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Analysis of long torsional strings by proper orthogonal
decomposition

E. Kreuzer, 0. Kust

Summary Nonlinear excitations cause angular vibrations in torsional strings. In long strings, the vib-
rations are characterized by different dynamic behavior over the length. For a general case of a long
torsional string, a simplified mathematical model is introduced and numerically simulated. In order
to gain insight into the complex spatio-temporal dynamics, the method of proper orthogonal decom-
position is applied. A short description of this powerful technique for continuous as well as discrete
systems follows. By proper orthogonal decomposition, the dynamic response is projected on a subset of
the state space in which the most dominant dynamic effects take place. The time-invariant eigen-
functions represent the most persistent structures in the system. By this method the eigenfunctions
of long torsional strings are investigated. The reduction of the system’s dimension as well as the appro-
ximation of the system state is presented.

Key words torsional strings, vibrations, proper orthogonal decomposition, eigenfunctions, system
dimension reduction
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Introduction

In many technical systems, torsional strings serve as power-transmission elements between the drive
and the output. Examples are drive shafts in cars and ships and drill strings for deep drilling. Torsional
vibrations are often caused by nonlinearities in the string, In the case of long torsional strings, wave
reflections appear and the moment of inertia can no longer be neglected. Long torsional strings are
represented in mechanical modeling by a continuous one-dimensional body with oscillations depending
on time and position, and mathematically expressed by partial differential equations. Often, boundary
conditions are given by the velocity at the drive and, in general, by a nonlinear torque at the output.
Due to the nonlinearity, self-excited vibrations can occur. These vibrations are highly unwelcome,
because they may cause disruption or, in severe cases, even damage the transmission element.

Vibrations in long torsional strings result in spatio-temporal signals. For their analysis, well-known
methods are Galerkin approximations or Fourier series. Especially in linear cases and for systems with
fixed or harmonic boundary conditions, these methods are appropriate, particularly if the shapes of
the ansatzfunctions or of the eigenmodes are approximately known. If the signals are complex and the
ansatzfunctions are not obvious, experience or luck is necessary in their choice. One method to gain in-
sight into the dynamics without the prior knowledge of the eigenmodes and ansatzfunctions, especially
in nonlinear cases, is the proper orthogonal decomposition (POD) of the signals.

In the present paper, we first introduce a general system of a long torsional string. Then the
mathematical model will be formulated. The simulation and the behavior for different values of a
characteristic system parameter will be shown through bifurcation analysis. Then, an introduction
to the proper orthogonal decomposition for continuous functions as well as discrete signals will be
given, and the relationship between them shown. The theoretical description will be followed by
analytical and numerical investigations of a torsional string of a real system. We will demonstrate
how the complex system state can be understood in a simpler manner, how the dimension of the
system can be reduced efficiently, and how the POD can be used for approximation.
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Modeling

A simplified model of along torsional string between the drive and the outputis shown in Fig. 1. A string
oflength [ is driven on its left end at x = 0, and loaded by an external torque T. The moment of inertia
© of a disc (e.g. a cog-wheel, flywheel or break) is located at its other end at x =1, Often, the angular
velocity at the drive w, will be given. Characteristic parameters of the long string are the density p,
the shear module G, the polar moment of area I, inner and outer damping coefficients d, and d,, respec-
tively and the applied torque per unit length m(x).

As an example for long torsional strings, we consider a drill string for drilling deep holes for the ex-
ploration and production of oil and gas, as illustrated in Fig. 2. The drill string consists of tubes, and
lengths up to 5000 meters are common. Therefore, drill strings are very slender structures. The upper
end of the drill string is held by a hoisting in the derrick. The rotary table, a large horizontal gear wheel
which is driven by an electric or hydraulic motor, transfers the rotary motion to the drill pipes and the
bit. Drill collars are heavy, thick-walled pipes destinated to transfer load to the bit, and to produce ten-
sion in the drill pipes, which otherwise would bend.

The drill string will be considered as a one-dimensional elastic body. Due to the large torsional
stiffness of the drill collars in relation to the drill pipes, the drill collars will be modeled as a rigid body
at the lower end of the drill pipes. In a first approximation, the drill string can be represented by the
string introduced above.

Equation of motion By visualizing the equilibrium of an infinitesimal thin disk of a torsional string,
its dynamics can be described by the following partial differential equation (PDE)

pLo +d, ¢ — GLo" —d,GL¢" =m(xt), xeQ=[0,1], (1)

with () = 0/0t and ()’ = 0/0x denoting the derivatives with respect to time and position. The boundary
conditions are given by the rotational velocity o, at the drive; in our example this is the velocity of
the rotary table at the upper end, and the applied torque and the angular momentum of the disc at
the other end
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In our system, the applied torque consists of the torque on the bit and the angular momentum of the
drill collars and the bit. The bit torque depends nonlinearly on the angular velocity of the bit ¢(I) = ¢,
by means of the friction and the shearing during the rock cutting as well as on the angular position of
the bit ¢ (1) = ¢,, due to longitudinal oscillations of the string excited every revolution. Therefore,
the load on the bit increases and decreases with every turn

T=1(14cos@,;,) To(@y;). (3)
The nonlinear function T, (full load on the bit) depends on the velocity of the bit and is shown in Fig,. 3.

