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Propagation of Love Waves in Layers with Irregular Boundaries

By BArrY WOLF?)

Summary — A study is made of the scattered field which results when a Love wave is incident on
a layer having an irregular surface. It is shown that for the class of boundaries treated the scattered
field may be described by the superposition of a finite number of Love waves. As an illustrative
example the result is applied to determine the reflection from a triangular notch.

Introduction

For the interpretation of geophysical data it is important to understand the
mechanism by which waves are propagated in layered media. The current work is
concerned with the propagation of Love waves in the earth. In a first approach to
the problem the author has considered an earth model consisting of an elastic layer
having an irregular boundary overlying a rigid half-space, WoLF [5]2). The current
work treats the same problem using the more realistic earth model in which the half-
space is elastic,

Discussion of problem
We consider the field which results when a horizontally polarized shear wave,

propagating in the plane portion of an elastic layer, is incident on the irregular por-
tion, as shown in Fig. 1.
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wave
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Figure 1

The interface between the layer and half-space is given by z=0 and the upper

1) Mechanical Engineering Department, New York University, University Heights, Bronx,
N.Y. 10453 (USA).
2) Numbers in brackets refer to References, page 56.
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boundary may be described by z=z; where

zg=-—H+ b h(x), h(x)=0 for x<0,x=L
h(x)=f(x) for 0<x<L

and b is the maximum amplitude of the boundary irregularities. For physical reasons
we require that the scattered field have only outgoing waves at x= + o0 and at z==c0.
Assuming a harmonic time variation ¢’** the equations of motion become

OV, Vi, : '
St HRVi=0, i=12 (M

where the subscripts 1 and 2 refer to the layer and half-space respectively, and
k;=w/c; the ¢;’s being the shear wave velocities, and the Vs the displacement com-
ponents in the y direction.

The boundary condition on the traction free upper boundary may be written

av, , vy dh
——bh —>=0 on z=7zz;, where h'=—. (2)
0z Ox dx

The displacement and stress continuity on the lower boundary yields

Vi=V, on z=0 3
and
oV, oV,
Hq i Ha Es

where u; and p, are material constants.

Method of solution

The incident wave which exists under the flat boundary may be written in the form

Viie=Acosf(z+ H)e ™ @
Vyin=Ae " cosp, He ™
with By = (k7 —a?)'/?, B, = (2> —k%)V? and a is a root of
tanp, H<"2P2 (5)
1y By

Since we are only concerned with propagating disturbances, we will consider only
roots of (5) for which « is real, such roots exist only if &k, >k,.

In order to arrive at the scattered field described qualitatively in the problem
discussion above we assume a solution, which satisfies the wave equations (1), in the
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form of a contour integral in the complex v plane given by

Vl,scat. = f [B(V) eiélz + C(V) e—iélz] e—iVx dv7 Wlth él = (k% - V2)1/2

(6)
Vy, seat, = f D(v)e ** e ™ dv, with ¢, =(v*—k3)"?

c

where the contour c¢ is shown in figure 2.
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Figure 2

Substituting (6) into the boundary conditions (3) it is found that the functions
B(v), C(v) and D(v) are related by

_0=Dp 527 g %)
(y+1) y+1
where
=i/l1 &y
Ha 52-

Using (7) in (6) an expression for the total displacement fields in the layer and half-
space may be written

Vi=Viin+ Vi sear. = Acosfi(z + H) e ™

f21 ()[ycosflz—zsmf1 z]e ™ dy
i ®)

27B0) B() e B2 eV gy,

Vo=Vaint Vascar. =4 e P cosp, He ™ +
’ 1+y

These expressions for the displacement field satisfy the wave equation and the bounda-
ry conditions (3), it remains to determine B(v) such that the boundary condition (2) is
satisfied. Accordingly, inserting the first of (8) into (2), we arrive at the following
form of the boundary condition (2),

Ae——iax(_ Bosinf bh+iobh cosfi,b h)

J‘i]—i( ){51[)’ siné(— H + b h)+icosé&(—H+bh)] @)

c

+ivbR[ycosé(—H+bh)y—isiné(—H+bh)]}e ™ dv=0
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The solution to this integral equation is quite formidable, however if we restrict
ourselves to boundaries having small irregularities, that is b<1, we may apply a
perturbation procedure to evaluate B(v).

To carry out this perturbation we assume a series solution for B(v) in the form

B(v)= ), B,(n)?b". (10)
n=1
Inserting (10) into (9) and expanding the resulting equation in powers of b we obtain
AT BBy b o]+ 1o b KT = (B b2 )
- f R2/(t + )1 (B b+ ) {[»(& b h+--)

+i(1—[& b h]2/2 o)) éicosé H—[y(1 —[&, b h]2/2+“') (i1)
— (& bh4- )& siné, H—ivbh'i(é,bh+-)
—y(1-[¢ b h]2/2+"')] coséy H—[i(1—[& b h]z/z +-)
+y(E bh+-)]siné H e ™ dv=0.

