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The Perturbation Method in Elastic Wave Scattering

Ru-SHAN Wu!

Abstract—Methods of theoretical study in seismic wave scattering are reviewed with the emphasis
on the perturbation method. Detailed analysis for weak scattering using Born approximation is given.
For elastic random media, the mean square amplitudes of scattered waves are derived using a new
approach by working directly in the spectrum domain. The conditions for the scalar wave approximation
are obtained. The problem of sensitivity of fore- and backscattering to heterogeneities with different
scales and properties {velocity or impedance) is discussed.
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1. Formulations of Elastic Wave Scattering Problems and the Solutions

In a source-free linear heterogeneous elastic medium, the equation of motion for
displacement u is (see AKI and RICHARDS, 1980)

Pt =Ty ; = (CijpgUp.q).j M

where p is density, u; and 7, are the components of the displacement vector and the
stress tensor respectively, “-” stands for /0¢, “ ;” for 0/0x;, and repeated index
implies the summations with respect to the index over the spatial dimensions, c;,,
are the components of the tensor of elastic constant ¢ of the medium, which are
functions of the position.

In the case of isotropic heterogeneous media, (1) can be written as

p(x)i; = (A(x)uj,j),i + [.u(x)(ui,j + uj,i)],j (2)

where A and p are the Lamé constants of the medium. All parameters p, A, u change
with position x. Heterogeneities in the medium can be treated as two different classes:
continuous and discontinuous. Discontinuous heterogeneities are inclusions in the
medium. Both inside and outside the inclusions in the media are homogeneous.
Sharp discontinuities occur on the boundaries. The scattering problem for a single
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inclusion can be formulated as a boundary value problem (either a system of partial
differential equations with boundary conditions or a system of boundary integral
equations). The problem for a complex medium with multiple inclusions can be
attacked by a multiple scattering theory based on the solution of the single inclusion
scattering problem. Another approach is the perturbation method, which can be
used for both discontinuous (weak heterogeneities) and continuous media and is
more often used in seismology. We first discuss briefly the boundary matching
approach and then concentrate on the perturbation method.

2. Boundary Matching Approach

Outside the inclusion, the medium is homogeneous. Therefore (2) becomes

potl; — (Ao + No)(uj,j),i — Hold; j; = 0. (3)
Equation (3) can be written as a vector equation after some simple tensor algebra,
Poll — (Ao + 2u)V(V - u) + 4oV x (V x w) =0, (4

where “V”,“V-” and “V x” are the gradient, divergence and curl operators
respectively, and p,, 4, and y, are the medium parameters outside the inclusion. The
interior field u,, satisfies the same equation as (4) except the parameters p,, 4, and
U, are replaced by p,, 4, and yu, of the inclusion.

Taking divergence and curl of (4), we get a pair of equations,

_ Ao+ 2p0

0

Vi VXV -u) =0,

(5)
V x i — 2 vV x u) = 0.
Po

Equations (5) show that within the homogeneous region of the medium, the
compressional wave (P wave) and the shear wave (S wave) are decoupled. The first
equation in (5) is the P wave equation, the second is the .S wave equation. The
corresponding P wave and S wave propagation speeds are oy = /(4 + 24,)/p, and
Bo = </ Ho/po, TESpECtively.

The inclusion scattering problem can be attacked by solving equation (4) for
both the exterior and interior fields and matching the boundary conditions (conti-
nuity of displacement and normal stresses) at the boundary. Equivalently, we can
combine equations (5) and the boundary conditions to formulate a system of
boundary integral equations. This formulation for discontinuously heterogeneous
media, such as in the inclusion scattering problem, and curved interface scattering
problem, etc., is widely used in the field of engineering seismology and seismic
exploration. However, exact solutions exist only for the case of a uniform sphere or
a uniform circular cylinder in an infinite homogeneous medium (MORSE and
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FESHBACH, 1953; PA0 and Mow, 1973). These “exact” solutions are in the form of
infinite series. Only for long wavelengths these series can be calculated with a few
terms. When the wavelength is much shorter than the radius of the sphere or
cylinder, the series converge very slowly. The other closed form solution is for a
semi-infinite crack, derived by using the functional theoretical technique (the
Wiener-Hopf technique) (ACHENBACH, 1973). Therefore, for most cases of complex
objects we have to rely on the numerical methods. The boundary-integral-equation
approach is very suitable for applying different numerical techniques.

3. Perturbation Method

In the perturbation method the heterogeneous medium is decomposed into a
reference medium (the background medium) and the perturbations. The scattering
problem can be therefore transferred into a radiation problem by considering the
response of the perturbations to the incident wave as the excitation of secondary
sources. MILES (1980) formulated the problem into a volume integral equation and
derived the explicit expressions in the case of Rayleigh scattering (for small
heterogeneities) using Born approximations. HERRERA and MAL (1965) considered
the problem of interface discontinuity of the heterogeneities and applied the
method to the scattering of thin inclusions with strong contrast (dikes, lenses, cracks,
etc.). This approach was also used by HADDON and CLEARY (1974) for the P-wave
scattering near the mantle-core boundary and by HUDsSON for the scattering by
granular media (1968) and for the scattered waves in the coda of P (1977). HUDSON
(1977) also gave a unified expression of the first-order approximation for several
scattering problems (weak heterogeneities, thin inclusions and slightly rough sur-
face). GUBERNATIS et al. (1977a) also formulated the scattering problem of a
homogeneous inclusion into an integral equation and obtained solutions for the case
of Born approximation in the whole frequency range. SATO (1984), WU and Ak1
(1985a,b) applied this approach to the coda generation and the seismogram envelope
problem. WU and AKI (1985a) expressed the Rayleigh scattering in terms of
equivalent point sources with different forces and force moments, and decomposed
the general elastic wave scattering into “velocity type” and “impedance type” and
pointed out their different scattering characteristics. SATO (1984) expressed the
results of Born approximation in terms of density, P velocity and § velocity. SATO
(1984), Wu and Ak1 (1985b) have derived also the scattering coeflicients for elastic
random media with different types of correlation function. In the following, we give
a brief derivation of the basic formulas and then present the main results and their
geophysical applications.

