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The c r i t e r ion  for the formation of a radiation wave zone of a charge moving in an a rb i t r a ry  
way is d iscussed.  The appearance of a wave zone is investigated in detail for synchrot ron 
radiat ion and radiat ion f rom a charge moving along a hyperbola.  Special attention is given 
to the n l t ra re la t iv is t ic  case .  

The concept of the wave zone plays a fundamental role in the theory of radiation f rom a charge.  
Meanwhile, no r igorous  c r i t e r ion  for the formation of a wave zone was available for a long t ime. In the 
special  case of radiat ion originating when a charge moves in a c i rc le  the problem has been considered in 
[1] (see also [2]). Below we consider  the formation of a wave zone in the case of radiation from a par t ic le  
moving in an a rb i t r a ry  way. 

F i r s t  of all we reca l l  the general ly accepted condition for the appearance of the radiation wave zone. 

It is well known (see [3]) that the field of a charge moving in an a rb i t r a ry  way is descr ibed by the ex-  
p ress ions  

E==R2[1 (n~)]: ~ (1--  ,S2) (n -- ~)-~ - R [ n [ ( t t - - ~ ) a ] l  
- -  C 2 ' 

(1) 
e f(l__~2 ) ~ }. H -  R2[l_(n$)]~[ , [n~l- [n [n [(n - p) al l l  

Here v is the velocity; a is the accelerat ion;  e is the magnitude of the charge;  c is the velocity of light; fi 
= v /c ;  R is the distance from the charge to the point of observation;  and n = R / R .  

The field intensities P. and H are taken at the moment  ~ of observation,  and the quantities v, a, and R 
on the r ight-hand sides of Eqs;~(1) are  r e f e r r ed  to a moment  of time t which differs f rom t by the r e t a r d a -  
tion t ime of the radiat ion At = t - t  = R / c .  

The fields E and H are orthogonal: H = In_E], and, as is evident, they split  into two par t s ,  one of which 
depends only on the velocity of the charge (velocity field) and another which depends only on the acce l e ra -  
tion (acceleration field). The velocity field cor responds  to the so-cal led  convective field of a uniformly 
moving charge,  and at large distances from the charge it decays according to the law 1/~ 2. The acce l e ra -  
tion field has the t r ansver sa l i ty  proper ty ,  cha rac te r i s t i c  of the field of a plane e lec t romagnet ic  wave: 

= l n E l ,  = 0 ,  

and decays like 1/R. This field is usually associa ted  with the radiation field. 

It should be remarked ,  however,  that such an approach is not sufficiently cor rec t ,  and it is advisable 
to understand the s ta tement  "the charge radiates"  in a b roader  s e n s e ,  taking into account both the acce l e r a -  
tion field and the velocity field, as has been explained in [4]. 

When acce lera t ion  is present ,  then at large dis tances f rom the charge 

R>> l - p  c ~. (2) 
a 
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the r a d i a t i o n  is r e p r e s e n t e d  by a p u r e l y  p l ane -wave  f ield.  Re la t ion  (2) is c u s t o m a r i l y  taken as the condi t ion 
fo r  the a p p e a r a n c e  of a wave zone of  r ad ia t ion .  

In  our  view such a c r i t e r i o n  is r a t h e r  c rude ;  ac tua l ly  the rad ia t ion  f ield can a l so  appea r  as  a p l ane -  
wave  field at  s m a l l e r  d i s t ances  f r o m  the cha rge  in sma l l  spa t ia l  r eg ions  (this has a l so  been  hinted at in 
[41). 

In  o r d e r  to make  a de ta i led  inves t iga t ion  o f  a r ad i a t ion  wave zone at one d is tance  o r  ano ther  f r o m  the 
c h a r g e  we c o n s i d e r  the ins tan taneous  angu la r  d i s t r ibu t ion  of  the power  r ad i a t ed  f r o m  the c h a r g e .  

