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In the theory  of t h e r m a l  explosions  [1-4] the course  of s imple ,  s ing le - s t age  autocatalyt ic  reac t ions  
has been  d iscussed  in detail .  T h e r m a l  explosions in s y s t e m s  with complex chemica l  p r o c e s s e s  have r e -  
mained p rac t i ca l l y  unstudied.  In view of this,  it is of the g r e a t e s t  i n t e re s t  to cons ider  a widely encountered 
c l a s s  of b ranch ing-cha in  p r o c e s s e s .  In such reac t ing  sys t ems ,  two m e c h a n i s m s  of the s e l f - a c c e l e r a t i o n  
of the reac t ion  are  at work: t h e r m a l  and chain; the i r  combined appearance  leads to specif ic  r egu la r  laws, 
as follows f r o m  e x p e r i m e n t a l  data [5]. 

The p r e se n t  a r t i c le  uses  one of the poss ib le  genera l ized  s chemes  to cons ider  the c r i t i ca l  conditions 
for  t he rma l  explosion during b ranch ing-cha in  reac t ions  with homogeneous b reak ing  of the chains .  It also 
d i s c u s s e s  the ef fec t  of se l f -hea t ing  on a p r o c e s s  without the rma l  explosion.  

The m e c h a n i s m  of the reac t ion  is r ep re sen t ed  by the following scheme:  

Aq-B ~-x-}-y+p, (1) 

x + A = y + p ,  (2) 

y~-B=y~-2x,  (3) 

y-}-B q-M--  By-}-M, (4) 

y-j-By--~ A-}-B, (5) 

y -by=A.  (6) 

Here  A and B are  the s ta r t ing  subs tances ;  x and y are  act ive in te rmedia te  products ;  By is an in t e r -  
media te  product  (a sl ightly active radical ,  leading to breaking  of the chains); p is the final product  of the 
react ion;  M is an a r b i t r a r y  pa r t i c l e .  

In accordance  with this mechan i sm,  the reac t ion  is descr ibed  by the following s y s t e m  of kinetic 
equations:  

d (x) _ ki (A) (B)--k~(x) (a)-[-2k3 (y) (B), 
dt 

d (y____) = kl (A) (B)-}-k2 (x) (A)--k,  (y) (B) (M)--ks(y) (By)--2ks (y)2, dt 
d (By) 

dt = k4(y) (B) (M)--ks(y) (By), 

d (A) = --kl (a) (B) --k2(x) (A) +ks(y) (By) -I-k4 (y) '2, dt  

d(B) --k,  (A) (B)--kz(y) (B)--k4(y) (B) (M)+ks(y) (By) dt : 

d(P)dt = ki(a)  (B)-]-A2(K)(A), ([) 

d (n) = 0, 
dt 

where  k i are  the ra te  constants  of the cor responding  reac t ions .  
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It is a s sumed  that  the reac t ions  of the spontaneous genera t ion  and branching  of the chains [s tages (1) 
and (3), respec t ive ly]  a re  endothermic ,  while the reac t ions  of recombina t ion  [(4) and (6)] and reac t ion  (5) 
a re  exo the rmic .  It is  a lso  a s sumed  that the reac t ion  of the prolongat ion of the chains [Eq. (2)] is exo the rmic .  

It  is  shown in [6] t h a t  in a cons idera t ion  of t h e r m a l  explosion the equation of the heat balance can 
be used instead of the par t ia l  different ial  equation of the t he rma l  conductivity (i.e., the dis t r ibut ion of the 
t e m p e r a t u r e  in the reac t ion  vesse l  can be neglected).  With such an approximat ion,  the e r r o r  in the value 
of the induction per iod does not exceed 25% for  the case  cons idered  in [6]. 

The p r e se n t  a r t i c le  does not take account  of the t e m p e r a t u r e  gradients  nor  of the concentra t ions  of 
the act ive cen te r s  of the chains in the reac t ion  volume.  The role  of these grad ien ts  and the e r r o r s  a s s o -  
ciated,  in pa r t i cu la r ,  with averag ing  of the t e m p e r a t u r e  field, will be d iscussed  sepa ra te ly .  