In this paper we mainly deal with the large-angle scattering problem. For
small-angle scattering (forward scattering) problem, such as the transmission
fluctuation problem, the scalar wave approximation can be applied. The perturbation
method for that case will be treated in another paper of this issue (Wu and FLATTE,
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1989). Also we restrict ourself in this paper to the problem of volume heterogeneities
and leave the boundary perturbation method, which is used in the core-mantle-
boundary scattering problem, to the other paper in this issue (BATAILLE e al., 1989).
Suppose in equations (1) or (2) the medium parameters can be expressed as
p(X) = po + dp(X)

s (6)
c(x) =¢’ + de(x)
or

Mx) = Ao+ 6M(x),  u(X) = po + Sp(x),
where p,, € (or 4, and g, in the case of isotropic medium) are the parameters of the
reference medium, which is either a homogeneous or a slowly varying continuous
medium, and Jp, d¢ or d4 and Ju are the deviations (perturbations) from their
reference values. We decompose the total field as

u(x, ) =u'(x, ) + U(x, 1) (N

where #° is the primary field, i.e., the field when there is no perturbation in the
reference medium, and U is the scattered field. Substituting (6) and (7) into (1) yields

poU; — (¢} spaUpa).s = Qi
Q; = —{6pii; — (Oc;poti, ) ; }

where Q(x, 7) are the equivalent body forces due to the interaction of the heterogenei-
ties with the wave field.

Introducing the Green’s function for the reference medium GY(x, ¢|x’, ') and
applying the representation theory to (8), we can express the scattered field as
(HERRERA and MAL, 1965)

(®

Ui = Jng * Qj d3X’ + L (Gg *Tjk - agk * uj)nk dzx/ + L GO *nk[(S kpq pq] dzx/ (9)
1

46 g 99

where “*” stands for the temporal convolutions, ¥ is the volume containing
heterogeneities, S is its boundary surface, x’ is the position on the surface, n is the
normal on the surface towards outside, u and 7 are the displacement and stress on
the surface, ¢° is the stress produced on the surface due to G° S, is the surface across
which exists a jump discontinuity of the normal stress n;[dc;,,u, ], where n' is the
normal of S, and [ ] stands for the jump of a quantity across the surface. Formula
(9) is a general equation valid for both continuous and discontinuous heterogeneities
and for a general reference medium.

If the reference medium is unbounded, we can set S to be the surface on which
both G and u are zero. We can further combine S and S; into a closed surface system
so that we can apply the divergence theory to it

J‘ *nk[é Cirpgt pq dx _J {sz Cikpg pq]} d’x’ (IO)
S+5;
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In the case of weak scattering, U < u’, so that

[0Cikpqtip.q] R [0Cipgltpq = —O0Cipqtp,q- (11

Substituting (11), (10) and Q; (8) into (9), we obtain
U, =f {—0pil; * G} — Ocippgthy g * Gy} dX. (12)

Vv

Because the cancellations of the term in volume integration and the term in surface
integration in (9), it concludes with a simple equation (12) which does not have the
term involving with spatial derivatives of dc. Therefore, equation (12) is valid for
both continuous and discontinuous heterogeneities provided the scattering is weak.

This point is first illustrated by HUDsON (1968).
In the case of isotropic media, (12) becomes

U, = J {—6pii,GS — [, 62y, + Sy + up ;) * GOy} dX. (13)
Vv

4. Born Approximation for Weak Scattering
Now let us concentrate on the case of isotropic media. When the scattered field
U is weak compared to the primary field #°, we can approximate the total field u in

(12) or (13) by the primary field «°. This is the Born approximation. Equation (13)
thus becomes an explicit formula for the scattered field

U,(x) = ——J Sp(x)id (X') * Gy(x, X') dV(x')
- L {04 0AX)V - (X + opu(xX) )i (X) + u? (X))} * Gy (%, X') dV(X')

- J [F(x) * Gy(x, X') + My (X)) * G (x, X)] dV(x), (14)

where F;(x’) is the equivalent single force and M, (x’) is the moment tensor of the
equivalent force couples at point x” of the scatterer. As no confusion can happen,

we drop the ‘© for the Green’s function. The Born approximation is valid under the
condition
J
Prr<1, (15)
Po

where k i3 wavenumber of the wave field, R is size of the heterogeneity volume
(such as the diameter of a sphere), and Jdp/p, is the average parameter perturbation
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of the heterogeneities,

0P (OP)ems | (0 ms + 2(01)cms
—= +
Po Do Ao+ 2o

where (), stands for the root mean square value. Roughly speaking, (15) means
that the total “phase fluctuation” caused by scattering must be less then one radian.
This restriction can be satisfied for two cases: (1) when the size of the heterogeneity
volume is very small compared with the wavelengths, i.e., kR < 1. This is the case
of Rayleigh scattering. In this case, the heterogeneities can be strong, namely dp/p,
is not necessarily small. {2) When the size of the heterogeneity volume is not small,
but the heterogeneities are weak such that (15) is satisfied. In optics it is called the
Rayleigh-Gans scattering.

) (16)

Elastic Wave Rayleigh Scattering

When the size of the scatterer is much smaller than the wavelength, phase
differences between the scattered far fields from the different parts of the scatterer
can be neglected. The whole heterogeneous body can be considered as a point
scatterer. The right-hand side of (14) can be integrated out. Therefore (14) becomes

Ui(x) = F(x)*Gy(x, X°) + My (X°)*G (X, X%, (17)
where x° is the position of the center of the scatterer and
Fy(x") = —dpViif (x°),
— — 18
My(x%) = = 8,02 VTV - u(x)] — SV () + (17 (19

where V' is the volume of the scatterer, %, 64 and 5 are the average values of the
corresponding perturbations.
If the incident wave is a plane harmonic P-wave in x, direction, i.e.,

uf =9, exp[ —iw(t — x, /),
where o is the P-wave speed in the background medium, then the equivalent single
force is (assuming x° is at the origin)
F = £w26pVe — (19)

where £ is unit vector in x, direction and the equivalent force moment tensor is

" SL+20pu 0 0
M=—iZy| 0 & 0 20)
%o 0 0 oA

Substituting (19), (20) and the far field expressions for G, and G;; (see AKI and
RICHARDS, 1980, chapter 4) into (17), we have
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. . _ —_
. V1 R 5—6)’-)’1 — o4 Vi — 25# ViV%}
! 4noc0r o’ Ao+ 20 Ao+ 2o
w2V1 B
—io(t =) ) F (5 —_ 9| KO S 21
471:[30 —e { Ga =) [o]# Gy — VVl)} (21)

where r = |x —x°| and v, is direction cosine of the scattering directions with respect
to the i-th axis, which is the i-th component of the unit vector F.

If we take spherical coordinates having their polar axis in the incident direction
x; (i.e., in the direction of particle motion) (Figure 1a), we can write the scattered
P-wave PU? and S-wave U3, as

op o4 20u | S
PriP 6 — . 2 oLZ —iw(t —r/ag) 22
Ur= 47: { 08 Ao+ 2ng Ao+ 2u 08 } ré ’ 22)

% — (e ~ r/fo)
PUS = [ 7]{5" sin [B‘)] sin 20} < (23)
dm ag | B3 {Lpo Ho r

where the subscript r stands for the r-component, and ‘“mer” stands for the
meridian component. Because of the symmetry of the problem with respect to the
polar axis, there is no latitudinal component of the S-wave, i.e., U3, =0.

