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The polarization properties of boson radiation in a magnetic field 
have been studied, and expressions obtained for the integral in- 
tensity of boson and fermion radiation in a magnetic field which are 
suitable for random energies. The investigation of boson radiation in 
an external field is of limited practical interest; however, f~om the 
methodological point of view it is very instructive and has akeady 
been investigated by several authors [1, 2, 4]. Also of undoubted 
interest is the comparison of boson and fermion (electron) radiation 
and hence the explanation of the "role of spin" in radiation. 

w PARTICLE RADIATION INTENSITY IN AN EX- 
TERNAL FIELD AND WAVE FUNCTIONS OF A BO- 
SON IN A CONSTANT AND UNIFORM MAGNETIC 
FIELD 

The pa r t i c l e  r ad ia t ion  i n t ens i t y  in an ex te rna l  
f ield has  the f o r m  [3] 

~ =  ~ jsi~ o de uT(~, ~', el, (i) 
n 0 

where  n, n v a r e  quantum n u m b e r s  cha rac t e r i z ing  
the in i t i a l  and f inal  s ta tes ,  while the quant i ty  W(n, 
n t, | i s  given by the expres s ions  

ce 2 x ~ 
~' (n, n', 0)  = -  o/<' .S, (2) 

l + - -  
Oz 

S = ([~ zo+] [~+ sol)(N+ I). (3) 

The m a t r i x  e l emen t  ~ has the fo rm 

~ ' : d a = # ; , e - ' ~ ' ~ %  x. (4) 

F o r m u l a  (3) is  iden t ica l  with (28, 28) in  [3] when 
the vec tor  ident i ty  ([ab] [cd]) = (ac) (bd) - (ad) (bc) 
is  allowed for  and ~t ~ = x / ~  is also considered,  N 
being the n u m b e r  of photons in the in i t ia l  s ta te .  

As shown in  [4], for  bosons  fo rmu la  (3) takes 
the f o r m  

s = h~KK' ([#~o+1 [P+~~ (N + I), (5) 

= S * ; " ' e - ' = ' v * " : ~ ,  1, = - ~ h v -  ~ - a .  (6) 
C 

For  a desc r ip t ion  of the r ad ia t ion  polar iza t ion ,  the 
following or thogonal  uni t  vec tors  a re  in t roduced [11]: 

[z~ :r (:~ 1) - l  
~ =  VI ' (~V)  ~ ' ~ :Vl-(~~ ' (7) 

~+ = ~, (~--2, 3), ]j]= 1, 

d e s c r i b i n g  the two components  of l i n e a r  po la r i za t ion ;  
we may  also in t roduce  the two vectors  

1 
~, = ~ - ~  (~  + u~3), ( l =  _+_ 1), y : LI ,  (8) 

desc r ib ing  the two components  of the c i r c u l a r  po l a r -  
izaf ion of rad ia t ion .  

F o r m u l a  (3) now becomes  

,3 

I 

= s_, + s, = ~ (~t)  (g+~,). (9) 

F o r  computing the ma t r ix  e l ements  of (4) or  (6) 
i t  is  n e c e s s a r y  to know the wave funct ions of pa r t i c l e s  
in a magnet ic  f ield.  F o r  bosons,  the wave funct ions  in 
a cons tant  and un i fo rm magnet ic  field a re  to be found 
in [5] and [6]. In the cy l indr i ca l  coordinate  sy s t em 
r, ~o, z they take the fo rm 

1 e_lc[(nt+t fCzZ~_l l~V(~ - ~" '~ '~ '=  Y ~  t . , s ( : ~ - ) ,  ( io )  

where  

eH = --==--, E .  = chK~ = ch] /  u~ + ~r + 4~-(n -{- ~/2): iOa)  
( 

2crl 

The funct ions  a re  n o r m a l i z e d  to unity: 

(il) 

The funct ions In, s(X) r equ i r ed  he re  a re  quite f ami l i a r  
in the l i t e r a t u r e .  

U s i ng  funct ions (10) it  is  easy  to compute the 
m a t r i x  e l ements  in (6). 