Simulation For some types of excitation, like fixed and free boundaries, the PDE equation of motion
given by Eq. (1) can be solved directly, but normally there is no analytical solution available for a non-
linear boundary condition. Furthermore, only for special cases solving routines are implemented in
software packages. In order to solve the PDE, the spatial domain £2 will be discretized via n space points
(nodes) and n - 1 intervals of length Ax =1I/(n —1) each

X=X, @0—Q, i:]-:---)n- . (4)

Using central differences for the spatial derivatives and expanding the spatial derivatives on the bound-
ary nodes with a third-order Taylor series, we get a set of differential equations for the nodes

épi:ﬁ((pj) Qbk)) i;j,k=1,...,n, v (5)

where ¢, = &, = @, denotes the angle at the drive (rotary table), and ¢, = ¢,, is the angle at the output
(the bit in this example). The truncating error over the whole domain is of order O(Ax3?). For more
details on the numerical solution of PDEs we refer to [13], [15].

Transforming all second-order ODEs into a set of first-order ODEs, the complete set of equations
of motion is given by

x=AWx+fxp), x=[p Q" eR", o=[pl, i=1...n (6)

with A and f denoting the linear and nonlinear part of the system. Parameter x is employed to

enable a variation of characteristics such as the angular velocity w, of the drive or the length [ of the

string. Finally, the initial-value problem is solved with a standard variable-order variable-step routine.

The result is the dynamic flow @ (e): R — " of the system at the discrete space points x,, i =1, ...., .
There are several possible ways to represent the flow of the system:

e Time plots, depicting the velocity with respect to time at every location x;. In Fig. 4 time plots are
shown for the drive (rotary table), the output (bit) and a level between them. Due to the unbounded
increase of the angles with time, such a representation of the angles is not appropriate.

e Cylindrical state space: the angles ¢, increase with time, and they are unbounded. On the other hand,
they are periodical with a period of 2. In order to overcome the unbounded system state, the tra-
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Fig. 3. Torque characteristic on bit Fig. 4. Time plots of the velocities at several levels



\’(P

Fig. 5. Cylindrical state space

jectories of each space point can be represented in a cylindrical state space by the following mapping,
Fig. 5:

(t, 0, 9;)ERx RxR—=(),0,)eS x R, ;= ¢, mod2x. 7)

Unwinding the surface of the cylindrical state space, the state space becomes a rectangular one.

Its width of 27 represents the angle ¢ and its height corresponds to the angular velocity ¢, Fig. 6.
& Rotating coordinate system (Fig. 7): if there exists a bounded phase difference between the space

locations, the state space will be represented in a system rotating with a cross section at an arbitrary

space point k

(ta Pis qbi)'—)(t)¢pd')i)y ¢i:(pi~q)k’ i:].,...,l’l. (8)

Due to the fact that now only relative coordinates are considered, there is a loss of information:
the angle and the angular velocity of the k-th component is equal to zero,

¢, =0, ¢, =0.

Bifurcations In real technical systems, torsional vibrations can often be observed. Such vibrations in
drill strings have been well-known for a long time, [4]. They are highly unwelcome, and in severe cases
they can even damage the string.

The variation of the parameters of the system will lead to various flows. The investigation of the
influence of these parameters, for example, the velocity of the drive (rotary table) 4 = w, = w_, shows
that periodic as well as chaotic behavior can occur. In Fig. 8 the trajectories of the bit are depicted for
different velocities of the drive in a typical range of practicably relevant velocities. For w, = 10.1 rad/s
and w, = 11.0 rad/s, the bit performs different periodic motions while for @, = 11.6 rad/s chaotic
behavior appears.

The pictures are not phase plots in original sense. The overlapping of the trajectories results in the
projections of the whole state space on a single 2-D state space.

An appropriate way to investigate qualitative changes characterized by bifurcations is the method of
Poincaré mapping, [9]. A bifurcation diagram for the varying angular velocity of the drive is shown in
Fig. 9. Itillustrates the intersection points of the trajectory of the bit with the Poincaré plane X = { ¢, —

15 - : : !
25 —— 1 — rad/s !
rad/s

®y=10.1rad/s
J

15 F :

10

T
P

¢ —

5 . ‘ . 20 -15  -10 3 0 5 rad 10
0 72 T nn oin @ ?,
¢ mod 2n

Fig. 7. Phase portrait of the bit trajectory in a coordinate
Fig. 6. Simulation in cylindrical state space frame rotating with the rotary table (index rt)
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Fig. 9. Poincaré map of the trajectory of the bit

=0y depending on the velocity of the drive w,

0,19, — 0, =0AN @, — ¢, >0} depicted against the increasing bifurcation parameter x4 which re-
presents the angular velocity «, of the bit in a typical range of velocities. For the value w, = 10.1 rad/s
two intersection points occur, for @, = 11.0 rad/s one, and for w, = 11.6 rad/s the chaotic motion mani-
fests in infinitely many points. For velocities greater than 12.6 rad/s the vibrations vanish, and a stable
rotation with fixed phase difference between bit and rotary table occurs.
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Proper orthogonal decomposition

For the analysis of the spatio-temporal dynamics, proper orthogonal decomposition (POD), which is
often also called Karhunen-Log&ve (KL) transformation, has been recently used as an efficient tool in
several disciplines.



