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A method is descr ibed  for  finding the f i r s t -  and h i g h e r - o r d e r  der iva t ives  of the e igenvec tors  
of a Hamtltonian with r e spec t  to i ts  p a r a m e t e r s .  This  method is  useful  even when the explicit  
dependence of the e igenvectors  on the p a r a m e t e r s  is not known. The method is based  on a 
t r a n s f e r  of the different iat ion f r o m  the e igenvector  to the Hamil tonian and on a s epa ra t e  ana l -  
ys i s  of the der iva t ives  of the projec t ions  of the e igenvector  onto the cor responding  subspace  
and onto the orthogonal complement  of this subspace .  Conditions governing the posi t ion of the 
e igenvector  being different ia ted in its degenera te  subspace  a r e  analyzed.  This  method can be 
used in cer ta in  fundamental  p rob l ems ,  and it can be re la ted  to s t eady - s t a t e  R a y t e i g h - S c h r S -  
dinger per turba t ion  theory .  

In many physica l  p rob l em s  the der iva t ives  of e igenvec tors  of a Hermi t i an  opera to r  with r e spec t  to 
p a r a m e t e r s  must  be found. In the overwhelming major i ty  of c a se s ,  however ,  the explicit  dependences of 
these  vec to r s  on the p a r a m e t e r s  a r e  unknown, so a d i rec t  different ia t ion cannot be c a r r i e d  out. In the me th -  
od descr ibed  below this difficulty is avoided by t r a n s f e r r i n g  the different iat ion f r o m  the vec to r  to the o p e ra -  
t o r .  We will use  the Hamiltonian as the Hermi t i an  ope ra to r .  

We s t a r t  f r o m  the s ta t ionary  Schr6dinger equation 

( H - -  IE~)[ s~ > = O, (1) 

where  H is the Hamil tonian defined in Hilber t  space  A; I is the unit opera tor ;  E s is an eigenvalue; Is ~> is 
an eigenvector ;  s denotes the (general ly degenerate)  cor responding  subspace ,  and a denotes a vec to r  in A(s). 

The Hamiltonian is a function of the p a r a m e t e r s  Rj (j = 1,2,  . . . .  N), the set  of which we denote by R; 
we thus have 

H = H (R )  (2) 

We obviously a lso  have 

~ ,  = e , (R) ,  Is~ > = Is~(R)  >. (3) 

We will omit  the R below for  brevi ty ;  to indicate that H, E, etc .  co r re spond  to fixed values of the p a r a m e t e r s  
(R = R0) we wr i te  

H(Ro)~:~tto, Es(R o) ----'E,o, Is*(Ro) ) ~ l s *  > o, (4) 
< s~ ' (Ro) lH(Ro) l s~ (Ro)>  :-:-- <s,~'lHlS~>o. 

The e igenvec tors  can be o r thonormal ized  for  any p a r a m e t e r s ;  i .e . ,  we can wri te  

We introduce the following notation fo r  the de r iva t ives :  

OIs~ > O H = o ] t  ' OE~ ~O~Es, ~ : [ 0 i s ~  > (6) 
ORj " ORj OR] 

and we will a s s u m e  that H is different iable  with r e spec t  to i ts  p a r a m e t e r s  as many t imes  as n e c e s s a r y .  
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To find the f i r s t  de r iva t ive ,  we d i f fe ren t i a te  (1) and t r a n s f o r m  to the equ i l ib r ium va lues  of the p a r a m -  
e t e r s ,  finding 

(H  - -  IEs)otOjs~> o = - - [ O j ( H - -  1E,)]o ] S:>o. (7) 

We cannot find [ 0jsa  ~ 0 d i r e c t l y  f r o m  this  e x p r e s s i o n ,  s ince  ( H - I E s )  has no i n v e r s e .  We thus s ingle  out 
f r o m  A the subspace  A~ such that 

A = Ao (~) | ao, (8) 

where  Ag s) is A(s) at R = R0, and ~ indicates  the or thogonal  sum.  Obviously,  A(s) is an invar ian t  subspace  0 
of o p e r a t o r  H0, and p ro j ec t i on  onto this subspace  does not r e m o v e  the v e c t o r s  f r o m  the reg ion  of def ini t ion.  
We a s s u m e  that  A~ is a lso  invar ian t ;  then H 0 and I,  r e s p e c t i v e l y ,  gene ra t e  [1] 

the operators H0 (s) and I (s) in A (s) (9a) 
and the operators H~ and I' in A~. (95) 