On the bas i s  of the scheme presen ted ,  the equation of the heat ba lance  of the reac t ion  s y s t e m  is wr i t -  
ten in the f o r m  

dT C~p ~ = --  Q,k I (A) (B) + Q~k2 (x) (A) - -  Q3k3 (y) (B) + Q4k~ (y) (B) (M) + 

+ Q~k~ (By) (y) + Q6k6 (yfi - -  a -~ (T - -  To), {II) 

where  Qi a re  the absolute values  of the heat  ef fec ts  of the cor responding  s tages;  a is the h e a t - t r a n s f e r  co-  
efficient;  S and V are  the sur face  and the volume of the reac t ion  vesse l ;  T o is the initial t e m p e r a t u r e ,  equal 
to the t e m p e r a t u r e  of the walls  of the vesse l ;  p is the density of the reac t ion  mixture ;  C v is the heat capac -  

i t y .  

The s y s t e m  of kinet ic  equations (I) was solved s imul taneous ly  with hea t -ba lance  equat ion {II) using a 
computer ,  under  the initial  conditions: t = 0; T = To; (M) = (A)o + (B)0; (x) = (y) = (By) = p = 0; (A) 0 = (B) 0 = p /2 .  
The concent ra t ions  and the density of the gas  6o) a re  e x p r e s s e d  in m o l e s / c m  3. It is obvious that if p is ex-  
p r e s s e d  in g / c m  3, then 

(A)0 == (B)o = 2 /,M A -I----~--B ] '  

where  a ~  is the initial weight f rac t ion  of component  A, and M A and M B are  the m o l e c u l a r  weights o fA an d  B. 

F o r  a genera l  cons idera t ion  of p r o c e s s e s  taking place in accordance  with the above scheme,  it is 
expedient  to wri te  the equations using d imens ion less  quant i t ies .  The following s impl i f ica t ions  were  adopted: 

1) QI=Q2=Qs=Q~=Qo; Q4=Qh; Q4 +Q0=Q~ +Q0=Q; 

2) E l = E ;  F s = a ' E ;  E2=Et=Eh=E6=O; 
In wri t ing the re la t ionsh ips  be tween the ac t ivat ion energ ies  of the individual s tages ,  we s t a r t  f r o m  the fact  
that  the r a t e  cons tan t s  of the recombina t ions  and of r eac t ions  of type (4) depend only ve ry  weakly on the 
t e m p e r a t u r e  and that the act ivat ion ene rgy  for  prolongat ion of the chains is cons iderably  l e s s  than the ac-  
t iva t ion  energy  for  genera t ion  and branching.  

3) k~=k~=k~176 

where k~ are  the  preexponent ia l  f ac to r s  of the ra te  constants .  This  approximat ion  is based on the fact  
that the va lues  of the  preexponent ia l  f ac to r s  of the ra te  constants  of b imo lecu la r  reac t ions  of the active 
cen te r s  in b ranch ivg -cha in  p r o c e s s e s  usual ly  differ  only very  sl ightly between t h e m s e l v e s .  With r e spec t  
to reac t ions  of the spontaneous genera t ion  of chains (1), in the case  of nncomplicated molecules ,  k~ dif fers  
only insignif icantly f r o m  the preexponent ia l  f ac to r s  of the reac t ions  of the act ive cen te r s  of the chains.  
In addition, a f te r  the induction per iod of chain ignition, the role of genera t ion  of chains is insignificant.  

The s impl i f ica t ions  made do not violate  the overa l l  re la t ionship  between the ra te  constants  and the 
heat e f fec t s  of the individual s tages  of the p roces s ;  the re fo re ,  a scheme with a s sumed  values of the p a r a m -  
e t e r s  r e f l ec t s  the p ic ture  o f  the phenomenon with quanti tat ive c o r r e c t n e s s .  At the s a m e  t ime,  a dec rea se  
in the n u m b e r  of p a r a m e t e r s  p e r m i t s  cons ider ing  the p r o c e s s e s  in genera l  f o r m  and studying the i r  mos t  
cha r ac t e r i s t i c  specia l  f ea tu re s .  

