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THE TEMPERATURE FIELD IN A CRYSTAL DURING HEATING BY RADIATION 

V. V. Salomatov 
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An accurate solution is given of the problem of the temperature 

field in a crystal when radiat ive heat transfer is taking place on 
its surface and the thermophysical characteristics depend on tem-  

perature range below the Debye temperature (T < @D)- 

In the growth and annealing of c r y s t a l s  it is  im-  
por tant  to avoid sudden t empera tu re  changes,  s ince 
these cause i r r e g u l a r  c ry s t a l  growth, give r i s e  to 
defects ,  and do not comple te ly  r emove  the res idua l  
s t r e s s e s  in the grown c rys ta l .  The quality of a c rys t a l  
depends to a cons iderab le  extent on the t empera tu re  
field in it [51. 

The heat diffusion within a c rys t a l  r e su l t s  f r o m  
the nons ta t ionary  the rma l  conductivity,  which in the 
s imples t  ease  is desc r ibed  by the following s y s t e m  of 
different ial  equations: 

Ca O_T = div (?~ grad Y), (1) 
L 0 ~  

T (x, 0) = f ,  (x), (2) 

or  (o, ~) 
- 0, (3) 

0x 

with the boundary  condition 

~, OT(t?, .:) _kaTe(R, ,~) = qc(~). (4) 
c)x 

Here  X = X(T), C = C(T). Substitution of 

~(x,':) = ,f ) , ( 7 ) dT  
o 

r educes  different ia l  equation (1) to the f o r m  

On(x, ~ ) _  a(,*l) 0% (x. ~) 
ch Ox ~ 

(1') 

while the init ial  conditions (2) a:nd the s y m m e t r y  
condition (3) are,  respec t ive ly ,  

~q (x, 0) = fe (x), (2') 

o-~ (o, r _ 0 .  ( 3 ' )  

Ox 

For  many c r y s t a l s  at t e m p e r a t u r e s  below the 
Debye t empe ra tu r e  the the rmophys iea l  c h a r a c t e r -  
i s t i cs  are  p ropor t iona l  to the cube of the absolute 
t empe ra tu r e  [4], i . e . ,  

Under conditions (A) and (B) a = const .  Taking 
account  of (A), the boundary  condition (4) can be 
wri t ten  

O-q (R, ~) 
Ox 

- q~ (~ )  - ~'a ( R , ~ ) ;  ( 4 , )  

here  co = 4o ' /~ .  
In solving the sy s t em (1 ' ) - (4 ' )  it is possible  to 

use the in tegra l  t r a n s f o r m  given by the express ion  
[1, 3] 

/? 

(p, "~) = ~ "q (x, ~) cospxdx ,  (C) 
o 

where p is the positive root of the transcendental 

equation p �9 tg pR = co. 
The numerical values of the roots are given in 

[6]. Integration by parts, taking account of (3') and 

(4'), gives 

S cospx Ox ~ 
0 

- -  dx = qc (~) cospR - t)~0 (p, :). (5) 

By applying t r ans fo rma t ion  (C) to both par t s  of 
equation (1') and taking into aceount  (5), we obtain 
the o rd ina ry  different ial  equation with r e spec t  to 
the t r a n s f o r m  

d(1)(p, "Q _}_ap2(D(p ' . : )=aqc(~)cospR,  (6) 
d~ 

the solution of which 

O(p,  ~) = e x p ( - - a p % ) I t ( p )  q- 

-t- a c o s p R  i q c ( t ) e x p ( a p : t ) d t  ] , 
0 

(7) 

c(p) i s  found f r o m  the t r ans fo rmed  condition (2') 

R 

(p) = r (p, o) = ~ /~. (x) cospxd.,:. 
o 

Then the solution in t r a n s f o r m s  is 

/? 

q) (p, ~) = exp (-- ap'~':)ffl2 (x) co spxdx  + 

X - ,~ T 3, (A) 

C = x.2T z. (B) 
+ a  cospR exp (-- ap% ) f q~ (t) exp (ap~ t) dr. 

0 
(s) 
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Pass ing f rom the t r ans form to the original, by 
means of the conversion formula  [2, 3]. 

�9 l(x, ~) = 2 R(p~+r (9) 
/1=1 

we obtain 

2~~ p~ + to" 'g) .~  R (p~. + (o~) + r c~ 

R 

�9 exp (-- ap]z) ~ f2(x) cosp.xdx + 
0 

oo p~ + o~2 
+ 2a X R (p~ + ~ )  + ~ cosp.R.cos p~x. 

�9 exp (-- ap.%) fq~(t)exp(aplt)dt. (lO) 
# 

Finally, the t empera tu re  distribution is  given by the 
relat ionship 

~=~ P"+~ 
T(x, x)= 2 = R(t'~-i-oY')#- cosp.x. 

R 

�9 exp ( "  ap~'Q S f i  (x) cosp.xdx + 
0 

8 a ~  p.~+~'- 
+ 

.~ '~(P~+~'~} + ~," COS p,R. COS p,x. 

] �9 exp (--ap~,=)~q, (t) exp (aplt) at 'a. (11) 
0 

Par t i cu la r  cases:  
a) If T(x, 0) = To = const, and the constant source  

of radiant  heat qc(r) = qc = const, then 

~ (.0 COS pnX 

r(x ,  '0= 2T~ R(P~ff--oz)+o~ cosp .R"  

" exI~ (-- aPPO+ "~(-,~ R (f. + ~) + o 

�9 cosp,,RlCOSp.x [1--exp ( - -  ap~)]} 't'. (12) 

b) Linear variat ion of radia tor  t empera tu re  

q~ (,) ---- *(T,0 + b~)', 

T(x, ~) = 2T~ ~ cosp.x 
l n-l R (pg + ~2) + to cos pnR 

8a~ ~ p.' + r 
�9 e x p ( -  aplx) +-~x~ .=, R(pl + ~'~) + cosp.R. (13) 

c~176176 op' - " "  

(13) 
�9 (Too -'r bz) 4-~ - -  exp (-- ap~). (tout'd) 

�9 ' )" (5 - . ) ~  r ._Al l '~ ,  co )l/" 

c) Exponential law of t empera ture  of the radiating 
medium 

q, (~) = a [ L . . . - -  (T~... T,o) exp (-- m:)lL 

~ COS pnX 
T(X, "c)= 2T~ 

. -1  R (f .  4 ~2) + o~ cosp.R" 

8a~ ~ 4 p~ + 0)2 
�9 e x p  (--ap~)+ x'-T" ~ ' ~  . . ' R  (p~ + ','~) + ,,, c o s p . R  �9 

4-g ] 7 _  Tc0) �9 cospnx B~Tm,,,.y.,~-- . 

ap~ - -  tom 

�9 [exp (-- mn~) --  exp (--ap2n'O]} 'r' . (14) 

Two- and three-dimensional  problems can be 
solved by the above method. The problem presented 
for heating can be adapted for cooling by a s imple 
change of variable [6]. 

Pr incipal  notation: q = enC0/108--apparent coef-  
ficient of radiat ive heat t ransfer ;  en--the reduced 
emiss iv i ty  of the sys tem;  C0-blank-body radiation 
constant; C--heat  capacity;  X--thermal conductivity. 
qc(V)-radiator  heat flux; T(x, r ) -va r i ab l e  absolute 
t empera tu re ;  Tc0-absolute initial t empera tu re  of 
the radiat ing medium; Tmax- -maximum absolute 
t empera tu re  of radiator �9  
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