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Propagation of Love Waves in a Non-Homogeneous Stratum 
Finite Depth Sandwitched Between Two Semi-Infinite 

Isotropic Media 

By NIRMAL KUMAR SINHA 1) 

of 

S u m m a r y  - The possibility of propagation of Love-waves in a non-homogeneous internal stratum 
internal stratum of finite depth sandwitched between two semi-infinite isotropic media has been 
studied in this paper. The density and rigidity both are considered to be variable, density being taken 
a s  

~90 /to 
#2- -  (1 + a z )  and rigidity /12 (1 + a z ) '  

00 and/to are constants. The velocity f l = c 2  is taken here as constant = ~//12/Q2 = ~//t0/Q0. It is found 
that  the phase velocity c exists between the limit cz < c _-< (1.121 c2). The variability of K H  (where 
K, the wave number and H, the depth of the internal medium) with the change of c/c2 and C / e 2  

(where C is the group velocity) is shown graphically. 

Introduct ion 

DUTTA [1] 2) showed that the Love-type of wave in a non-homogeneous internal 
stratum of finite depth lying between two semi-infinite isotropic media exists for a 
sufficiently large value of K H  (where K, the wave number and H, the depth of sand- 
witched layer) in three different cases: 

(i) w h e n  ]/2 0r c o s h  2 z ,  ~o 2 0~ c o s h  2 _z 
,~ 2 

(iii) w h e n  P 2  o~ e mz , 0 2  o~ e mz . 

In the previous paper author [2] discussed the problem regarding Love-type of 
wave in a non-homogeneous intermediate layer lying between two semi-infinite media, 
when the rigidity of the medium varies as e 2pz, density being constant, distortional 

1) Department  of Mathematics, Tangrakhali B.S. College, P.O. Tangrakhali, Dist. 24-Parganas, 
West Bengal, India. 

2) Numbers in brackets refer to References, page 70. 

5 PAGEOPH 67 (1967111) 



66 N.K. Sinha (Pageoph, 

velocity also varies as e w. He showed that for c >  c 1 < c  a Love-type wave is possible, 
where c I and ca are the distortional wave velocity in the upper and lower media 

respectively. 
DUTTA [3] studied the problem of propagation of Love-waves in a non-homo- 

geneous thin layer lying over a semi-infinite medium. In that paper he considered the 

rigidity #2=#o/ ( l  + a  z) and density Q2=0o/(l+c~ z), #0 and 0o are constants and 
showed that the existence of Love-type of wave in possible. 

In this paper taking the variation of rigidity and density same i.e. P2 = #o/(1 + c~ z), 
Q2 =~o/(1 +c~ z) (where #o and ~0 are constants) a problem is studied in the case of a 
non-homogeneous stratum sandwitched between two semi-infinite media. 

Mathematical derivation 
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Figure 1 
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Let us assume that the medium I is extended from z =  0 to z =  o% the medium II  is 

extended from z = 0  to z = - H  and the medium III  is extended from z = - H  to 
z = -  oe (Figure 1). 

The component  of displacement (u, v, w) in a plane wave travelling in the direction 

x increasing in any medium may be assumed to be the real part  of (0, V, 0) e ik(x-a), 
where V i s a  function o fz  only. For Love-wave we consider u = w= 0. 

The Equation of motion is (EwING, JARDETZKY and PRESS [4]) 

r52V _ 6pxy 3py~ 
+ (1) 

for Love wave we assume that all displacements are independent of y-coordinates. 

The non-zero stress-strain relations are 

6v 6v 
Pxy=#6x and PY~=#6z"  (2) 

(EwING, JARDETZKY and PRESS [4]). 
Let vj ( j =  1, 3) be the displacement components in medium I and I I I  respectively. 

Putting (2) in (1) we have, 

6 x \ 6 x ]  + 6 z \ 6 z J -  ~ 6t ~2 ' (y = 1, 3) (3) 
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where (/~j, 0a), ( J =  1, 3) are the constant  rigidity and density of  medium I and III 
respectively. 