Figure 1 gives the equivalent forces and the scattered P and S waves produced
by dp, 64 and du in the case of plane P-wave incidence. We see that 6pV generates
a point single force, AV behaves like a point negative explosion (or contraction),
and JouV behaves like a point crack (collapse).

Similarly for a plane S-wave incident in x,-direction and having its particle
motion in x,-direction,

and

uj = 0, explicx(t — x1/Bo)], (24)
the equivalent forces and scattered field are

F= ﬁwzﬁVe — it

o OO0
M=—-i—V|éu 0 O0fe—"™, (25)
10 0 0

where J is the unit director in the x,-direction, and

_a?pV {mz U o riagy (i¥2—0) 1 ,-w(,,/,,o)} w?® duV
=——J2 +—
dnp, a5 7 ﬁo r Bo 4mp,

i

x 2’}) V1?21 _,'w(,,,/ao) (2’}71?1'})2—_611'}}2 "27)1)16—"@('*'//30) . (26)
ag B3 r
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If we take the direction of particle motion of the incident field ( y-axis) as the polar
axis of the spherical coordinates (Figure 2a), the scattered P-wave SUY and the
scattered S-wave SUS., and SU$, can be written as

V w2 (6p .
SUY =— w_z {—p cos § — [ﬂ(’] sin 26 sin ¢} ¢ Nt —r/a0). (27)
4r o5 | po Ho
Vw op 5/1 1
SUﬁler = [ ] {— sin 8 + — cos 26 sin }_e—lw(t—r/ﬂo) 78
dn a5 [ Bof oo Ho ¢ (28)
and
V 250
SU]at @ I:a():l ok —cos g cos ¢ Z p @t —rify) (29)
4 T ag | Bo| Ho

Figure 2 shows the equivalent forces and the scattered fields by % and a Note

that 64 does not have any effect on S-wave scattering as expected. The density

perturbation %V acts still like a single force in the direction of particle motion. The
scattered waves due to dul are equivalent to the radiation field of a point double

force couple, which is equivalent to a point dislocation (shear motion along a

crack). In Figure 2, we decompose the scattered S-wave due to dyu into two parts,

each of which corresponds to a pattern due to a single couple.
From Figures 1, 2 and the related formulas we can see several important
features of elastic wave scattering.

(1) The amplitudes of the scattered waves have a frequency dependence of w?, so
the scattered power is proportional to w*. This is the characteristic of Rayleigh
scattering, which is the same for acoustic wave, electromagnetic wave and
elastic wave scattering.

(2) When g =0, (22) becomes the same as for acoustic wave scattering. In general,
the scattering patterns for elastic waves are much more complicated than that
for acoustic waves.

(3) From Figures 1 and 2 we see that the cross-coupled scattered waves (P-S
coupling, S, — Siac depolarization coupling) are always apart from the incident
direction. Their maxima are in the directions perpendicular to the incident
direction. Therefore for a pure forward scattering problem, the cross-coupled
waves can be neglected.

(4) From (22) we see that in the forward direction, cos 8 = 1, the combination of
the parameter perturbations inside the bracelets becomes

dp 6A+20pu  20a
Po Ao+ 2up %
Therefore in the forward direction, the scattering strength is only proportional

to the velocity perturbations. On the other hand, in the backward direction,
cos § = 1, the combination of the parameter perturbations becomes

bp Sh+20p_ 287,

po Aot 2u Z,, '
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Figure 1
(a) Spherical coordinate system for P-wave incidence, and (b) the scattering patterns for different
equivalent forces.
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where Z, is the P-wave impedance. Therefore, the strength of the back-
scattered waves is only dependent on the impedance perturbations. We see
that the forescattering and the backscattering reveal quite different characteris-
tics of the medium, although the parameter dependences in both cases become
simpler.

The same conclusion can be drawn for the common-mode S-S scattering
(28). In the forward direction (8 = ¢ = 90°) the strength is dependent only on
the S-wave velocity perturbations, while in the backward direction (6 =90°,
¢ = —90°), only on the S-wave impedance perturbations.

(5) Comparing the strengths of the scattered P waves (22) and (27) and S waves
(23, 28 and 29), we see that the scattering S waves are [o/f,] times stronger
than the scattered P waves for similar perturbations. That is because the
S-wave impedance of the medium is always smaller than the P-wave
impedance. Therefore, after propagating and scattering for a long distance,
the scattered waves will be dominated by S-waves that agree with the observa-
tions on coda waves.

If we choose dp/p,, dafog and 6f/B, as free parameters, the scattering patterns

(22), (23) and (27)—(29) can be also expressed as

FEF = %5’0(0059—1+2&sm ) 2—+4& sin? § ﬁ}
Do %o Bo

PEﬁm——{ép( 1—+-2’8°/ost9>s1n9+4ﬂ0 ﬂsm()cos@}

Po %y %o Po

SEf = {ip <cos 0 — & sin 26 sin (b> 'BO ,Bﬂ sin 26 sin q&} (30)

- _
SES = —{Jl (sin @ + cos 20 sin ¢) +22—ﬁCOS 20 sin ¢},
(0]

Po
and
SEpy = {(51) +2 (m)cos 8 cos d)}
Po Bo

The scattering patterns can be written also in terms of velocity and impedence
perturbations (see Wu and AKI, 1985a).

<

Figure 2
(a) Spherical coordinate system for S-wave incidence, and (b) the scattering patterns for different
equivalent forces.
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Elastic Wave Rayleigh-Gans Scattering

When the wavelength is comparable to or smaller than the size of the inclusion,
the phase differences of the incident field at different parts of the inclusion and of
the scattered field from different parts of the inclusions can no longer be ignored.
The equivalent source of scattering can no longer be regarded as a point source.
Nevertheless, if the resulted scattered field is still weaker than the incident field, the
Born approximation can still be applied to the problem. This is the case of
Rayleigh-Gans scattering.

From (14) we see that the scattered field is a superposition of the scattered field
by all the volume elements of the heterogeneity, each of which is of Rayleigh
scattering type.