We introduce the d imens ion less  quanti t ies:  
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_ (Bx). n~ = 0 E (T --  To); (x). (Y) n~ = (A). n~ ' (B). n, (P)" n~ = - - ,  

E E RT2o E (1--olE 
Z = QP2E c . e--~,.. ~ro x = ke  mop/; - -  ke  too; ? = _ ~ .  E ' m =  , n = e " 

a @ RT o 

E 
r - ~ e ~ ;  ~ RT~ 

Using these quantities, we rewri te  the above sys tem of equations (I) and Eq. (H) in the form:  

O a0 
d n  1 _ dO 

? ~ - -  "~ -~T = - -  Ixe l+~O n4n~ + Fmn~n4 - -  ~ne ~+~o n3n5 -}- (1 -- F) rn3n~ns + (1 --  ~t) mn3n7 + ~mn~ - -  0/x; 
e ao 

d n .  = e 1-1-~o r l 4 n  ~ _ rnn~ + 2ne ~+~On3n~; 
dT  

0 
dn.~ __ - -  2mn~; d---~ - -  e l+go nan5 -}- mn~n 4 _ rnsn~n s _ renan7 

dn,d~ - -  e ~+~o n ~ n 5 -  renan4 + mn3n7 + m ~ ;  

0 oO 
d n  s l + f~O ,tit ~ - -  e /z4/2 5 - -  r /e  1@1~0 n~n5 - -  Ff/3/~5Yt7 "~- m n z n T ;  

dn~dx = e ~+~o n4ns + mn~n~; 

d n  7 
d--T- = r r / 3 r / sn s  - - /?~r /3r tT ;  

dn.__..~ = O.  
dx 

This sys tem of equations was integrated numerical ly  using an implicit  difference scheme, described 
in [7, 8]. The calculations were made with the following values of the dimensionless pa rame te r s :  

~ ( = 2 -  1 0 - 3 ;  ~ = 3 . 1 0 - 2 ;  r=3.805. 104;  n----4.47- 106; m ---- 3.164 .109. 

The value of z was varied f rom 0 to 0.200 x 10 -2. These values of the dimensionless  pa r ame te r s  c o r r e -  
spond to the following values of the s tar t ing quantit ies:  k=0 .6  x 1014 cm3/(mole ,  sec); k 4 = 0 . 3 6  x 1015 cm~/ 
(mole2" sec); T0=800~ p = 2  x 10 -~ mole/cm3; E=35~ kcal /mole ;  E3=15.0 kcal /mole ;  Q0=20.0 kcal /mole ;  
Q4=Q5 =50.0 kca l /mole .  It was assumed that the energy evolved by the recombination of the active cen- 
t e r s  y is radiated to a considerable  degree.  The above values are close to the real  values of the c o r r e -  
sponding pa rame te r s  for  the usual react ions of active centers  of chains.* In the calculations only the pa-  
r ame te r  ~< was varied.  This means that the p a r a m e t e r s  of the chain reaction, as well as the initial tem- 
pe ra tu res  and concentrat ions,  remained unchanged in the different variants  of the calculation. Only the 
hea t - t r ans fe r  conditions changed. An isothermal  course  of the react ion cor responds  to the subcri t ical  r e -  
gion; i.e., there is chain autoignltion~ Actually, the initial conditions adopted cor respond to positive val-  
ues of the branching fac tor  of the chains 

~=2ka(B)--2k4(B) (M) >0 .  

Figures  1-4 give the dependences of the dimensionless concentrat ion of the active centers  of the 
chains (x)/p and of the tempera ture  Q on T, showing the time evolution of the p rocess .  An examination of 
these curves  leads to the following conclusions.  