Simple computat ions  lead to the following r e s u l t s  
(it is  a s sumed  that K z = 0 in  the in i t i a l  state): 

f t .  = ih V'7"-er (~-i') ~. Is, s'  (x) x 

• ( e : ~ %  + ~ I~+,.~, (x) - e -~  ~ : . _ , , . ,  (x)), 

Py = h ]/--~ e ~ c'.-v) ~ Is, s'(x) X 

g(el~ ] / ~ -  1 In+i, n" Ix) + e - b  V n  I . . . .  , (X)), 

fiz 0, 9 = ~' '~ z'-'~iqeO 
2 ' 47 

, (12) 

K z ~ -  - - z C O S  O. (13) 

Here the spher ica l  coord ina tes  
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z(zcos 's ' s i ;~et ,  z sin O sin ? ' ,  zcost+) (13a) 

a r e  in t roduced  for  the vec to r  ~t. 

w 2. S P E C T R A L  DISTRIBUTION OF BOSON RADIA- 
TION INTENSITY 

Subst i tu t ing  the e x p r e s s i o n s  obta ined  into f o r m u l a  
(9) and a l lowing fo r  (5), we obtain,  a f t e r  s i m p l e  
manipula t ion ,  

& = ~ "~l~s, (x) x 

•  + 1 I.~ ,,., (~) - V h / . - ~ . . ,  (x)V, (14) 

1 1 = & = ~ ~" ~, s' (x) co :  e x  

x{tG~ -t- 1 I.+~.., (x) + V'n&-l,., (x)}', (15) 

1 
St = -7- (Sa + S3 - -  ilN), 

2 
(16) 

N 2i 2 -- .71s,s, (x) cos OX 
/~K' 

x{(n q- 1) 2 2 nl._~, (x)}. (17) l._!_l,., (x) - ., 

F r o m  this  we may  conc lude  that  fo r  a boson  t h e r e  is  
no c i r c u l a r  po l a r i z a t i on ,  s ince  the c o r r e l a t i o n  t e r m  
has  the f o r m  

7: 

.f. sin Od0 / ( cos  "~ O) cos 0 = 0. (18) 
I) 

This conc lus ion  a g r e e s  with the g e n e r a l  a s s u m p t i o n  
a c c o r d i n g  to which photons  with c i r c u l a r  p o l a r i z a t i o n  
can r a d i a t e  only p a r t i c l e s  with o r i e n t e d  spin .  The 
abs ence  of c i r c u l a r  p o l a r i z a t i o n  of boson r a d i a t i o n  i s  
one c h a r a c t e r i s t i c  d i f f e r e n c e  f r o m  f e r m i o n  r ad i a t i on .  

Subsequent  o p e r a t i o n s  involv ing  f o r m u l a s  (14) and 
(15) a r e  not p o s s i b l e  without  c e r t a i n  a p p r o x i m a t i o n s .  
Notably  the funct ions  In, n(X) a r e  a p p r o x i m a t e d  by 
Macdonald  funct ions  as  fo l lows [7]: 

l . . . , ( x )=  .l:<'_ K,,, ( 4 v  x~nn q ) .- = ,.,, = l / a  

X 
q = 1 - -  - - ,  xo = ( 1 / 7 ~  - -  l : n ' )  ~'. ( 1 9 )  

Xo 

We in t roduce  the v a r i a b l e  v,, 

- - - n - - n '  ' /  1--- ~ s i n  -~O , (20) 

and def ine y in t e r m s  of v,: 
?. , /  

y ~  * e s 

3 1 ,, ~o :, -% 1--~-';  (21) 

21t 

then, i n t roduc ing  the c h a r a c t e r i s t i c  p a r a m e t e r  ~, 

- R,,~ ~ ' 

w h e r e  R = vfi-/y i s  the r a d i u s  of a s t a b l e  orb i t ,  we 
obta in  the fol lowing e x p r e s s i o n s  for  the l i n e a r  r a d i -  
a t ion p o l a r i z a t i o n  components :  

9 ce 2 IV., . . . . .  