We can further simplify (14) by taking the far-field Fraunhofer approximation
to G;(x, X'), i.e., (henceforth we use the frequency-domain expression and drop the
factor e =)

Gy(x, x') = G(x, X) + Gj(x, X)

1
z—A.A' o« , 2 - 6--—A-A- ﬁ , 2 31
T SO X) 4 6y~ 88) (0 X) (3D

where G? and G® are P-wave part and S-wave part of G respectively, and
p y
1 . | S ool
g%(x, X) = - PCTP % e @vo)r? =0 =X = gv(x xOW)?(x), (32)
where
v 0 1 i(wfvgh® vl ' —i(w/vg)o-(x” — x0)
g(X,X)=E€ 0 s l//(X)=€ 0

r=x—x], r’=[x-x’,

and x° is the center of the inclusion, 6= (x—x°/r® is the unit vector in the
outgoing direction of the scattered wave (scattering direction).
Substituting (30) and (31) into (14), we obtain

Ui(x) = U (%) + UF(x),

UP (X = s g%(%, X0) f 6,-6,{E(x')—i9 6kM,-k(X’)}x//°‘(X’) dv(x)
4rpoap 1% o
US(0) = 7 £"(x. x7) J 6y — 6i6j){ﬂ(x') —i% 8, My(x) }wﬁ(x') dV(x').(33)
dnpoBis v B

In this section we will use a more general form of the incident wave (primary
field). If the source is far from the inclusion, the primary field at x” can be
approximated locally by a plane wave

u?(x) = 4,0(x") = A; exp[ik™ - (x’ — x°) — iwi] (34)
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where A = A4 is the amplitude of the incident wave, 4 is a unit vector, k™ is the
wave number vector of the incident wave, k™ = k™ = (w/v,)1, where v, is P-wave or
S-wave velocity of the reference medium depending on the wave type of the incident
wave, and i is the unit vector in the incident direction. Thus we can derive F; and
M, (see equation 18) as follows

F(x') = 6p(X )’ 4;®(x"),

; 4 in 4 in in 9 35
My (x) = —i{0A(X)0;(A - k™) + Su(xX'WAkY + Ack]) }D(X). (33)
Therefore, from (33) we have (expressing in vector form)
Uf(x) = 8% J 6{(6 - A)w?p(x)) — @ SAX)A - k™)
4npoxy v %o
— 2 5u(x)(6 - A)6 - k") }ef"‘i" O Y (x) (36)
0
ArA ’ @ ’ A in Al A
U%@=4 2#1‘%A—O@'Mhﬂ%@)~—ﬁMXH®'kXA—OW'A»
TPoPo v ﬁO

+ (6 A) k™ — 6( - k""))]}e"("i" — kg =X gy/(x)

where k, = w/ay and kg = w/f,.
Writing explicitly in the forms of P-wave and S-wave incidence, (36) becomes

,_K 2 Op(X)  BAX) L 28u(x)
U= e f o(x)A(x){( D =0 xo+2uo}

‘ei(kai — ki, 8)-(x’ — x9) dV(X,)

s Ki g _ 3p(x) . [Bo] 28u(x)
2 f [4(x) — 6(x')(6 a)]A(x){ )61 [a] 10+2u0}
.et(kal—kﬁo)-(x — x0) dV(X’)

. ]Z—i o { s (x’){(é 3) ?@ —(6-8)b .i)[gﬁ] 25;;(;(')}

(37)

,ei(kﬁi — kg 8)(x” — x0) dV(X/)

k2 r
v = | axofa-o6-a

8- Dla— (8 )]

0p(x)
Po
+ (6 - a)i—o(o 1) 5—”(1—)} pitkpi—kgdy(x' —x0) dv(x’).

Ho

If the source is far enough from the inclusions such that A(x’) and i(x") are
constant over the volume of the inclusions, then (37) becomes:
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p K2 (SR B, 28u(K)
U= 4n go{(o D Po /lo+2u0 (8-9? lo+2/10}
s ARy o (oK) Ty 20u(R)
Pus =S gta - oo a)l{ (e >[%] . +2ﬂ0}
Ak> sp(®) 8. ... . 20uK
sur = g“é{(é 3 2P [ﬁ—](o-a)(o~) al )} (38)
Po %o 0
v =L erlta— oo 9122 (6 b1 6669
+(6-a)i—8(6- D] ——5"(1‘)}
Ho

where 6p(K), 6A(K) and du(K) are the complex 3-D spatial spectra of dp(x), dA(x)
and du(x), respectively, and are defined as

e}

op(K) = fjf&p(x)e”"" d*x (39)

— 0

etc. In (38), k = k™ —k*, where k* is the wave number of the scattered waves,
which is k,6 or k;6 depending on the wave type of the scattered waves.

Note that the vector M = 4 — 6(6 - 4) is perpendicular to 6 and lies in the plane
determined by 6 and 4. We can define a unit vector in this direction (the meridian
direction)

a1

m=|M|=[ﬁ—6(6'ﬁ)]/lﬁ—ﬁ(ﬁ'ﬁ)l (40)

and another unit vector perpendicular to the (@, a) plane (the latitudinal direction)
1= (1 x 8), (41)

which is also perpendicular to the outgoing direction 6. Therefore, 0, 6,1 and m
compose a right-hand coordinate system. We can decornpose the scattered wave
into two orthogonal components: a meridian component along m (or in-plane
component) and a latitudinal component along 1 (or off-plane component). From
(38) we see that “U® has only the meridian component. Whereas SU® has both
meridian and latitudinal components,

s Akp sp(k) o [ (687 0] s a g SK)
Us=""¢ { |M|[ . — (b )|:1 |M|2} m ]+l(o )= = } (42)

Comparing (38) with the corresponding results of Rayleigh scattering (21 and
26) we see that the scattering formulas for the two cases have the same form except
the total perturbation JSpV, 34V and 5uV are replaced by their corresponding
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spectral densities at the spatial frequency equal to the exchange wave number of the
scattering process, k =k™ —k*. In the case of Rayleigh scattering, since the
wavelength is much longer than the size of the inclusion, the scattered waves can
only detect the d.c. component of the heterogeneity; while in the case of Rayleigh-
Gans scattering, the scattered waves respond to different spectral components of the
heterogeneity depending on the scattering angles.

Composition Factor and Distribution Factor

If the perturbations are formed by a nonuniform distribution of heterogeneities
with the same composition, then (38) can be further simplified. We introduce a
parameter distribution function D(x) such that

0p(x) = 3po D(x),

OA(X) = 04, D(x),
(43)
and

du(x) = o D(x),

where dp,, 64 and dyu, are the parameter perturbations at the center of heterogene-
ity and satisfy

8P j D(x) dV(x) = dpV, etc. (44)

The scattered field in (38) then can be written generally as
U = C(3pg, 64y, O1) D(K). (45)

Here we call C the composition factor, which is the scattered field of elastic wave
Rayleigh scattering by a unit volume of inclusion with perturbation dp,, 84, and
Opg, and D, the distribution factor (or the volume factor). We see from (38) that £C”,
PCS, SC* and SC® have the same expressions as in (38) for U’s except 6p(k), 5A(K)
and 6u(k) are replaced by dp,, 04, and du,. The distribution factor (which is also
called the “form factor” or “shape factor”, etc. for uniform inclusions)

D(k) = J D(x)e™* &°x = D(K = k) (46)
14
where D(K) is 3-D spectrum of D(x) and k = k™ — k*. If the perturbation distribu-

tion is spherically symmetric, then

2n 0

D(K) = _fﬁ(Dl(K) (47)

where D,(K) is the corresponding 1-D spectrum and K = [K|.
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In the following, we list the distribution factors (i.e., the complex spectra) of
some simple forms of distribution:
(1) For a uniform sphere of radius a,