We in t roduce  l~ 0 and ( I - P s ) 0 ,  the orthogon~l  p ro j ec t i on  o p e r a t o r s  p ro j ec t i ng  onto A~ s) and A~, r e -  
spec t ive ly  [1]; we can now show that we have [1] 

P ,o ( H - -  I E~)o = ( H - -  1E s)oP so, ( l  Oa} 

(I - -  Ps)o ( H - -  I E~)o = ( H - -  I Es') o (I  - -  P~)o. (10b) 

Mult iplying (7) f r o m  the left  by Pso and ( I -Ps )o ;  and us ing  (10a), (10b), and (9); we find 

( I f  - -  IE~)(J)P~o I Ojs~ >o = - -  P~o [O] (H  - -  IE~)]o [ s~ > o, ( l la)  

( H - -  IE~)o' (I - -  P~)o i Ojs~ >o = - -  (I  - -  P~)o [Oj ( H - -  IE~)]o ]s~ )o. ( l ib)  

Since we have 

[ Ois= )o = Pso I Ojso ~ o + ( I - -  Ps)o I Ois~ , o, (12) 

Eq. (11b) gives  the second pa r t  of the de r iva t ive ,  while ( l l a )  holds only if i ts r ight  s ide van i shes ,  s ince  m a -  
t r i x  (I-I-IEs)tS) is of r ank  z e r o .  Othe rwise ,  we mus t  t r a n s f o r m  to new e igenvec to r s  in A(S): 

c 
Is~ ) o = E l s ~  >o { s~[s~ ~o, (13) 

which sa t i s fy  

Pso [aj ( H - -  IEs)]0 J s~ >o = 0 (j ----- 1, 2 . . . . .  N). (14) 

The  solut ion of this  equat ion a lways  ex is t s ;  (SjEs) 0 s e r v e s  as  an e igenva lue .  Two ea se s  a r e  poss ib le :  

1) The  v e c t o r s  [s~" >0 (T = 1 ,2  . . . . .  M) do not depend on j; i .e . ,  t h e r e  exis ts  in A~ s) at l eas t  one se t  
of v e c t o r s  which sa t i s fy  (14) fo r  al l  j .  

2) T h e r e  is no se t  of v e c t o r s  which sa t i s fy  (14) fo r  all  j ,  

We a s s u m e  the f i r s t  e a s e .  Then  acco rd ing  to the value  of (8~E~) 0 we can r e s o l v e  A(s) into A! st) ,  c o r -  
r e spond ing  (SiEs)0 (i), with ]s'r (1) >0 0" (i) = 1, 2, . . . , rot); At SZ), c o r r e s p o n d i n g  to (8jEs)~ 2), ~ ]st(2) ~ 0 0 .(2) 
= 1, 2, . . . .  1VI2); . . . ; and A~ sn),  co r r e spond ing  to (ajEs)~ n),  with ]s'r(n)) 0 (7(n) = 1, 2 . . . . .  Mn). He re  we 
have 

A(0 s ) =  ~ QA(, s~) , ~ M ~ = M .  (15) 
~=I  v = l  

The  p r o b l e m  now r educes  to that of de t e rmin ing  

]Oys~ '0 = Pso ]Ojsz >o + (I - -  Ps)o ]Oys~, o, (16) 

in which the second  t e r m  is found f r o m  (11b) with Is~r> 0 r ep l aced  by  [sT> 0, and the f i r s t  t e r m  sa t i s f i e s  

(H  - IE  W )  P~o 10js~ ,o = o. (17) 

Since m a t r i x  (H-IEs)~S) is of rank  ze ro ,  the solut ion of this equat ion is not r e s t r i c t e d  in any manne r ,  and 
we can a s s u m e  

P~o ]ays'~ >o = O. (18) 

It is not diff icult  to show that this  condi t ion does not v io la te  the condi t ion fo r  o r t h o n o r m a l i t y  within A~S): 

s~'] s~  = ~ , ,  (19) 
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which follows f r o m  (5). The f i r s t  der iva t ive  can thus always be de te rmined  f r o m  s imply  the second t e r m  
in (16). 