~dy . i  Y~" -:K:-~(z), (23) �9 %-":~ sin 8 d@ (1 F ~Y)a ' 
0 0 

9 cee 

8~ R~ 

., ~o. i (1 +Y'~;y)'a z cos"- 6) K?,. (z), (24) �9 a0- '~ j 'dy  s i n O d 0  
0 0 

w h e r e  

~ 1 ~-~ sin a 0. z - -  2 \ % /  

F o r m u l a s  (23) and (24) a r e  s u m m e d  o v e r  S' and the 
s u m m a t i o n  o v e r  u is  r e p l a c e d  by i n t eg ra t i on  with 
r e s p e c t  to y.  I n t eg ra t i on  o v e r  the angles  is  done 
us ing  mu l t i p ly  eva lua ted  i n t e g r a l s  (see,  for  example ,  

[31). 
Upon i n t e g r a t i n g  we obta in  the s p e c t r a l  d i s t r i b u t i o n  

of the boson  r a d i a t i o n  i n t e n s i t y  
c o  

IF 2 = A  ' d y  (1-i-~y)'a y 

c o  

o~ y j" K,.. dx , ~v~ = A j' ay (1 + ,~):, { K,:, (y)-- (x) } (26) 
0 y 

w h e r e  

A -- 3 VT~ ee'-' (26a) 

3. INTEGRAL INTENSITY OF BOSON AND E L E C -  
TRON RADIATION 

In t eg ra t ion  o v e r  the s p e c t r u m  in (25) and (26) can 
e a s i l y  be r e a l i z e d  fo r  the two l i m i t  c a s e s  when ~ << 1 
o r  E << E l / 2 a n d  ~ >>1 o r  E >> Ea/2, whe re  E l / 2 i s  
the c h a r a c t e r i s t i c  e n e r g y  

E'"'= mc~ ( 23 mc_~R (27) 

a) ~ << 1. Expanding the i n t e g r a n d s  in s e r i e s  in 
p o w e r s  of ~ and taking into account  the value of the 
i n t e g r a l  

~; 2 2 ' 

we obta in  the a s y m p t o t i c  s e r i e s  

~'.., = ~  ~2~  ~ - 1 )(3n + O~ 

~, 6 / ( - ~ ) " '  
(29) 

l i". ,=--A X 2 " ( n  ~ 11 • 
~ 3 - -  ' 

i i  {) 

x v \--~---,, - - - ; ~  
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or, allowing for  only two t e rms ,  we have 

8 12 . . . .  

W~= W(cl~) { 1 51/3 6_+2 } 
24 ~ + 3 " T ~ 2 + " "  ' 

{ 5 5 1 / ~  60+4 } 
W = W(cl) 1 24 } + T ~ + . . . .  

W(cl)-" 2 cd" ( E )" ' 3 R ~ ~ �9 

(3o) 

The plus sign in fo rmulas  (30) r e f e r s  to the c o r -  
responding quanti t ies fo r  e lec t rons  [8] and the minus 
sign r e f e r s  to bosons .  Thus, fo r  smal l  energies ,  the 
radia t ion defference  fo r  bosons  and e lec t rons  appears  
only in t e r m s  ~~2 and th i s  t e r m  for  the total inten-  
si ty has the f o r m  

6 [ mcR \mc'ZJ J 
(31) 

where  b ~ = 7 for  bosons  and b t/2 = 8 for  e lec t rons  
(see also [9]). 

A genera l  exception is that at smal l  energies ,  bosons 
radia te  somewhat  less  than e lec t rons ,  both compon-  
ents of l inear  polar iza t ion  dec reas ing  by the same  
value, 4/3 ~gW (el). 