To first order in b we obtain

Ae ™ (—=prh+iak)— f [2/(1 +p)] By(v)(icoséy H—ysiné, H) ¢ e ™ dv=0
c (12)

which may be inverted to yield

Bi(v)=TA(l +y)/dn&(icosé H—ysing, H)] f (ah’ =B R) O™ dy. (13)

Inserting (13) into (8) we obtain expressions for the displacement field to first order
in b, these may be written

Vi=AcosBy(z+H)e ™ +b f (A2rm)(ioah — B h)ye ™

ycosé, z —isiné, z
X
E(icosé, H—ysiné, H)

"0 dy dy
(14)

V,=Ae P cosp, He ™ + b J (A427) (i h' — B2 h) e™™

v e"izz

XJfl(icosé1 H —ysin&, H)

0T dydy.
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Since the integrands for the contour integrals in the v plane, appearing in (14),
are not single valued, the contour ¢ must be chosen to lie on the sheet which will yield
the form of solution described in the problem discussion above. Accordingly, the v
plane is cut as shown in figure 3 with the contour lying on the sheet which maps into
the right half &, plane under the mapping &, = (v —k3)*/2. To evaluate these integrals
the cases y>x and y <x are considered separately.

Consider first the integrals

ycosé, z —isiné, z
E(icoséy H —ysiné, H)

c

MO gy

and

y e—fzz )

— - 0T dy, with y > x. (15)
E(icoséy H—ysiné, H)

To evaluate these integrals, the contour ¢ is closed by arcs at infinity in the left and

right upper half plane connected by a contour around the branch line, as shown in

figure 3.
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Figure 3

The singularities of the integrands in (15) within this closed contour are poles
which exist at the zeros of

icosé H—ysinéy H=0.

For the sheet chosen all of these zeros, denoted by v,,, lie on the real v axis and satisfy
—k,; £v,< —k,3). Furthermore, if this relation is written in the form

M2 &z

tané, H =
B &y

(16)

3) See Appendix.
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a sketch of the functions on the right and left hand side reveals that there exist N
such zeros, where N is the integer part of the number

[(k3 — k)"* H/m] + 1.
If we let
yeoséy z —isiné, z
E(icosé H —ysiné, H)

iv(y—x)

G,(v) =
and
pe
E(icosé; H—ysiné; H)

iv(y—x)

Gy(v) =

(15) may be written

fGl(v)dv=27ciZResGl— f Gl(v)dv—fGl(v)dv

¢ BJ]'z}nch Coo

and (17
sz(v) dv=27ni) ResG, — f G,(v) dv—sz(v) dv.
c Bll'gnch Cxo

The residues of G| and G, at the poles v,, are given by

Res G, = cosé,,(H +z) ™9y H |
and { m=12._N. (18)
ResG, = e " cos¢y, H e™ "%y, H |

Where &,,, and &,,, are €; and £, evaluated at v,

The asymptotic approximation of the integral around the branch line in the first
of (17) contributes to order 1/x/%. In the second of (17) it contributes to order 1/x>/2
independent of z, and to order e *2?/z'/? independent of x. Therefore, if we restrict
our attention to solutions far from the irregular portion of the boundary the contri-
bution of the branch line integrals in (17) are small compared to the contribution of
the residue term.

Furthermore, since the integrals over the arcs at infinity in (17) vanish, we obtain

N
f Gi(v)dv=2mi ) cosé(H+z)e™ P 9y, H
m=1

and (19)
N
f G,(v)dv=2mi ) e cosé, He" 0 Py, H
1

m=

<

with the zeros v,,<0.
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Similarly, for y <x we may close the contour in the lower half plane and proceeding

as above we obtain
N

J G(vVdv=—2ni Y cosé,(H+z)e™ Py, H

m=1

N
f Gy(Vdv=—27ni Y e cos¢,, He" O P, H
m=1

with the zeros v, >0.
Inserting (19) and (20) into (14), one obtains the displacement fields
V,=Acosf(z + H)e ™

N x

H . ,

_; b 4 Z COSélm(H'I‘ Z) [e—zvmx J (l o h/ _ ﬁ% h) el(vm—u)y dy
vm

=1

ivXx

+ e

HE—8 3

(iah' — B} h)e /Cm+e¥ dy:l, vy, >0

and

V,=Ae " cosf, He ™

N x

—&2mz

cosé i, H[ _, I

—ibA Z ¢ et H51 l:e Fmes J (iah' — BT h) €O dy
vm

=1

+ e | (ia k' — B} h) e HOmFY dy}, v, >0.

®Em——— 8 X

Since the upper boundary of the layer is given by
h{x}=0 for x<0,x=L
h(x)=f(x) for 0<x=L

then

}f’(x) e P dx=1ip j f(x)e " dx.