I t  can  be shown by  a s t a n d a r d  method  that  in a coo rd ina t e  s y s t e m  moving  with the cha rge  the angu la r  
d i s t r ibu t ion  of  r ad ia t ed  p o w e r  in the s i tua t ion  unde r  d i s c u s s i o n  has the f o r m  

_e e2[~_~ ~ sinZ ~p [ ( ~ -  cos O)cos ~p + ~csin 0] 2 / d g ,  
dW=4r c p2 / ( 1 - -  ~ cos 0") a -f  (1- - [3cos0)  5 

(3) / 

where  p is the r ad ius  of  c u r v a t u r e  of the t r a j e c t o r y ,  and 

l - - ~  2 p Ct~ 
= c t g~ -~  ,~ R ' c tg~=a~-- ,  

( l~a) I l P a ] l  _ c '~  "~ 
all - -  , a• = - -  

The coo rd ina t e  s y s t e m  is chosen  in such  a way  that  the cha rge  is at  the or ig in ,  the ve loc i ty  vec to r  
v of the c h a r g e  is o r ien ted  a long the z - a x i s ,  and the r a d i u s - o f - c u r v a t u r e  vec to r  p of the t r a j e c t o r y  is d i -  
r e c t e d  an t ipa ra l l e l  to  the x - a x i s ,  i .e . ,  (n/?) = fl cos  ~, (pn) = - p  s in~  cos ~0. The e l emen t  of sol id  angle is d~2 
= sinSd~dg0. 

We r eca l l  that  on the r i g h t - h a n d  s ide  of (3) all quant i t ies  a re  taken at the m o m e n t  of t ime  t, which 
d i f fe rs  f r o m  the m o m e n t  of  o b s e r v a t i o n  ~ b y  the r e t a r d a t i o n  t ime At of the r ad ia t ion .  

F r o m  an ana lys i s  of e x p r e s s i o n  (3) i t  fol lows that  in the m o s t  i n t e re s t ing  ea se s  (with ~ e 0) the c r i -  
t e r i o n  for  the f o r m a t i o n  of the r ad ia t ion  wave zone can  be r e p r e s e n t e d  in the f o r m  

1 - -  ~ 
R ) )  - - f ( ~ ) ,  ,~; ~.; 8) P, (4) 

where  f is s o m e  funct ion of i ts  a r g u m e n t s .  

A s imple  c r i t e r i o n  is obta ined in the case  of  s y n c h r o t r o n  r ad ia t ion  ( a  = 7r/2) in the oscu la t ing  plane 
of  the t r a j e c t o r y  of the c h a r g e  (~0 = 7r/2, 3~r/2), 

R ) )  1--'32 sint~ 
P (5a) 

1 --,~ cos 0 

and in the r ec t i f y ing  plane (go = 0, 7r) 

R ) )  1--~2 sinO 
i ~ _ c o s O l  P. ( 5 b )  

F r o m  this it fol lows that  when a cha rge  is mov ing  in a c i r c l e ,  fo r  s m a l l  angles  $ ~ 0, the rad ia t ion  
wave zone can begin  in the i m m e d i a t e  ne ighborhood  of the cha rge ,  no m a t t e r  what  the ve loc i ty  is with which 
the cha rge  is moving .  In the u l t r a r e l a t i v i s t i c  ca se  f l ~ l  the r a d i a t i o n  of  the cha rge  has a n u m b e r  of d i s t inc -  
t ive c h a r a c t e r i s t i c s ,  and we shal l  t h e r e f o r e  cons ide r  this c a s e  in s o m e  deta i l  be low.  

The d is t inc t ive  f ea tu re s  b e c o m e  p ronounced  for  hyperbo l i c  mot ion  of the cha rge ,  when G = 0. 

In fact ,  if  we pu t  a = 0 in e x p r e s s i o n  (3), the su rv iv ing  t e r m s  will  have ident ica l  axial  s y m m e t r y ,  so 
that  the c r i t e r i o n  for  the f o r m a t i o n  of the r ad ia t ion  wave zone loses  its dependence  on the angles  #,  ~o, and 
a s s u m e s  the f o r m  

C 2 
R >> (1 - -  i~ ~) ~ - - .  (6) 

a II 

The t ime dependence  of  fl and all can be found in expl ic i t  f o r m .  If  the ve loc i ty  of the cha rge  was  v i at  
the o rg in  of t ime  t = 0, then 
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w h e r e  

(t) = B , all (t) = a0 , (7) 
(1 -b B'~) 1'2 (1 -b B2) 3/2 

B = a ~  h 

and a 0 i s  the  a c c e l e r a t i o n  of the c h a r g e  in  i t s  p r o p e r  r e f e r e n c e  f r a m e .  F r o m  th i s  the c r i t e r i o n  fo r  the  a p -  
p e a r a n c e  of  a wave  zone m u s t  be  

R >> ct -~ '81 02 (6') 
V 1 - , ~  ao" 

Using criterion (6'), one can clear up the situation with Pauli' s well-known paradox [5] concerning the ab- 
sence of a wave zone when a charge is moving along a hyperbola (see also [4]). 