To  find the second der iva t ive ,  we different ia te  (1) (where Is(T~ has been rep laced  by Isn't) twice; fix 
the p a r a m e t e r s ;  mult iply the resul t ing  equation f r o m  the left by Ps0 and ( I -Ps)0 ;  and use  (10a), (10b), and 
(9); finding 

( H - -  IE~)~)P~o I O~js~ 'o = - -  P~o [O~i ( H - -  IE~)lo Is: 'o -- P~o [0j (H -- IE~)]o I OKs~ ~o - -  Pso [Ox ( H  - -  IEs)]o I Ojs~ , o,(20a) 

(H-  IE~)o'(~ --Ps)oi%S~ ,o = - -  (1--P~)o[% ( H - -  m ~ ) l o l  s~ ,o 

- ( I  - p~) ,  [0j ( H  - IE~)]  I 0 , s~  'o - -  ( I - -  P~)0 [0~ ( H - -  m A ] 0 1 0 j s ~  ,0  (20b) 

The second equation gives (I-Ps)010Kiss ' )  0 unambiguously,  while the f i r s t  r equ i r e s  that the r ight  side of 
(10a) vanish.  Otherwise,  we must  fu r the r  ref ine the vec to r s  within each A!SV)~ A! s) (v = 1, 2 . . . . .  n) in 

U u 
(15)~ Joe., we must  t r a n s f o r m  to 

M ,  

Is 0(~) ' o = X I s~") 'o ~ s~(~)l s~(~), o 
~(~)=~ (21) 

(0(~)=1,2 . . . . .  M~; ~ =  1,2 . . . . .  n), 

which sa t i s fy  the equation found by equating the right side of (20a) to zero  (after the f i r s t  de r iva t ives  a r e  
subst i tuted in). The eigenvalues of this s y s t e m  a re  (8KjEs)0, and different values  of these  eigenvalues lead 
to a fu r ther  resolut ion of each A~ sv) such that we have 

A(oS~) = ~ ~) A(oS~) ' (22) 

where  A(SV go) is fo rmed  f r o m  Is0( v go) 0 ( 0(v go) = 1, 2, My go) and where  we have 
0 " " " ' 

m 

Z M~ = M,. (23) 
t ? ~ l  

As in the analys is  of the f i r s t  der iva t ive ,  we a s s u m e  that for  all  k , j  = 1, 2, . . . .  N there  exis ts  a single set  
] s0(v)) 0; then in the express ion  for  the second der iva t ive .  

[ O~]s~ ~ o = Pso [ O~isO > o + (I  - -  Ps)o [ d,qsO ~ o (24) 

the second t e r m  is given by (20b) (where [s~'>o has been  rep laced  by Is 0) o in the der iva t ives ) ,  and the f i r s t  
t e r m  can be wri t ten  as 

M 

P ~o I O~jsO > ~ = ~_11 sO' >o <sO' I 0~js0 >o. (25) 

The coeff icients  on the r ight  side of this equation a r e  found by a r epea ted  different ia t ion of the o r thonor -  
mal i ty  condition analogous to (19): 

< s6' [ sO > == < sO [sO' > = boo, (26) 

It  is not difficult to show that these  coeff icients  can be wri t ten  in the s y m m e t r i c  f o r m  

1 [Re < OjsO' [ O,,sO >o + Re < djsO I O,sg' >o], Re <s0J O,jsO' >o = Re <sO'lO~jsO >o = -- ~- 

1 [lm < OlsO' [ O~sO >o --  I m <  01sO [ O~sO' >o]. Im < sO [a~isO' >o = - I m  < so' I d~jsO >o = 

(27a) 

(27b) 

Here  Re and Im a r e  the signs of the r ea l  and imaginary  p a r t s .  

The p rocedure  for  finding the third and higher  der iva t ives  is  obvious.  The" e igenvec tors  to be d i f fe ren-  
t ia ted a r e  ref ined,  and the resolut ion of A~ s) is continued. It is a lso obvious that this p r o c e s s  is re la ted  to 
a " r e m o v a l  of the degeneracy"  as the p a r a m e t e r s  a r e  va r i ed .  

If  there  does not exis t  a set  of vec to r s  which sa t i s fy  (14) for  all  j [see case  2 below Eq. (14)], no fu r the r  
different iat ion can be c a r r i e d  out, s ince cer ta in  vec to r s  f r o m  A!s), must  be used as original  vec to r s  for  c e r -  
tain j, while other vec to r s  must  be  used for  other j .  The set  of p a r a m e t e r s  Rj of this type cannot be used 
to s imul taneously  find the de r iva t ives  of a given vec to r .  