1 | sin(Ka)
D(K) = 4na? Xa)? [ X cos(Ka):l. (48)
(2) For a Gaussian spherical heterogeneity, '
D(r) = exp(—r*/a?),
(49)

D(K) = n/na* exp[ — (Ka)*/4].
(3) For a uniform cylinder of radius a, height 25 (in z-direction),

2, Ji(K,a) sin(K,b)

K) =4
D) =ama’s = = %

(50)

where K is the vertical component of K and K, is the horizontal component of
K.
(4) For a Gaussian cylindrical heterogeneity,

z2 x?
e —ea] -]

(51)
K, a)? + (K, b)?
D(K) = /nna’h exp[—4—~( =) 4( D7\
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for a uniform sphere for different frequencies; (b) same as in (a), when (w/f,)a = 27; (c) same as in (a),
when (w/By)a = 10.
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(5) For an ellipsoid of axes a,, a, and a, aligned along the x, y and z directions,
1 [sin(|Ka|)
|Kaf* | |Ka
where |Ka| = (K2a}+ K2a} + K2a3)'".
The value of D(K) depends on k = k™ — k*, which is a function of the scattering
angle. In the case of spherically symmetric heterogeneities,

D(K) = 4na,a,a, — cos(|Ka|):|, (52)

~ . 0 .
k = [k| = 2k sin 5 for common-type scattering

= k2 +kj —2k,k; cos 8, for type-converting scattering, (53)

where 6 is the scattering angle (the angle between the incident direction and the
scattering direction), k, and k; are the P-wave number and S-wave number,
respectively.

Figures 3 and 4 show the distribution factors of a uniform sphere as functions
of scattering angles. Figure 3 shows the case of common-type scattering. In the
forward direction, 8 = 0, D(0) is the d.c. component of the inclusions and therefore
is always the maximum. This is because all the scattered waves from different
volume elements are always in-phase along the forward direction. For high frequen-
cies, i.e., when k, > 1, the main scattered energy is concentrated in the forward
lobe and therefore the scattering characteristics are controlled by the velocity
perturbations.
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for a uniform sphere for different frequencies; (b) same as in (a), when (w/f,)a = 2x; (c) same as in (a),

when (w/f,)a = 10.
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Figure 4 shows the D factors of type-converting scattering. In this case,
however, £ does not go to zero in the forward direction (§ = 0), but approaches a
limited value. Therefore the D value oscillates in the forward direction and is not
always the maximum.

The resultant scattering patterns for a Rayleigh-Gans scattering are the product
of a Rayleigh scattering pattern and a D factor pattern.

5. Elastic Wave Scattering by a Random Medium

For very complex media, the deterministic approach is either intractable or
impractical. The stochastic approach plays an important role in that case. If the
rang-scale ratio R/a > 1, where a is the average scale length of the heterogeneities
and R is the extension of the heterogeneous medium (or the propagation range), the
case is more suitable for the stochastic approach.

Suppose in equation (6) dc or dp, 64, and Su are zero mean Gaussian random
variables. Then the heterogeneous medium becomes a random medium. A random
medium is a large family of innumerable heterogeneous media. Each member of the
family, with a certain probability of existence, differs from the others in the detailed
structure, but has some common statistical properties of the family, such as the
average size and strength of the heterogeneities, etc. For a specific number of the
random medium, called a realization, we can formally express the scattered far-field
using the Born approximation as (37), (38) or (45). If we know the detailed spatial
distribution of dp(x"), 6A(x") and du(x’), we can calculate the scattered field. Often
it is impossible to know these distributions and more often they are just what we are
trying to infer from the measured scattered waves. The random medium approach
deals with the statistical gquantities of the medium and the wave ficld. One of the
useful quantities is the mean-square amplitude of the scattered waves, which is
proportional to the average scattered energy.

Mean-Square Amplitudes of Scattered Waves

If 5p, 64 and Sy are not totally correlated, {|U[*) depends generally on the auto-
and cross-power spectra of the perturbations. For instance, for the P-P scattering,
taking ensemble average of the square amplitude of (38) results in
A%V
(4zmr)?

—2(6-9)°W,,(K) +2(5 - )*W,,(K)} (34)

JPURP = (8- D)W, (K) + W, (K) + 48 - D*W,(K) — (0 - DWW, (K)

where { ) stands for the ensemble average, W,, W, and W, are the auto power-
spectral densities and W,;, W,, and W,, are the cross-power spectral densities of
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the random functions defined as

1 /ép*(K) dp(K
0A¥K) JSA(K)
Witk - <Ao+2uo Ao+2uo> 49

op*(K) SAM(K)
M(K)_ < Po /10+2H0>

etc., where * denotes the complex conjugate and V is the volume of the random
medium and k = k" — k*.

If the size of the random medium is much larger than the scale of the
heterogeneities, and the heterogeneities have a statistically uniform distribution, we
can consider approximately the random medium as a stationary (or uniform)
random field, so a correlation function may be defined for the medium. It is known
that the power spectrum of a random medium is the Fourier transform of its
correlation function, therefore we have the relation

fe o]

= [ (050 e = () oo
P(K) = m N(©e™* d

where N({) is the normalized correlation function, ¢ is the spatial lag vector and
P(K) is the normalized power spectrum of the density perturbations. For the
cross-spectra we have

([ /500 KO \ e s
W, (K) = j J f < . AO+2uo>e ¢ e, (57)

If the random medium is also statistically isotropic, the 1-D power spectrum P,(K)
is related with its 3-D power spectrum P(K) by the relation (47).

In the following we list several most widely used correlation functions and their
power spectra (all for statistically isotropic and uniform random media)
(1) Gaussian Correlations function,

(56)

N(r) = exp(—r?/a’)
P(K) = /na exp(— K2a?/4) (58)
P(K) = (\/na)® exp( — K2a?/4).
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(2) Exponential Correlation function,

N(r) = exp(—|r|/a)
2a

P =% (>9)
a3
K)=8n——.
P(K) 8n(1 Yo
(3) Von Karman Correlation function,
NO) =5 | £ [ K,/
== r
! 2 Twlal| ™ @
rv+3d a
PI(K) = 2ﬁ F(V)Z (1 + KZaZ)v+1/2’ (60)
I'(v+3) a’

P(K) - 87‘5\/; F(V) (1 + K2a2)v+3/2’
where I'( ) is the gamma function, and K,( ) is the modified Bessel function
of order v. When v = 1/2, the correlation function is equivalent to the exponen-
tial correlation function, and v = 1/3, the Kolmogorov’s turbulence.
If dp, 64 and ou are from heterogeneities with the same composition, i.c., these
perturbations are totally correlated, we can use (45) to calculate the scattered fields
for each realization. In this case,