In the general case, when the charge is moving in an arbitrary way, the function f in (4) has a simpler 

form for radiation in the rectifying plane (qo = O, 7r): 

R >> 1 --  ,~- sin o _ _  P. (8) 
I~- -cos0Z-c tgas in~t_ . ,  

F r o m  th i s  i t  fo l lows  tha t  t h e r e  a r e  a l w a y s  two d i r e c t i o n s  for  which  the wave  zone i s  a t  i n f in i ty .  I t  i s  
e a s i l y  s e e n  t ha t  in  th i s  c a s e  

cos ~ = ~ sin 2 ~. : • cos ~ 1 Z 1 - -  ~2 sin 2 ~ . (9) 

Th i s  cond i t i on  d e t e r m i n e s  the  two d i r e c t i o n s  a long  which  r a d i a t i o n  due to the  a c c e l e r a t i o n  of  the 
c h a r g e  i s  a b s e n t  [3]. 

A c c o r d i n g  to (8) the wave  zone t ends  to a p p r o a c h  the c h a r g e  when i t  m o v e s  a t  h i g h e r  v e l o c i t i e s  (oz 
;~ 01). 

In  the  u l t r a r e l a t i v i s t i c  c a s e ,  when p r a c t i c a l l y  a l l  the r a d i a t i o n  i s  c o n c e n t r a t e d  in  a n a r r o w  cone J 
1 ~ - / 3  2, i t  i s  c o n v e n i e n t  to ob ta in  an i n t e g r a l  c r i t e r i o n  for  the  f o r m a t i o n  of  a wave  zone .  To th i s  end  we 

i n t e g r a t e  e x p r e s s i o n  (3) o v e r  a l l  a n g l e s  and ob ta in  

W - -  2 c e  ~ 9 4 ~2 
3 p2 {~ 1 _  2+(i 

I t  fo l lows  f r o m  th i s  t ha t  in the  s p e c i a l  c a s e  of s y n c h r o t r o n  r a d i a t i o n ,  the  c r i t e r i o n  for  the  f o r m a t i o n  
of  a wave  zone ,  when  I 3 -  I has  the  f o r m  

R>> V l-p p. (ii) 

A s i m i l a r  r e s u l t  f o l l ows  f r o m  the a n g u l a r  c r i t e r i o n  (5) if  the  p a s s a g e  to the  l i m i t  ~--* ~ _ f 1 2  i s  m a d e .  

M a t t e r s  b e c o m e  c o m p l i c a t e d  when the c h a r g e  m o v e s  in an a r b i t r a r y  way .  I t  would  a p p e a r  tha t  a t  
l a r g e  v e l o c i t i e s  the  p r i n c i p a l  c o n t r i b u t i o n  c o m e s  f r o m  the s e c o n d  t e r m  in (10). H o w e v e r ,  t h i s  i s  in f ac t  not  
the  c a s e .  A c t u a l l y  the  q u a n t i t y  co t  ~ ,  a p p e a r i n g  in K, is  a h m c t i o n  of the v e l o c i t y  of  the  c h a r g e  and the i n -  
t e n s i t i e s  of the  e x t e r n a l  e l e c t r o m a g n e t i c  f i e l d s ,  whose  a c t i o n  i s  r e s p o n s i b l e  fo r  the  m o t i o n  of the  c h a r g e :  

dp\~  

ctgea = (1 - -  ~2)2 [ dR ] - - - - - - -~  = (1 
-)T]- P (~  + [~H]), - (~e) 3 [ ( i2) 

P = m o v / V "  1 - -  [l 2 . 

Thus  e x p r e s s i o n  (10) can  be  r e w r i t t e n  in  the f o r m  

. { [ 3 m ~ c 3 ( 1 - V )  ([~E] + [ ~ [ ~ n l l F ' +  ( ~ e ) V 1  - y  + m~d]'l -gg-j j, 

w h e r e  the  n o t a t i o n  p = v / v  is  u s e d .  
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From this it follows that in the ultrarelativistic case when H ~ 0 and v is not parallel to ~., the wave 
zone criterion is the condition R >>( l-~)p, which is identical to (ii). 

Thus, in the general case of a charge moving ultrarelativistically in an arbitrary way the criterion 
for the formation of a wave zone does not differ from the corresponding criterion for synchrotron radiation. 
This fact is not unexpected and conforms with the conclusions of a number of authors concerning general 
regularities of radiation from ultrarelativistic charges [2, 6, 7]. In the particular case of a charge moving 
along a hyperbola the integral criterion coincides exactly with the angt~lar criterion for any velocity Of the 
motion. 
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