SchrSdinger equation (1) was different ia ted in this derivat ion;  this approach was f i r s t  used in [2] (see 
also [3]) to find the f i r s t  der iva t ive  of the e igenvector  and the second der iva t ive  of the cor responding  non- 
degenera te  eigenvalue.  All the equations were  obtained o n t h e b a s i s  of e igenvectors  of the Hamiltonian.  
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The der iva t ives  of the e igenvec tors  of the Hamil tonian a r e  also of independent in te res t ,  s ince they can 
be used in the following genera l  p rob lems :  

1. To de te rmine  the e igenvec tors  for  a set  of p a r a m e t e r s  different f r o m  the fixed set ,  through the 
use  of the s e r i e s  

l:so (Ro + AR) > = I 89 >o + Z I ojso >,, ",Rj + 1 Z[ o,~se >o A/~]• + . . . .  (28) 
j 2 ~J 

2. To find the der iva t ives  of the ma t r ix  e lements  of a r b i t r a r y  (parameter -dependent )  ope ra to r s  A in 
the bas i s  of e igenvec tors  of the Hamiltonian: 

[8] ~ s'O'}A [sO > ]o = "~ Ojs'O' ] A/sO >o -[- ~ s'O'[ OjA [s~ >o q- ~ s'O'l A [O]sO :>o. (29) 

In pa r t i cu la r ,  this p rocedure  allows us to find the der iva t ives  of the energy,  

~ =  <sO[HI,o>. (30) 

3. To  expand a ma t r ix  e lement  in a s e r i e s  in t e r m s  of inc rements  in the p a r a m e t e r s ;  e.g. ,  for  the 
energy,  to wr i te  

Es(Ro + AR) = Eso @ Ej (OjEs)o ARj -}- 1 ~  (a~jEs)o ARjhR. ~- . . . .  (31) 

Equations (28) and (31) can evidently be thought of as the equations of a " m u l t i p a r a m e t e r  per turba t ion  
theory ."  

In conclusion we turn to two pa r t i cu la r  ca ses .  Let  us a s s u m e  that the Hamiltonian depends only on a 
single p a r a m e t e r ,  in the usual  f o r m  for  s t eady - s t a t e  R a y l e i g h - S c h r 5 d i n g e r  pe r tu rba t ion  theory  [4]: 

tt = H(~ + RH', (32) 

and E s is nondegenera te .  Then the second index in the express ion  for  an e igenvector  can be omit ted.  We 
wr i te  all  the ope ra to r s  in the bas i s  of e igenvec tors  of H(~ then we have 

P ~ o = l S > o o < S l ,  ( l - - P ~ ) o : 7 ~ l r > o o < r l ,  (33) 
rT~s 

and 

~rt (34) < r l ( H - -  IEs)'- '  i t >  : (r, t ~ s). 
e ( o ) -  e~o) 

Using (11b), (18), (20b), (25), (27a), and (27b), and using (~Es) 0 =<slOHls>0, we find 

PsolOs>o=O, (l--P,)olOS>o=--E Ir>o <rlOHIs>~ 
r ~  E 7) - -  Er ' (ZSa) 

Psol02s >o = - I s > o Z  ! < rl Ottls >ol= , (35b) 
. . . . .  ( e ? -  E?))~  

(I-P~)ol6~S>o=2Z Z [r>o <rlOHIt>o<t lOHls>(~-  2 ZIr>o <rlOHls>"<slOItls>~ (35e) 
, , ,  , , ,  ( e ? )  - e ( : ) )  (E~ o) - -  ESo, ) , , ,  (~?~ - E ? ) )  '~ 

Also using (12) and (24), substi tut ing everything into (28), and sett ing AR = 1, we find Eq. (25.14) of [4], which 
gives the e igenvector  accord ing  to s econd -o rde r  per tu rba t ion  theory .  

Substituting (35a) into (29), using (12), and set t ing s '  = s,  we find 

[O<sjAls>]o= <s lOAls>o_z  <slOlt lr>o<rlAlS>o_ z <slAlr>o<rlOHls>o 
, + ,  E~o) - e ? )  , . ,  E?) - -  e(?) ' 

which is the s u m - r u l e  equation of [5]. 
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