UP> = U* - Uy = {(C* - C)(D*D)> = {|C[X{D*D> = V{|C}>P(K), (61)

where P(K) is the “shape spectrum”, i.e., the 3-D power spectrum of the parameter
distributions function

~ 1 o~
P(k) =7, <D*(k)D(k)>. (62)
In deriving (61), we use the independence of C and D. From (58) and (42), we can
write (61) as

AV

P> = Gy

|EP>k*P(k) (63)

where E is the elastic-wave-Rayleigh-scattering pattern function and

op oA 20u )2
PEPN — ) YL —(6-D3 .
<| |> <{(0 ' Po Ao+ 2u @D /10+2l»¢0} >

for P-P scattering, and
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op Bo| 20u )?
P S 1_ 2 - .
ET (o )]<{Po (@ )[%} '10+2/‘0}>
By = (a- ﬁ)2<{5—p (s i)[&] 25—“‘} ) (64
Po %o | Mo
S SZ (A “ &i 6_'u ’
TR [Ty
+ <{(6 ~a)(1-1) 5—“}2>,
Ho

in the case of P-S, S-P, and S-S scattering. Here we drop the subscript “0” for dp,
04 and ou because of the statistical uniformity of these random variables.

Directional Scattering Coefficient

We define the directional scattering coeflicient for P-P scattering as 4r times the
mean scattered power in 6 direction per unit solid angle by a unit volume of random
medium for a unit incident field (i.e., unit power flux density) in 1 direction. From
{63) we obtain

g7(6,1) =

Y= <IPEP|2>k3P(R) (65)

where P(k) is the power spectrum of the random parameter distributions, we have
dropped the subscript.

Note that g” defined in (65) is 4n times the total differential scattering
cross-section in the case of discrete scatterers

g7 =4nn,o,, (66)

where n, is the number of scatterers per unit volume, and o, is the average
differential scattering cross-section for individual scatterers. By defining the scatter-
ing coefficient, we can treat both the continuous and the discrete random media in
a unified approach within the weak scattering regime.

In the same manner as in (65) we can define the other scattering coefficients g?*,
g, and g*.

In the case of P wave incidence, (0 - 4) = (8 - 1) = cos 8, where 8 is the scattering
angle. If we assume

dp 04 m ou n ou

— =g, =-_—€ T/ =7E€, —=l€,
Po Ao+2py 3 o+2p 3 Ho

we obtain
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1 m 2n 2 -~
PP() = — 2 = 2 4
g ( ) = <6 ><COS ) 3 3 CcOS 9) kaP(k),

1 B 2 (67)
g7(0) =— (> (sin 8 — I sin 20> k4 P(k).
4n o
Similarly, we can derive g* and g*,
., Bo 2 ~
g%(0,0,) =— {c*>|cos 0, — 21— cos 0, cos 0 | k2P(k)
4n o
1
20, 0,4, ¥) = e*{[sin b, — I sin §,, cos O(1 — ctg?f,)}* (68)

+ (I cos 0,4 cos Y) 2}k 3 P(k)
where

cos@ =(6-1), cos@,=(6-4), cosy=(1-1.

Total Scattering Coefficient

Total scattering coefficient (or simply “scattering coefficient”) g” or g° is the
mean total scattered power by a unit volume of a random medium for a unit
incident P or S wave. For P wave incidence

1
=g +gr = f g77(0) + g7(6) d2. (69)
4r

Substituting (67) into (69), we can derive g?” and g#°. WU and AK1 (1985b) gave the
results for the case of exponential correlation function. For the low frequency
approximation (k,a < 1)

1 1 4 4
PP — _ 2 _ pn2 _— 2 4.3
g 2|:3+9m +45n +27mn](e Skaa®,

- (70)
1 4 _p2
sl = 4+ 20 ek a3,
In the high frequency range (k,a > 1)
N
| %
(71)

D %T 5
gr o | o | K€D,
2a [ﬁo

where D is a constant depending on the medium parameters.

Compare (70) and (71) with the scattering coefficients from the scalar wave
theory (CHERNOV, 1960, equations (56), (58), and (59) for exponential correlation
functions)
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2
Gscalar X 8<[5—a] >kia3, when k,a <1,

%o

5 2
8scalar ~ 2<|:_a:| >k§a: when kga > 1.

%o

(72)

We see that for low frequencies the scattering coefficients for elastic waves are more
complicated and depend not only on the velocity perturbations (as in the case of
scalar waves) but on all the perturbations of density and Lamé constants. On the
other hand, the h-f asymptotics for both the elastic and scalar cases are equal. This
implies that in the case of weak perturbation of parameters, the travel time
fluctuation in the forward direction will dominate the scattered field when the
wavelength is very short compared to the sizes of heterogeneities. This explains why
the scattering coefficient (by the Born approximation) should not be taken as an
attenuation coefficient, especially in the h-f range. The k2 frequency dependence of
g”? also demonstrates the inapplicability of the Born approximation to the h-f limit,
because g#” will go to infinity (according to the Born approximation) when the
frequency goes to infinity.

Frequency Dependence of the Scattering Coefficients

From (67) and (68), we see the frequency dependences of g(f)’s are determined
by k*P(k). From (58) to (60) we see that for low spatial frequency (Ka < 1), P(K)
is flat for all the cases, while for high K(Ka > 1) the slope of the spectra depends on
the form of P(K). Gaussian medium has a Gaussian shape falloff of the spectrum
in the high-K range, while exponential and von Karman media have power-law
falloffs with power index —4 and —(2v + 3), respectively. For a fixed scattering
angle, k£ = [k” —k*| is proportional to the frequency of the wave field. Therefore,
the frequency dependence of g(6) in the low frequency range is w*, which is typical
for Rayleigh scattering and identical to scalar wave scattering. However, in the h-f
range, the frequency dependence can deviate from the scalar wave case substan-
tially. The frequency dependence also varies with the scattering angle. In the
forward direction, § =0, so the common-type scattering g”7(0) and g*(0) have
always the w* dependence. For other angles, there are critical frequencies above
which the w* frequency dependences give way to the h-f asymptotes. The backscat-
tering (0 = ) has the smallest critical frequency.

The total scattering coefficients have similar frequency dependences: w* for the
low-f and different asymptotes for h-f. Figure 5 shows the frequency dependences of
the total scattering coefficients g#” and g?* for the case of exponential media. In the
figure we also plot the dependences of the scalar wave case for comparison. For the
common-type scattering g””, the frequency dependences can behave quite differently
from the scalar case in the intermediate frequency range, depending on the
combination of parameter perturbations. For high frequencies, forward scattering
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caused by velocity perturbations becomes dominant, so that g?”” behaves as in the
case of scalar wave scattering except for the case of

8 _du_dp

o Mo Po

(“impedance type” scattering). g”* has flat h-f asymptotes for exponential media.
For a general von Kérman type medium, the h-f spectrum slope of type-converting
scattering is 4 — (2v + 3) =1 — 2v. When v = 1/3 (Kolmogorov spectrum), the slope
increases slightly with frequency. For a Gaussian medium, g# goes to zero
exponentially.