b) } >> 1. In this case  the in tegra l s  axe also easy  
to obtain and we have 

W2 = 34_+ 7 W(glob), 
64 

Wa =  1 6 •  W(glob), 
64 

W(glot) = 8 ce2 .2 '/oF (2/3) }-%, 
27 R2~ 

W = 2. 2 5 + 7  W{glob), 
64 

(32) 

where  the plus sign r e f e r s  to e lec t rons  and the minus 
sign to bosons .  It is  c l ea r  f r o m  this that at high en-  
e rg ies  both components  also d e c r e a s e  by the same  
quanti ty 7/32 w(glob), but  in con t ras t  to the small-- 
ene rgy  case  this reduct ion appears  in the main  t e r m  
and signif icantly changes the radia t ion p ic ture .  Boson 
radia t ion is a lmos t  one-hal f  that of e lec t ron  radia t ion 
and the "spin ro le"  in radia t ion becomes  ex t remely  
impor tan t  [4]. 

w 4. EXACT EVALUATION OF SPECTRUM INTEGRALS 

Integra ls  (25) and (26) and o thers  s imi l a r  to them 
can be evaluated using special  functions assoc ia ted  
with the Besse l  functions.  In pa r t i cu la r  {[10] p. 128, 
fo rmula  (5)), 

oo KI~ (y) dy ~2 
L {x)=3 -;-4; 

~ _~ ,~2 - , ~ : { 3 3 )  
r - le ~ j~{i~) 2 1. + e  J_~(ix)]} IPI < 

Fo r  the functions L# (x) the following re la t ion  exists:  

x 2 s i n P  ~_ x 
2 

t ' ,_~(x)=L,~(x)--  1 - -  P L,_~ ( x ) - -  "~ 1 
x 2cos ~ x 

2 

(84) 

whence L(n)(x) is expressed  in t e r m s  of L# (x), LI_ # 
(x), and 1/x .  

If we let  x = 1/~, then we eas i ly  obtain 

oo 

Dr(x) = S ln(l + ~y) K~ (y) dy = 
0 

aV 

- -  j" L~ (x)dx - In x + c~,, 
o 2 cos v_:L 

2 

(35) 

~o K~ (y) dy 
1 -t- ~y = xL~ (x), (36) 

0 

=, ~ xL~ (x) -- x2L,_~ (x) --}- 
2sin F~'~ 

2 

X ,  

etc, Here  
co 

e~ = j' In y'Kt~ (y) dy. 
0 

(37) 

(38) 

In view of the fac t  that any in tegra l s  of the f o r m  

y,~ 
I---- ( l+~y)n  K~(y)dy, 

0 

a re  expressed  by l inear  combinat ions of the in tegra ls  
in (35), (36), (37), e tc . ,  fo rmulas  for  the in tegra l  
intensi ty of bosons and e lec t rons  may be expressed  
in t e r m s  of the special  functions L1/3(x ) and L2/3(x), 
where  all the fo rmulas  hold for  any values of the 
p a r a m e t e r  ~. These  express ions  have the f o r m  

a) for  bosons,  

A 
W 2 = " ' x  2 {(1 -- 3x 2) L,,~ (x) -- 2xL,/, (x) + 3"~x}, 

3 

A ~ = -:-x"- {L,~. (x) + 3xV,, (x) - .~ V3) ;  
9 

(39) 

b) fo r  e lec t rons ,  

W~ = 2 [ \  9 + ~ L.:. (x) + (40) 
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/ 1 r, 121 xa ) 
/~e:'~ " ~-.,'~ b , ( x ) +  [ -3-* ~-'L2< • >' 4/(,7" l, i 

•  :1  3 7r'x: , 85rrl";~ } (40) 
~ T - -  "v~ 7~- 8 l x-" . Cont 'd  

It is obvious that f o r m u l a s  (32) a re  obtained f r o m  
these  e x p r e s s i o n s  when we allow fo r  the fact  that  
for  sma l l  x 

L,~ (x) ~ 2""-5P ('") x-~ ~. (41) 
2 sin ~ 

F o r m u l a s  (30) m a y  also  be obtained f r o m  (40) 
us ing an a sympto t i c  s e r i e s  fo r  L~t (x) for  l a rge  x 
(smal l  ~): 

�9 ., :7 x 

(n-F~@'~)(--~)n+ I, (42) ~<F 

However, it is simpler to proceed directly from ex- 
pressions (25) and (26). 

In conclusion the author expresses his deep ap- 
preciation to Prof. I. M. Ternov for assistance with 
the work and discussion of the results. 
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