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EQUILIBRIUM AND STABILITY OF A NONLINEAR-ELASTIC
PLATE WITH A TAPERED DISCLINATION

M. I. Karyakin UDC 5396.3

In solid-state physics, it is important to study dislocations and disclinations in two-
dimensional bodies (plates, films, and so forth), as well as in three-dimensional bodies.
Methods of analyzing such problems and specific solutions are given, for example, in [1-3].
One of these defects arises in the study, introduced in [4], of a tapered disclination, a
stress—strain state in a cylinder which is made up of a large number of thin disks which con-
tain disclinations. In this case, the disks do not remain plane, but are transformed into
either conical funnels or complex curved surfaces with a saddle-shaped configurations. These
were observed in numerical simulation of disclinations using molecular dynamics methods [4].
This has generated interest in the study of similar models using the methods of elasticity
theory. The linear theory of dislocations in shells is explained in [5], and its nonlinear
aspects, in [6].

In this work, the problem of equilibrium and stability of a nonlinear-elastic plate with
tapered disclinations is studied. The analysis is based on nonlinear equations of the theory
of Love plates and shells, formulated in [7]. In the framework of momentless theory, it is
established that in the case of positive disclination, two axisymmetric equilibrium shapes
are possible: equilibrium plane or conic surfaces. A nonaxisymmetric nonplane equilibrium
form for the momentless plate with negative discilination is determined. The equilibrium
equations of nonlinear momentum theory admit a "plane" solution (deflection identically equal
to zero) for all values of the disclination parameter, which coincides with the solution
from momentless theory. A numerical investigation of its stability has been done.

1. We consider a plate of thickness h, having the form of a ring c { r < d, 0 £ ¢ < 2m,

-h/2 < ¢ < h/2 (r, ¢, C are cylindrical coordinates). We adopt the Kirchoff—Love hypothesis,
and further, by plate, we will understand its average surface. The formation of a disclina-
tion in the plates is given by the relations
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R =R, ® =xng, Z = Z(r). (1.1)

The quantities R, ¢, Z, relative to the deformed state, describe the distance between the
axis and a point on the mean surface of the plate, the polar angle and the vertical displace-
ment, respectively. The case k < 1 (negative disclination) corresponds to deformation of

the ring which occurs after it is cut along the line ¢ = 0 and a wedge with cone angle

2m1(1 = k) is introduced into the cut. The case « > 1 (positive disclination) corresponds to
removal of a sector 2mk~! < ¢ < 2m from the ring, with subsequent joining of the edges.
According to (1.1), the mean surface of the plate after deformation is a surface of revolu-
tion.

The equations for equilibrium of the plate in the absence of surface loading have the
form [7]

.S =08 = - v'N - m) - v'rN,
v 6+pu- YN+ (Y -pm- -vyT (1.2)

where V::er§;—+—%e¢g% is the two-dimensional nabla operator of the undeformed state; e,

eys eg are the unit vectors for the cylindrical coordinates in this state (eC = n is the
normal to the undeformed surface of the plate); ¢ = 3W/3U-A is the tensor of membrane forces
(Of the Piola type); m = —3W/8K- VP the bending moment tensor (of the Piola type); P = Rep +
Zey is the radius-vector of a point in the plate in the deformed state; eg, ey, ey the unit
vectors of the cylindrical coordinates in this state; N is the normal to the deformed surface
of the plate; K= —v'N.(vP)T; U = [vP-(vP)T]1/2; A is the rotation tensor (VP =U-A); r is

the radius-vector of a peint in the undeformed plate; V' is the two-dimensional nabla operator
of the deformed state. As the function of specific potential energy of deformation W{U, K),
we take

W=_;E1[vtr28 +(1~v)tre21+%E21vtr2K+(i~—V)trKgi- (1.3)

Here, E; = Eh/(1 — v3); E, = Eh3/12(1 — v?); E is Young's modulus; v is Poisson's ratio for
the plate material; & =U — g; g = erer + eyey is the two-dimensional unit tensor. Expres-

sion (1.3) coincides with the energy function in linear plate theory, if for e and K we take
the corresponding linear tensors (1/2)(Vu + Vul) and VVw (these are explained in the designa-
tions for the constants E and v given above).