Fore- and Backscattering, and the Scalar Wave Approximation

In the nearly forward direction, 6 ~ 0, which we call forescattering, the direc-
tional scattering coefficients (67) and (68) become

(0 ~0) ~ <[‘5°‘} >k4P(0)

g7(0 = 0) ~0,
g7(0 =~0) =~ 0,

oo (4o

In deriving we used the relation

o 1 op 04 +20u

% 2 [__ m}
We see that for forescattering the scattered waves are decoupled, and the mean
scattered power is proportional to the mean square of P or § velocity perturbation

only. In this case the scalar wave approximation can be applied.
Similarly, in the backward direction, i.e., in the case of backscattering (6 ~ n)

g7 1 oZp 4
@ ~n)~ <I:Zp0:| >k P(0)

270 =~ n) =0,
gPO@ =m) ~0

1 /I8
g O~m <[z€j >k4P(0)

Figure 5
(a) Frequency dependences of P-P scattering coefficient. The solid lines are from the scalar wave theory
and the broken lines, elastic wave theory, (b) frequency dependences of P-S scattering coefficient from
elastic wave scattering theory.

(73)

;!

(74)

<
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Here we use the relation

é_Z_p_l 5_p 04 + 20p
ZPO-‘Z Ao+ 2o

and

0Zs 1|:5_p+%:|
Zso 21p0 o]

where Zp = pa and Zs = pf8 respectively. We see that the backscattered waves are
also decoupled (under the Born approximation) and the mean scattered power is
proportional to the mean-square perturbation of P wave impedance or S wave
impedance accordingly. The scalar wave approximation can be used in this case
too.

In conclusion, both fore- and backscattering of elastic waves are similar to the
scalar wave scattering, but with different scalar quantities as the perturbation
parameter: velocity for the forescattering and impedance for the backscattering.
We should of course bear in mind that the analysis is only valid for weak
scattering (Born approximation). For strong heterogeneities, multiple scattering
inside the random medium becomes important and waves are no longer decou-
pled.

In other directions there are no simple relations as in the case of fore- and
backscattering. The full elastic wave formulation has to be applied. In the case of
04jAg = Oulu, and Ay = py, we can decompose the perturbations into velocity and
impedance perturbations using the relations

op _0Zp dx_8Zs OB

Q 5;1 6Zp 5(1 5_2_5 @ (79
Ao Mo ZPO ay  Zsy Py
Substituting (75) into (64), we obtain the scattering patterns
o7, 2
<|PEP|2 <{ p(Cl Bl) _—‘(C1+Bl)} >
o0z
B <{—5 S~ 1))~ (S, +T,) } > 6
Plan 5Zs op
PETPY = <{ Zs, (Ca— T = (cA +T,) } >
N 2\ /f[8zs 0B
P <{z50 i <SA+BA>}> ~{Zemkd)

where
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1 2
C,=cos 6, B,=§+§cos20,
e B .
S, =sin 0, T,-;sm 20,
° (7

2
C,=cosb,, T, =ﬁcos0,4 cos 8,
)

S,=sinb,, B, =sinf,cos (1 —ctg?’8,), D, =cosb, cosy,

are constants depending on the scattering angle and the polarization directions.

The directional scattering coefficients can be found from (76) by relations similar
to (65). In order to see the differences between the scalar wave and elastic wave
scattering, we show the comparison between the scalar case and the P-P scattering
of the elastic case in Figure 6. Figures 6a,b and ¢ are for (w/ay)a = 0.1, 1 and 10,
respectively. For Rayleigh scattering (Figure 6a) the scattering pattern of scalar wave
is isotropic (see the upper half plane), whereas the pattern for elastic waves is quite
unsymmetric depending on the parameter combinations (the lower half plane). When
the wavelength becomes increasingly shorter than the scale length a, the scattered
energy becomes incrementally more concentrated in the forward lobe, except for the
case of “impedance type” scattering which always has a big back lobe.

The Sensitivity of Backscattering and Forescattering to Heterogeneities with Different
Scales

From (73) and (74) we see that the back- and forescattering sense not only the
different elastic properties of the medium, but also the different spectral components
of the medium power spectrum. The forescattering feels only the d.c. component of
the random medium P(0). Therefore it is most sensitive to the large-scale heterogenei-
ties. This can be understood physically. When the wave passes through a random
medium, the accumulated phase change is mainly determined by the large-scale
variations, the effects from the small ones tend to cancel each other. On the other
hand, the backscattering only senses P(2k), the spectral component of the medium
at K = 2k where k is the wave number of the incident wave. It means that only the
Fourier component of the medium with spatial period equal to half the wavelength
of the incident field can be detected by backscattering. Therefore, it is most sensitive
to the heterogeneities with scale length near the wavelength. Assuming an exponen-
tial medium with P(k) of (59), we see from (74) that, for S-S scattering,

w
03, —da < ]
Bo
g*(n) ) (78)
| w
- —a>1

a Bo
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Therefore there exists an a4, that has maximum response to the detecting field. By
differentiating (74) with respect to the correlation length @ and equation to zero, we
can get a,,,

w
7, Oom = V=087 (79)

Aope X 0.144.

From this analysis we can expect that backscattering experiments using S-S
waves will have a maximum response to heterogeneities with scale length compara-
ble to the wavelength. For the 1 Hz short period S waves, the corresponding
correlation length of maximum response is around 0.5 km.

Figure 7 shows the responses of heterogeneities with different correlation lengths
to 1-Hz S waves (f, = 3.5 km/s). The maximum is at a ~ 0.48 km. For heterogene-
ities with correlation length a &~ 10 km the backscattering response drops to 1/11.8
of the maximum value. However, these large-scale heterogeneities have much
stronger responses to the forescattering.