1. Depending on the p a r a m e t e r  • the p rocess  may consist  of one or  two f l a shes ,o r  more  accurate ly ,  
of one or  two stages of p rog re s s ive  autoaccelerat ion.  During the development of the f i rs t  stage, the tem-  
pera ture  does not change and the kinetics of the process  do not depend on the pa rame te r  ~.  This const i -  
tutes chain autoignition, 

The second stage, also taking place with autoignition, occurs  only with relat ively large values of ~.  
Under these c i rcumstances ,  very  large values both of (x), (y), and 0, and of the ra tes  of their  increase,  
are attained. The react ion goes to completion in a very short  time. This constitutes thermal  explosion 
(Fig. 4 and curves  8-14 on Figs.  1-3)o 

*It is obvious that the heat effect of the endothermic react ion (3) must  be less  than its activation energy.  
Since, however, in the presen t  ar t ic le  a study is not being made of the e lementa ry  react ion (3), but of t h e  
complex p rocess  as a whole and of the heat balance of the react ion system~ with the simplifications adopted 
which make it possible to reduce the number  of pa ramete r s ,  such an excess  of Q3 over  E3 is not basic.  
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Fig .  1 F ig .  2 

F i g .  1. Dependence  of r e l a t i v e  c o n c e n t r a t i o n  of a c t i ve  c e n t e r s  (x) 
on T with the fo l lowing  v a l u e s  of ~ :  1) 0; 2) 0.1 - 10-2; 3) 0.120 �9 
10-2; 4) 0.130" 10-2; 5) 0 .135 -10 -2 ;  6) 0 . 1 3 7 . 1 0 - 2 ;  7) 0.1380" 10-2; 
8) 0.1381" i0-2;  9) 0.1382-10-2; 10) 0.1383" 10-2; 11) 0.1390-10-2; 
12) 0.141 " 10-2; 13) 0.150 �9 10-2; 14) 0.200 �9 10 -2. 

F ig .  2. Dependence  of d i m e n s i o n l e s s  t e m p e r a t u r e  on v.  ( N u m b e r s  
of c u r v e s  c o r r e s p o n d  to the v a l u e s  of ~t g i v e n  in F ig .  1.) 
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F i g .  3. Dependence  of  r e l a t i v e  
b u r n - u p  07) on ~-. (Number s  of 
c u r v e s  c o r r e s p o n d  to the v a l u e s  
of ~ g i v e n  in  F ig .  1.) 

y I ac'i02 

4-  

j _  0 .fO - I  

2- V e -5 

\ -4 
- j  

I -  --2 
/ Z f 

,o - . - - 7 , . .  ,,, -o 
' J,5, .fo  

F i g .  4. Dependence  of x and ~ on 
~" wi th  ~ = 0 .141-  10 -2. 

With s m a l l  v a l u e s  of u ,  a f t e r  cha in  au to ign i t ion ,  in de f in i t e  
s t a g e s  of the  s t a r t i n g  c o m b u s t i o n ,  t h e r e  i s  a r e l a t i v e l y  s m a l l  r i s e  
in the va lue  of  0 fo l lowed by a d e c r e a s e .  With  t h e s e  v a l u e s  of ~ ,  
the  r i s e  in  the va lue  of the r a t e  c o n s t a n t  f o r  b r a n c h i n g  of the cha ins  
(k s} due~ to s e l f - h e a t i n g ,  i s  not  ab le  to c o m p e n s a t e  the d e c r e a s e  in 
the  b r a n c h i n g  f a c t o r  of the cha in s  due to the  s m a l l  c o n s u m p t i o n  of 
the  s t a r t i n g  s u b s t a n c e s .  It fo l lows  f r o m  a c o m p a r i s o n  of F ig .  2 
and 3 tha t  up to  the m o m e n t  of a d e c r e a s e  in the va lue  of 0 the 
c o n c e n t r a t i o n s  of the s t a r t i n g  s u b s t a n c e s  can  a c t u a l l y  d e c r e a s e  
only  v e r y  s l i g h t l y .  Th i s  i s  a c a s e  of cha in  a u to ign i t i on  wi th  s e l f -  
hea t ing ,  which ,  h o w e v e r ,  does  not  l e a d  to t h e r m a l  e x p l o s i o n .  