The nonzero components of the force and momentum tensors, corresponding to (1.1), are
written as

, R R’ R’
UrR=E1[H +V2€T$‘—"(V+1)E}, (1,4)

Z’
Ogo = Ey[xRir + vp —v —1], 01z = 75 0vg;

E , ® i
“'rR=~T€-(7|R +V:§RZR)’

_y , , (1.5)
oo = — "14‘,2‘ (% R*Z' + v “7713), Urz = ]ZT UrR,
where ¢ = /ﬁTi—i_ETi} n =R'Z'" — Z'R''; the primes denote differentiation with respect to r.
The tensor § has the following representation:

S = S§,p (Ne.eg + S-z (Nee; + Seo(r)een. (1.6)

Substituting (1.6) into (1.2), we obtain a system of equilibrium equations:
Sir + (Srg — ®Sga)r = 0; (1.7)
Srz + Srzir =0, (1.8)
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Assuming that the plate edges are free, we write the boudnary conditions in the form [7]

S;p () =0,r=c¢d (1.9)
Spz (N =0,r=¢, d: (1.10)
g (N =0,r=c¢d. (1.11)
From (1.8), taking (1.10) into account, there follows directly
Srz () =0. (1.12)

First we examine the momentless case, for which the constant E, in (1.3) is formally
set to zero. Then § =0 and (1.12) takes the form

1 R
YAl 1+————~—(vu——v-—1)}=-_:og
[ VR'Z—I-Z'z r

Two variants are possible.

1. 2" = 0. Using this in the expressions in (1.4) for o, and o04p and substituting
these into (1.7) and (1.9), we arrive at a boundary-value problem determining the function
R(r):

R" 4+ R'/r — #*R/r = (1 — »)(1 — v)/r,

R +vkRir =1 +v,r=c, d. (1.13)
We represent the solution as
R() =125 [0 =% o™ + (4 + %) Cp™ + (190,
where (1.14)
R MR i ALY Po= 7.
1—pg" 1—p2* =73

In particular, in the case of a solid disk (p, = 0), the main stresses to (1.14) (the main
forces averaged over the plate thickness) are expressed in terms of the tensor o by the
relations [7] 65 =ep -T2 (YP) -0 -eq, 0o =ep - JUYYP) - 6 -egp (J = det (yP + aN)) . Taking (1.4)
into account, these take the form

(1 — v (p—1—1) 0w = E (1——v2)(xp"—1-"1)
LU=ty T Tt — kg i (1w

0'R=E

It can be verified that if in the 'plane" solution obtained, the well-known change of
constants is made which is related to the change from a plane stressed state to plane
strain (v > v/(1 — v)), then we have the solution found in [8] for the problem of a disclina-
tion in a cylinder of semilinear material. As in [8], the main stresses cannot have singu-
larities on the disclination axis in the case of a solid disk. At the same time, they have
a logarithmic singularity, as in linear theory [3].

2. 1+ (vwR/r —v—1)/VR'Z ¥+ Z2'2 = 0. 1In this case 0rR is also equal to zero. Conse-
quently, due to (1.7), opp = 0 as well. To determine R(r) and Z(r), we obtain a system of
equations of the form

VR_’Z—:Q—~Z_’_2 + vkR/Ir =14+ v, vV RZ L Z® + xR/r= 14w,
where

R(ry=r/%, Z(r)= sz— 1 r/% + const.. (1.15)
This solution exists only for positive diselination (x > 1). Equation (1.15) corresponds to
a (truncated) cone.

An interesting feature of solution (1.15) is its "universality." It is easy to show
that inthis case U =g, that is, & = 0, which means that the forces are also identically
equal to zero. Thus for a momentless shell of nonlinear-elastic material, any type of
equilibrium equations will be identically satisfied.
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2. It was estabished above that for « > 1, the boundary-value problem (1.7)-{1.10) has
two solutions in the momentless approximation. It can be shown that both of them are stable
with respect to axisymmetric perturbations, in the sense that there are no equilibrium shapes
close to them. This is because each of the equations, linearized in the neighborhood of these
solutions, has only a trivial solution. From the energy point of view, for any value of «
greater than one, preferentially leads back to (1.15), since the deformation energy in this
case is in general equal to zero.