The above analysis helps us to understand those seemingly contradictory
observations in seismology. Through the measurements of phase and amplitude
fluctuations across a large array such as LASA or NORSAR, and the travel time
inversion for 3D velocity distributions in different areas around the world, we
recognized the existence of meso-scale velocity inhomogeneities with scale lengths of
a few tens of km and velocity perturbations of a few percents. In the mean time the
coda waves from a local earthquake are believed to be the backscattered waves from
the heterogeneities in the lithosphere. However, if we calculate the backscattering
coefficient from the meso-scale velocity heterogeneities derived from the transmis-
sion fluctuation measurements and the travel-time inversions, which are forescatter-
ing experiments, it became too small to explain the observed coda strengths. The
analysis on the sensitivity of fore- and backscattering to the scale lengths shows that
the two kinds of observation may originate from heterogeneities of different scale
lengths. The fluctuation measurements sense the meso-scale velocity inhomogene-
ities (the scale length detectable is limited by the array sizes), while the coda
strengths are mainly determined by the small-scale impedance heterogeneities in the
lithosphere of the local region. Therefore, the lithosphere must have multi-scale
heterogeneities, at least 2 scales to account for the above-mentioned two kinds of
observation (this two-scale model of lithosphere was first proposed by Wu, 1984;

<

Figure 6
(a) Comparison of scalar wave scattering (upper half plane) and elastic wave scattering (lower half
plane) for P wave incidence when (w/ay)a = 0.1; (b) same as in (a), with (w/ag)a =0.5; (c) same as in
(a), with (w/ag)a = 1.
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Backscattering responses of heterogeneities with different correlation lengths for 1-Hz wave.

WU and AKI, 1985b). Recent measurements on the angular coherence of transmit-
ted waves using the NORSAR array (FLATTE and WU, 1988) suggest further that
the two-scale heterogeneities may have different depth distributions. The small-scale
ones are much shallower than the meso-scale ones; the meso-scale ones may begin
from the middle of the crust and extend beyond the asthenosphere.

BIBLIOGRAPHY

ACHENBACH, J. D., Wave Propagation in Elastic Solids (North-Holland Publ. Comp., New York 1973).

Ax1, K. (1973), Scattering of P waves under the Montana Lasa, J. Geophys. Res. 78, 1334-1346.

Ak, K. (1980), Scattering and Attenuation of Shear Waves in the Lithosphere, J. Geophys. Res. 8§35,
6496—-9504.

AK1, K., and CHOUET, A. B. (1975), Origin of Coda Waves: Source, Attenuation and Scattering Effects,
J. Geophys. Res. 80, 3322-3342.

Ak, K., and RICHARDS, P., Quantitative Seismology, vol. 2 (W. H. Freeman, San Francisco 1980).

BATAILLE, K., WU, R. S., and FLATTE, S. M. (1989), Inhomogeneities Near the Core-mantle Boundary
Evidenced from Seismic Wave Scattering—A Review, to appear in Pure Appl. Geophys. /32,

BERTEUSSEN, K. A., CHRISTOFFERSON, A., HUSEBYE, E. S., and DAHLE, A. (1975), Wave Scattering
Theory in Analysis of P Wave Anomalies at NORSAR and LASA, Geophys. J. R. Astr. Soc. 42,
403-417.

CAPON, J. (1974), Characterization of Crust and Upper Mantle Structure under LASA as a Random
Medium, Bull. Seismol. Soc. Am. 64, 235-266.

CHERNOV, L. A., Wave Propagation in a Random Medium (McGraw-Hill, New York 1960).

FLATTE, S. M., and Wu, R. S. (1988), Small Scale Structure in the Lithosphere and Asthenosphere
Deduced from Arrival Time and Amplitude Fluctuations, J. Geophys. Res. 93, 6601-6614.

GiLBerT, T. J, and KNOPOFF, L. (1960), Seismic Scattering from Topographic Irregularities,
J. Geophys. Res. 65, 3437-3444.

GUBERNATIS, J. E., DOMANY, E., and KRUMHANSL, J. A. (1977a), Formal Aspects of the Theory of the
Scattering of Ultrasound by Flows in Elastic Materials, J. Appl. Phys. 48, 2804-2811.



Vol. 131, 1989 Perturbation Method in Elastic Wave Scattering 637

GUBERNATIS, J. E., DoMANY, E., KRUMHANSL, J. A., and HUBERMAN, M. (1977b), The Born
Approximation in the Theory of the Scattering of Elastic Waves by Flows, J. Appl. Phys. 48, 2812-2819.

Hapbpon, R. A. W., and CLEARY, J. R. (1974), Evidence for Scattering of Seismic PKP Waves near the
Mantle-core Boundary, Phys. Earth and Planet. Int., 8, 211-234.

HERRERA, 1., and MAL, A. K. (1965), 4 Perturbation Method for Elastic Wave Propagation, II—Small
Inhomogeneities, J. Geophys. Res. 70, 871-873.

HERRERA, 1. (1965), A Perturbation Method for Elastic Wave Propagation, III — Thin Inhomogeneities,
Geofis. Int. 5, 1-14.

Hupson, 1. A. (1967), Scattering Surface Waves from a Surface Obstacle, Geophys. J. 13, 441-458.

HubpsoN, J. A. (1968), The Scattering of Elastic Waves by Granular Media, Qu. J. Mech. Appl. Math.
21, 487-502.

HubsoNn, I. A., and KNOPOFF, L. (1967), Statistical Properties of Rayleigh Waves due to Scattering by
Topography, Null. Seis. Soc. Am. 57, 83-90.

HUDSON, J. A. (1977), Scattered Waves in the Coda of P, J. Geophys. 43, 359-374.

KNOPOFF, L., and HUDSON, J. A. (1964), Scattering of Elastic Waves by Small Inhomogeneities, J.
Acoust. Soc. Am. 36, 338-343.

KNOPOFF, L., and HubsoN, J. A. (1967), Frequency Dependence of Scattered Elastic Waves, J. Acoust.
Soc. Am. 42, 18-20.

MiLes, J. W. (1980), Scattering of Elastic Waves by Small Inhomogeneities, Geophysics 25, 642648,

MorsE, P. M., and FesHBACH, H., Methods of Theoretical Physics, Ch. 13 (McGraw-Hill Book Comp.,
New York 1953).

Pao, Y. H., and Mow, C. C,, Diffraction of Elastic Waves and Dynamic Stress Concentrations (Crane
Russak, New York 1973).

SaTo, H. (1984), Attenuation and Envelope Formation for Three-component Seismograms of Small Local
Earthquakes in Randomly Inhomogeneous Lithosphere, J. Geophys. Res. 89, 12211241,

Tatarskl, V. L., Wave Propagation in a Turbulent Medium (Dover, New York 1961).

TATARSKIL, V. L. (1971), The Effects of the Turbulent Atmosphere on Wave Propagation. (Translated
from Russian) National Technical Information Service, Springfield, VA.

Wu, R. S., and AK1, K. (1985a), Scattering Characteristics of Elastic Waves by an Elastic Heterogeneity,
Geophysics 50, 582-595.

Wu, R. S, and Ak, K. (1985b), Elastic Wave Scattering by a Random Medium and the Small Scale
Inhomogeneities in the Lithosphere, J. Geophys. Res. 90 (B12), 10261-10273.

Wu, R. S, and FLATTE, S. M. (1989), Transmission Fluctuation Across an Array and the Heterogeneities
in the Crust and Upper Mantle, to appear in Pure Appl. Geophys. 132.

(Received June 3, 1987, revised October 18, 1988, accepted October 20, 1988)



