f (w)| = o|F(w)| as modified
amplitude spectrum then

| f(w)] = 2rKT [e9 — g=o@tn)] (12)
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To study the nature of | f(w)], variation of In[e~®? — e~?@*P] versus w is shown in
Figs. 4 and 5. Two combinations of d and A, namelyd=1,h=1andd=1, h=0.5 are
taken into consideration. In both cases the latter part of the graph (part A) is linear.
This part actually shows the linear variation of Ine™®? or —wd with respect to @. The
slope of part A gives —d, which is the depth to the top surface of the fault plane. This
linear part is extended to the origin and the exponential values of e~®? are subtracted
from the values of | f(w)]. The residue (part B), when plotted on the same semilog
graph, gives a straight line with slope as —(d + /). As d is known earlier from the slope
of part A, A now be calculated from the slope of part B. Details of this technique are
discussed in KAPLAN [6]. As A is known so from equation (11), 2zKT " and hence K can
be determined if 7~ is known.

3. Discussion

The present investigation is carried out to study the nature of theoretical horizontal
and vertical magnetic anomalies due to simple two-dimensional geological bodies in
frequency domain. Similar derivations for other types of two-dimensional bodies and
three-dimensional bodies are also found. A set of master curves for different values of
parameters is under preparation. It is interesting to note that in the two-dimensional
cases the amplitude spectrum remains the same for both the horizontal and vertical
magnetic anomalies. The variation in phase spectra is n/2. In such a case a set of
numerical filters (dispersive filters) can be designed to convert horizontal magnetic
anomalies into vertical magnetic anomalies and vice versa.

Acknowledgement

The author is thankful to Dr. S. H. Rao and Dr. T. K. BHATTACHARYA of the
Department of Geology and Geophysics and to Dr. M. K. MaITy and Dr. A. SANYAL
of the Department of Mathematics, [.I.T., Kharagpur, for discussions at different
stages of this investigation.

REFERENCES

[1] M. ABramowitZ and L. A. STEGUN, Handbook of Mathematical Functions (Dover Publications,
Inc., New York 1965).

[2] H. BATEMAN Tables of Integral Transforms, Vol. 1, compiled by staffs of the Bateman Manuscript
Project (McGraw-Hill Book Company, Inc., New York 1954).

[31 W. C. DsaN, Freguency analysis for gravity and magnetic interpretation, Geophysics 23 (1958)
97-127.

[4] H. B. DewiGHT, Tables of Integrals and Other Mathematical Data, fourth edition (Macmillan
Company, New York 1961).

[51 C. A. HEILAND, Geophysical Exploration (Prentice-Hall, Inc., New York 1951).

[6] 1. KAPLAN, Nuclear Physics (Addison-Wesley Publishing Company, Inc., Reading, Mass. 1955).

[71 M. E. Opecarp and J. W, BERG, Jr., Gravity interpretation using Fourier integral, Geophysics 30
(1965), 424-438.

(Received 25th April 1974)



Vol. 112, 1974) Magnetic Anomalies of Two-Dimensional Bodies 995

Appendix

I. Fourier transform of f{x) = tan~! % (Ref. [2], p. 87).

As f(x) is an odd function of x its Fourier transform F(w) is
? d . 2mi . [owd
F(w)=2i j tan™! —sin wxdx = — e *¥?sinh | —
4 x w 2

2mi
— e—md/l '%[ea)d/l - e—wd/l]

in
=—[1 — @]
w

whend>0,w > 0.

2

II. Fourier transform of f(x) = In Ref. [2], p. 18
Sf(x) = \/-——( (2], p. 18).

As f(x) is an even function of x its Fourier transform F(w) is

r n
Fw)=2\|In ——=——= dx = = (B9 — =20
(@) 6‘. g cos X ~(e )

whena>0,f>0andw >0

¢ d*coswx od
II. 2 md (1 +wd)e (Ref. [4], p. 225).

x? cosa)x T —wd
Iv. 2 f I 2)2 =57 (I —wd)e (Ref. [4], p. 225).

X sin wx Tw
\% J e~ (Ref. [4], p. 225).

2T A= —
) @y Sy

whend >0, w > 0.