A more strict and precise result can be obtained by analyzing the equations based on
nonlinear moment plate theory. It is easy to see that these equations also admit a "plane"
solution (deflection is identically equal to zero), which agrees with the solution of moment-
less theory (1.15). This follows from the fact that the moment tensor vanishes at Z' = 0.
To study the stability of the plane solution with respect to axisymmetric perturbations, we
linearize the equilibrium equations in the neighborhood of this solution to obtain

P = R(r)ep + ew, (2.1)
w = u(rle, + w(re;,
where R(r) is determined by (1.14). Substituting (2.1) into (1.4), (1.5) and the resultant

equations into (1.7), (1.12), and then retaining terms of first order in €, we obtain

5
. 1 [ % p 1
v Z_ET(’V:Z-H—‘_R)U_FH’

, tpr , R ) t{ «*R
i =[%}?(V‘——1)—Z(R +v,"7—v—1)Ju+7(v§-F—1)p

(2.2)

(v =w', p= puR/Ey, £ = E/E,). Relations (1.11) form the boundary conditions for this
system.

For the axisymmetric case considered here, the second boundary-value problem (to deter-
mine u(r)) is a linearized version of (1.14) that is, it has a unique solution.

Critical values of the disclination parameter k are determined by the occurrence of non-
trivial solutions to (2.2), (1.11). Calculations show that for 0 < ¥ < 1, such nontrivial
solutions do not exist, that is, the plate does not lose stability in an axisymmetric fashion.
Figure 1 shows a plot of the critical value of the parameter § = k — 1 as a function of the
radius of the ring aperture (p, = c/d), for various thicknesses (h, = h/d) for « > 1. Note
that to a high degree of accuracy, § can be considered as proportional to hj. The modes of
stability loss are surfaces which are close to conical.

To analyze nonaxisymmetric forms of stability loss, we must set u = u(r, ¢), w = w(r, ¢).
Restricting the problem to the case of bending-stability loss, we assume that u = 0.
Linearized quantities are denoted by dots:

S = ;} S(P + eW) oo, W = w (r, @) €z.

Calculations give

S = Sy(r, pleey - So(r, plegez,



where
Sl=am§'—,+ %(u;&+iu;a~1plp¢+im, o) (2.4)
S, -oq,q, R +HH(MT¢>+ urcb-l- Uor + = chb,w)
prp=—E, [B’w" + (V%B_—B") w + v Er—z‘w.w ]§

Hoo = — E, [V—w + 7 (M_R"VR”) w + gw,w];

. . ! q R’
o = = £, =y~ ) =

The notation f' = 8f/3r, f 4 = 3f/3¢ has been used in (2.4). The quantities o.R, 0o, and R

pertain to the 'plane" stressed state, whose stability is being studied. Expression (2.3)
corresponds to the equilibrium equation

83+ Syr + Syeir =0, (2.5)

which, with the help of (2.4) can be written in the form of a system of four equations in
terms of the functions w, v = w', p;R, and S;:

2 -
w=wv——rw'gmw—%«%—%wmm @6
=l (v —1 (1 —v)— | Ew +.(v2—1)E“ E—_U v+
Brr = | (v — ) - V) 2,90 2 AR *R

R wWR 1) . ,
+ Ey(1— V) Voo t ({E}?—?) trr + R'S;,

' 1 (R’ » R? g 1
S1=[E2(1—V)EE(T_R —-ﬁ)—ﬁ%]w.w+E2(1“V)’ri‘w,ww+

1

‘ 1 » . %R , ) r .
+E2(1—V)ﬁ[(3 + ) +R _T]v-@w_WP'TRs‘PQ)_—;Sl'

The boundary conditions for the free edges of the plate in the nonaxisymmetric case have
the form [7]

a 1
S+ 55-(“,¢x—N)=O, wrr=0 (r=c,d

(38/8s is the tangential derivative). After linearization, we obtain

Sy — Ey; (1 — v)%(w:WR —WeeR') =0, =0 (r=c, d). (2.7)

We seek a nontrivial solution to boundary-value problem (2.6), (2.7) in the form
w(r, §) = wr(r) sin (nng + @). (2.8)

Substituting (2.8) into (2.6), (2.7), we obtain the linear homogeneous boundary-value problem
for a system of ordinary differential equations. The values of x for which it has a nontrivial
solution are determined numerically. 1In particular, calculations show that for « > 1, stabil-
ity loss occurs in an axisymmetric fashion: the critical values of & for the nonaxisymmetric
form (n > 1) are an order of magnitude larger. Figure 2 shows a plot of § as a function of
aperture radius for « < 1. Nonaxisymmetric stability loss occurs here for n = 2.