We note  tha t  the s m a l l  r a t e  of f a l l  of the  c o n c e n t r a t i o n  of  
a c t i v e  c e n t e r s  of the  c h a i n s  (on the s c a l e  shown on F ig .  1), a f t e r  
a t t a i n i n g  a m a x i m u m  in the i s o t h e r m a l  c a s e ,  and with  v e r y  s m a l l  
v a l u e s  of ~ ,  r e q u i r e s  f o r  i t s  e x p l a n a t i o n  the v e r y  r a r e  b r a n c h i n g  
of the c h a i n s .  

2. The  d e v e l o p m e n t  of a t h e r m a l  e x p l o s i o n  d u r i n g  the c o u r s e  
of a b r a n c h i n g  r e a c t i o n  i s  r a t h e r  c l e a r l y  e x p r e s s e d  and,  in p a r t i c u -  
l a r ,  t a k e s  p l a c e  in a v e r y  n a r r o w  i n t e r v a l  of v a l u e s  of ~ ,  i . e . ,  t h e r e  
e x i s t  c r i t i c a l  c ond i t i ons  f o r  t h e r m a l  e x p l o s i o n  which,  in the p r e s e n t  
c a s e ,  we s h a l l  c h a r a c t e r i z e  by  the va lue  of the p a r a m e t e r  ~ tha t  i s  
d e c i s i v e  f o r  the cond i t i ons  d e s c r i b e d  above (~c r ) .  T h e r m a l  e x -  
p l o s i o n  s e t s  in  wi th  ~-> ~ c r -  The va lue  of ~ c r  c a n  be  found f r o m  
the c u r v e  of the dependence  of the m a x i m a l  v a l u e s  of 0, x, and y 
a t t a ined  d u r i n g  the c o u r s e  of the p r o c e s s  on the va lue  o f ~  (Fig .  5). 

It i s  not  d i f f i cu l t  to d e t e r m i n e  ~ c r  wi th  su f f i c i e n t  a c c u r a c y  
as  the  a b s c i s s a  of the  s h a r p  r i s e  in  the v a l u e s  of 0, x, and y .  In 
a c c o r d a n c e  with  F i g .  5, in the g i v e n  c a s e ,  ~ c r  = (1.3805 :~0.0005) �9 
10 -3. In a m o r e  r i g o r o u s  s t a t e m e n t ,  the va lue  of ~ c r  can  be  d e -  
f ined  as  the  a b s c i s s a  of the  po in t  of i n f l e c t i o n  on the c u r v e  of the 
d e p e n d e n c e  of the va lue  of 0 (as we l l  as  on the c u r v e s  of the depen -  
dence  of  x and y) on the va lue  of ~ .  

3. As  can  be  s e e n  f r o m  F i g s .  3 and 5, the  va lue  of the  p r e -  
e x p l o s i o n  hea t ing ,  i . e . ,  the  m a x i m a l  d e g r e e  of hea t ing  with  ~ < ~ c r ,  
is  a p p r o x i m a t e l y  equa l  to  4.6 (in un i t s  of 0). F r o m  th i s ,  t ak ing  
accoun t  of the v a l u e s  of  E and TO, we ob ta in  A T  --~ 390~ 
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Fig. 5. Change in the m a x i m a l  
values  of (x) (1), (y) (2), and 6 
(3) as a function of ~4. 
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Fig.  6. Dependence of t i m e  r e -  
qui red  fo r  the a t ta inment  of the 
m a x i m a l  t e m p e r a t u r e  and of the 
induction per iod  of a t h e r m a l  ex-  
plos ion on x (1). (The value of 
the induction pe r iod  for  a cha in-  
type ignition is shown by  the  
s t ra igh t  line 2.) 