X-1/2 =L

L
/ﬂL’/UE/]f \}

W&VE
X
z

Figure 4

e —]

(20)

@21

(22)
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With the aid of (22), the solution (21) may be written

V,=AcosBy(z + H)e ™
N L
cos H +z i ~i(a+tv
—ibA 2 Lm(-‘_)ewmx(“"m_k%)J-f(y)e (a+ m)ydy
v H
m=1 0
Vy=Ae ’*cosf, He ™
N L
~ém co H . .
—ibA Z ¢ Treostim H " (o vy — kf)Jvf(Y) ey gy
v, H
¢}

m=1
for x <0, and (23)
V,=AcosB(z+ H)ye ™
N L
cos & (H + i —ile—v
—ibA Z _51(‘2_)9 ”’""(ocvm-kf)ff(y)e @=vly 4
Vo H
m=1 0]
V,=Ae P cosfp, He ™
N

L
e ™7 co H _, .
_ib4 Z Sélm e—wmx(oc y, — k%)Jf(y) e—t(a—vm)_v dy
v, H
0

m=1

for x> L.

Hlustrative example

As an application of the above solution we will determine the reflected field which
results in a layer when a Love wave is incident on a boundary irregularity in the shape
of a triangular notch as shown in figure 4.

For this boundary

f(x)=2x/L, 0sx=L)2
f(x)=2(1—-x/L), Lj2<xZL.

In particular we consider a layer in which only the first mode can propagate, that
is, as given by the relation following (16), the layer thickness is such that the integral
part of 1+[(ki—k3)"'* H/n]is unity. In this case the reflected field in the layer, which
1s given by the sum in the first of equations (23), contains only the first term. Further-
more, since v; =a and &,; = f,, the reflected field may be written

Lj2 L

—ibAp . 2 ) / 4
Vi, et = _T’I-_Iil e cosf,(H + z)[J fy e ™ dy + f 2(1 -~ %) o~ 2w dy]
0

L2
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or, after integrating

ibApB}(sina L2)*
7 Hl I e cos B(H + z)

V1, refl. =

It is interesting to observe that the amplitude of this reflected wave depends on
the length of the notch as (sina L/2)?/L. This implies that for a given notch depth
the amplitude essentially decreases as the notch length increases, that is, there is less
reflection as the slope of the notch decreases. This result is expected, a more interesting
observation however, is that there is no reflection when sina L/2=0. Since =2 n/4,
where A is the wave length, this result implies the absence of a reflected field, to the
order of approximation of the current work, when the length of the notch is an integral
multiple of the wavelength. A similar result has been observed in the case of acoustic
waves propagating in a conduit of variable cross-section.
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Appendix

To show that on the sheet in the v plane which maps into the right half £, plane,
equation (16)

tané, H="2-2, where & = (ki —v)"?* and &,=(*—-k)"* (16)
By &4
has only real roots v,, m=1,2,3..., and these roots lie either in the interval
kyZv, sk, or —k Ev,, 2 —k,.
We may demonstrate this by showing that the roots of (16) in the right half &,
plane exist only for real ¢, which satisfies 0= &, < (k2 —k3)"/%.
To do this let &, H=o,+i ,, n=1, 2. Equation (16) then becomes

tanoy +itanhf;  pp(o; + iB,)

| —itana, tanh By  py(oty + i By) (A

and the real and imaginary parts of (A-1) yield
tano, = [(ua/n1) %, + By tanh By /[y — (ua/n1) B tanh 4] (A-2)
tanoy = [(1a/pe) B2 — o tanh B, /[ By + (ua/py) p tanh 1. (A-3)

Equating (A-2) and (A-3) we obtain

[(p2/py) o2 + By tanh B, ]/[or; — (a/uy) B, tanh B ] } (A-4)
= [(ualps) B2 — o4 tanh 8, ]/[B1 + (u2/u1) @, tanh 8, ]
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Furthermore, since v> =k — 2 and v2=¢£3— k32, we may write
ki—& =8 -k (A-5)

the real part of which yields oy ;= —a, §,.
Eliminating o, between (A-4) and (A-5) the result may be written

Bil(uafi) 2z + By tanh 8, ]/[a, + (o/u;) B tanh g, } (A-6)
= — B3l(ualpe) By + 2 tanh 8, 1/[B1 + (ua/pt1) o, tanh B,7.

From the expression (A-6) it can be seen that if £, is not real, that is, if 8,#0,
there exists no «, =0 which satisfies (A-6) since the left and right sides are always
positive and negative respectively. Thus roots of (16), on the sheet of interest, exist
only for &, real.

It remains to show that there are no roots for real &,> (k7 —k3)!/?, that is, for
B>=0and a,>(ki—k3)"/* H. This can be seen by observing that &, =, > (k3 —k3)"/?
implies |v|>k; or &, is pure imaginary, that is, o, =0, and ¢, H=i f,. Equation (16)
becomes

o
tani fi; = ',uz 2
ipy By
or
— py By tanh By = py a5 (A-T)

Since the left and right sides of (A-7) are negative and positive respectively, no roots
exist.

Thus the only roots of (16) on the sheet of interest must satisfy k,<v, <k, or

—k; £v,< —k,. These arein fact the roots of the characteristic equation in the classical
Love Wave problem.
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