Let  v:. = Vje ik (~-c,), ( j  = 1, 3) (4) 

where Vj, ( j =  1, 3) are functions o f z  only, the equation (3) reduces to 

d2V1 2 
dz  2 s~ V1 = 0 (5) 

d 2 V 3 
2 

d z  2 S3 V3 --- 0 (6) 

where s 1 = k 1 - c~J and s 3 = k 1 - c35j . (7) 

The solutions of  the equations (5) and (6) suitable for  the problem are 

V1 = C l e  - ~  and V 3 = D j  e '~  (8) 

where C, and D~ are constants. 
The equat ion of  mot ion  in the second medium is 

8x ~ ~ 2 6xx ) + ~z /X e 6 z / = Oe 8-~a (9) 

where v2 is the displacement component  in the second medium, 02, /~2 the density 
and the rigidity of  the material of  the second medium, being function of  z only and c z 

@2 c5v2 ,5% 2 
- 02 (10) 8Z C]Z tit 2"  

k2 1 O C -  . . . . .  V 2 = 0 .  
2 

is constant.  
Equat ion (9) can be written as 

821)2 62122 
[~2 ~X 2 + ,tl2~z ~ + 

Putting v z = V z .,(x-ct) in (10) 

dzV2 1 d#2 dV 2 

dz 2" + - -  �9 #2 dz dz 
Again putting 

#o 0o 
~2 (1 +c~z ) '  Oz ( l + . z )  and V z -  

VI(1 + .  z) U2 

(11) 

tbr the medium II, the equation (11) reduces to 

dz 2 + k 2 - 1 = . - -  c~ 4(1 + ~ z )  

Putting 1 +c~ z = ~ ,  (12) can be reduced to 

d2V~ FIc2[c2 ) 3 I V ,  
e :  + k P  \ d -  1 - = 0. 

(12) 
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Hence the solution is 

V 1 :  A 1 ~ T J l ( r  ~) + B' d 7  ]11( r ~) 

where r = ~ \ c  2 - 1 (13) 

substituting the value of  V ~ in (13) we have 

,/io 
(1 + ~ z) 112 1/2 = A'(1 + c~ z) 1/2 J,{r(1 + c~ z)} + B'(1 + a z) '/2 Yl{r(1 + ~ z)} 

~? : A(1 + ~ z) a,{~(l + ~ z)} + B(1 + ~ z) r,{r(1 + ~ ~)} 
A I B * 

where A :  and B -  _ ,  (14) 
~ o v I  t 2 o 

A s, B 1 being constants. 

The boundary  conditions are 

V 2 = V 1  at z = 0  I 
1 / 2 = k 3  at z = - H  [ 

[ d~ dr2 
/22 - -  d z  - / 2 2  ~-Z at Z = 0 f (15) 

dr2 d V  3 I 
/22 - dz - / 2 3 d z z  at z = -  H .  J 

F rom the boundary  conditions, we have, 

A J,(r)  + B V~(r) : C~ 

(1 - ~ H) [A Jl{r(1 - ~ H)} + B Yi{r(1 - a U)}] : D 1 e -s3u 

#o r e[A Jo(r) + B Y0(r)] = - / 2 ,  si C1 

and /20 r a[A Jo{r(1 - a H)]  + B Yo{r(1 - a H)}] =/23 s 3 D 1 e -~3n. 

Eliminating A, B, C 1 and D1 f rom the above equations and putt ing the value of  r, 
we get the frequency equation ,)'" J ~  1)  1/2 } + # 1 (  I c2\  ~/2 f k  c 2 

- ~- ~ - ~m}- ~(I ~) 
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The numer ica l  calculat ions  are pe r fo rmed  by  the help of  'The Table  of  Func t ions '  

(JA~NI~E and EMDE [5]) and  we take  the fol lowing par t icu la r  values 

e 1 = 3 . 3 6 3 ,  c 3 = 4 . 3 6 2 ,  c 2 - - 3 . 0 0  ~ H = . 5  

#1 = 2.997,  #o = 2.385,  /13 = 6.469 

and  p lo t  the g raph  o f  K H  agains t  c/c2 and  C/c2. 
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Figure 2 

Table 1 

r 

- -  1.01 1 .02  1 .04  1 .06 1.08 1 .12  1.121 
C2 

K H  2.029 2.027 2.0212 2.0162 2.0117 2.00374 2.003738 
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Figure 2 

Table 2 

2os 

c 
- -  1.01 1 .02  1 .04  1 .06 1.08 1 .12  
r 

C 
- .9676 .9254 .9407 .9718 .9921 1.072 
C2 

K H  2.029 2.027 2.0212 2.0162 2.0117 2.00374 
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