It mus t  be noted that in the reac t ions  cons ide redp rev ious ly  in 
the theory  of t h e r m a l  explosion ~the p re -e~p los ion  heating is equal to 
ze ro .  Thus,  in b ranch ing-cha in  reac t ions ,  there  are  cons iderably  
higher  deg rees  of p r e - exp los ion  heating. This  can be explained by 
the fact  that  a f te r  the induction per iod of chain ignition t h e  role  of 
the genera t ion  of chains,  with i t s  high act ivat ion energy ,  b e c o m e s  in- 
s ignif icant .  The taws governing the p r o c e s s  a re  de te rmined  by the 
remain ing  s tages ,  whose act ivat ion energ ies  a re  not grea t ,  since they 
take place with the par t ic ipa t ion  of f r ee  a toms  and r ad i ca l s .  Due 
to this ,  a reac t ion  with a cons iderable  ra te  takes  place (and the r e -  
act ion mix tu re  is  heated up appreciably)  also in the absence of a t h e r -  
mal  explosion.  In spite of the fact  that under  these  conditions a t h e r -  
mal  explosion does not take place,  the ra te  of the reac t ion  as well as 
the depth of the convers ion  can be substant ia l ly  g r e a t e r  than in the 
case  of an i so the rma l  course  of the react ion.  

The p re sence  of a cons iderable  effect  of se l f -hea t ing  on the 
p r o c e s s ,  in spite of the smal l  act ivat ion energy  of i ts  l imi t ing  stage,  
mus t  be explained by an inc rease  in the branching abili ty of the chains 
with a r i se  in t e m p e r a t u r e .  As a resu l t  of se l f -heat ing,  with ~4 < ~4cr 
there  is an i nc rea se  in the concentra t ions  of the active cen te r s  and a 
shor tening of the reac t ion  t ime,  as can be seen  f r o m  Figs .  1-3. 

Since E 1 = 0, E 2 = 15 k c a l / m o l e ,  and k~ =k ~ with smal l  degrees  
of se l f -hea t ing  (x) < (y). With the concentra t ions  of the s ta r t ing  sub- 
s tances  under  considerat ion,  the consumption of {y) in accordance  
with reac t ions  (4) and (5) cannot change this re la t ionship .  There fo re ,  
in the reac t ion  scheme descr ib ing  a p roce s  s with x ~  ~.cr, the qua- 
dra t ic  recombina t ion  of the active cen te r s  (x) is  not t aken  into a c -  
count.  Under  conditions of t h e r m a l  explosion,  as  a r e s u l t  o f the  s t rong  
r i s e  in t e m p e r a t u r e ,  the d i f ference  between I% and k 3 b e c o m e s  so sl ight  
that  i t  cannot compensa te  fo r  the consumption of (y) in accordance  with 
r eac t ions  (4)-(6). T h e r e f o r e ,  w i thx  >_ X e r ,  the m a x i m a l  concentra t ion 
of (y) is  found tobe  somewhat  l e s s  than (X)max (see Fig .  5). 

It is obvious that as a resu l t  of the cons iderable  change in the ra t io  of the ra te  constants  of the in- 
dividual s tages ,  brought  about by the la rge  change in the t e m p e r a t u r e  with t he rma l  explosion, the se t  of 
main  s tages  descr ib ing  the p r o c e s s  may  change.  Since, however,  the p resen t  a r t ic le  cons ide rs  the condi-  
t ions for  the development  of t he rma l  explosion,  as well as the course  of the reac t ion  when there  is no t h e r -  
mal  explosion,  the above m e c h a n i s m  r e m a i n s  unchanged over  the whole in terval  

0 ~ •  
As can be seen  f r o m  Figs .  1-4 and 6, the induction per iod for  chain ignition is cons iderably  l e s s  than the 
induction per iod fo r  t h e r m a l  explosion and the t ime requi red  for  the a t ta inment  of a maximal  t e m p e r a t u r e  
over  the whole invest igated range of values  of ~ .  With ~ = ~ c r ,  up to the moment  when the rma l  explosion 
se ts  in, the depth of the convers ion  7? ~cr~-  0.4-0.6 [the curve  on Fig. 2], which is c lose to the c o r r e s p o n d -  
ing value of this p a r a m e t e r  in the cas~ df s imple  au toca ta lys is .  
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