It is clear from a comparison of the plots in Figures 1 and 2, that disclinations of
different signs have virtually the same effect on plate stability. Comparison of these re-
sults with those obtained in [9] on the stability of a cylinder with a tapered disclination
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shows that the bending-stability loss in the plate, in the range of parameters studied,
occurs for those values of § which are a few orders of magnitude smaller than for plane-
stability loss in the cylinder.

3. As shown above, the equilibrium surface for positive disclination is obtained,
within the framework of momentless theory, by an axisymmetric isometric transformation
(bending) of the undeformed plate. We will construct such a transformation in the case of
negative disclination. It is clear that, unlike (1.1), it will not be axisymmetric.

We consider a transformation of the form R = R(xr, 9), & = k¢, Z = Z(r, ¢). The condi-
tion that it be isometric reduces to

U=g (3.1)

The problem of finding functions R(r, ¢) and Z(r, ¢), which satisfy (3.1), does not contain
dimensional parameters. This determines the following form of the unknown functions

R(r, 9) = (), Z(r, ) = rg(e). 5.2)
Using (3.2), relation (3.1) reduces to three scalar equations for determining f(¢) and g(¢):

df \? dg\? (3.3)
Preg=1, f%+g§—f;=0, (E{;‘)) +x?‘f"+(g5) =1.

The second of equations (3.3) follows directly from the first. Therefore, it can be
discarded. TFurthermore, solving the first of equations (3.3) for g(¢) and substituting the
result in the third equation, we have

{dflde)® = (1 — (1 — #*f%),
which has the solutions:

fz

1 is the constant solution, which does not satisfy (3.3);

f2 = k% is the solution which describes the twisting of the plate into a cone (k > 1)
and is studied above:

f=sn(p-+ (). (3.4)

The disclination parameter k (x < 1) is the modulus of the elliptic function sn in (3.4).
In this case, g%(¢) = cn?(¢ + C); C is a constant which can be determined from the continuity
condition for the surface of the deformed plate; R and Z must be continuous, 2n-periodic func-
tions of the coordinate &, that is

R(r, 0) = R(r, 2a/x); (3.3)
Z(r, 0) = Z(r, 2n/%). (3.6)

Let us consider the case of small negative disclinations (« ¢ 1). By small values of
1 — k is meant that the period of the function sn ¢ with modulus « is larger than 4w/k:

Kx) >n/» (3.7)
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Fig. 3

(K{k) is the complete elliptical integral of the first kind [10]). Requirement (3.7) corres-
ponds to the interval for variation of « (k € (0.9858; 1)). In this case, from (3.5) we
obtain sn C = sn{C + 2m/k), whence C = K — n/x for the constant C in (3.4).

Requirement (3.7) serves as the condition that the function f(¢) (and thus R(r, ¢) as
well) will be greater than zero on the interval [0, 2w/x]. Relations (3.6) can be satisfied
if the function g(¢) = |en(¢ + C)| is chosen for g(¢). This function is continuous and at
the ends of the interval [0, 2m/k} takes on the unique values and satisfies (3.3) everywhere,
except at the points ¢ = 0 and ¢ = 7/k, where the derivative of g(¢) is discontinuous.

The surface corresponding to transformation (3.2) has two cusps (at ¢ = 0 and @ = 1), a
result frequently encountered in the analysis of problems of the deformation of momentless
shells on the basis of the theory of surface bending [11]. A picture of this surface for k =
0.99 is shown in Fig. 3.

It is worth noting that this problem has infinitely many solutions, since the continuity
conditions for the surface in the deformed state of the type (3.5), (3.6) can be imposed not
only for ¢ = 0 and 27, but also for any other value o (and o + 2w). Thus, the position of the
cusp on this surface is not fixed, and any two lines ¢ = ¢« and ¢ = o« + 7, o € [0, 27) can
serve in tis capacity.

The author is deeply grateful to L. M. Zubov for his attention to this work.
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