POD goes back to [10], [11] and [6], [7], and has been successfully employed for the analysis of
dynamical systems by several researchers, see e.g. [12], (2], [3], [8], [1] and others. POD is used in the
context of turbulence, picture recognition, data compression and chemistry.

With proper orthogonal decomposition, the spatio-temporal dynamics will be projected on a subset
of the solution space in which the most dominant dynamics take place. The time-invariant eigenfunc-
tions represent the most persistent structures in the system, while the corresponding amplitudes are
uncorrelated. Nontypical patterns, like noise in the dynamics, are faded out. The variance of a time func-
tion serves as a measure for its dominance. For appplying POD, no a-priori knowledge of the
system and 1o ansatzfunctions are necessary, and often the dynamics can be approximated very well
by only a few eigenfunctions. Due to this fact, an efficient reduction of the system’s dimension can
be reached.

73
Continuous functions Spatio-temporal dynamics may be given by the continuous function u(x, t)
in space and time. In order to gain insight into the dynamics, we are interested in coherent time-inde-
pendent structures of the signal. The structures are manifolds, on which the most part of the kinetic
energy is stored in a time average. On these manifolds, the system state rests with major variance. Let
the function be of the class of square integrable functions on the interval [a, b], ueL*[a, b]. In physical
terms, the kinetic energy of such systems is bounded.

The space U in which the dynamics of the system takes place can be decomposed into the two linear
subspaces U, and U, as the direct sum U = U, @ U,, [14]. For the projection of an element e U onto the
two subspaces holds, that u = u, + , with u,€ U, and u,eU,, Fig. 10.

In this way, the function u will be projected onto the subspace U = span{y,,..., ¥, } being the
space spanned by v functions ,,..., 1/, of a set of orthonormal square integrable basis functions

(¥} wel’la D]

u(vJ = Z (ux‘pi) '1[’1) (9)
where

b
(u,v) = [u(x, 1) v(x, ) dx, (10)

denotes the inner product of the functions u and v defined on the interval [g, b]. The basis functions
will be a set of orthonormal functions

0, i#j, -
1, i=j.

b
j‘//i(x)lﬁj(x)dx = 51‘]': 5,j = {
a

We understand “coherent structures” as the functions which are most similar to the members of
u(x) on the average, or, in other words, they will represent the mean “energy” of the signal u projected
on the basis functions ¥,

1 T
Ay=lm <[, u(x,0)Pdty, i=1,2,.... (12)
T TO
With respect to the inner product (10) Eq. (12) leads to the integral equation
A= (K (%, 2), ¥, (9)), ¥, (%)), (13)
U,
3

Fig. 10. Decomposition of U into the two linear subspaces U, and U, as the direct
g sum U= U, @U,. Projection of an element ue U onto the two subspaces, such
U that # = u; + u, with #, €U, and u,€U,



with the semi-positive definite kernel
1 T
K(x,y) = lim ?ju(x, Huly,t)dt. (14)
T—oo = 0

Considering the orthogonality condition Eq. (11) results in the Fredholm integral equation

b
fK(x,y)lﬁ,-(y)d)/=/"tilﬁi(x)- (15)

Sorting the eigenfunctions ¥/, with descending eigenvalues /,,
JVIZ}VZZ”'Z/L,Z“'EO, (16)

which corresponds to the ordering of the variances of the eigenfunctions s, the eigenfunctions represent
the manifolds from most to least dominance.

Due to the fact that the eigenfunctions span a subspace in which the dynamics takes place, every
function u within this subspace can be represented as a combination of the eigenfunctions. Therefore,
the system state can be approximated by a summation of the first v eigenfunctions i, weighted with time-
depending amplitudes a,(t)

14

u =3 a, () (x). (17)

i=1

For the time functions a,(t) hold from Egs. (17), (9) and (10)
b
a(t) = [u(x,0) ¢, dx. (18)

The convergence of the series (17) for v— oo is given by Parseval’s equation: multiplying both sides
of (17) with u and integrating afterwards over the domain [a, b] leads to

b 0
[ (x)de= ) a. (19)

From Eq. (13) together with Egs. (14) and (11), we get the important property of the time functions a,(t)

i%

T
lim %jai(t) a,(0)dt = 4,0;. (20)

T-w =0

The time functions are uncorrelated. The eigenvalue Z; of an eigenfunction y, is a measure for the
variance of the system state projected onto this eigenfunction.
Given two orthonormal sets {,} and {¢,}, with

5 = Y a2 @
investigated by POD, and
) = ¥ B0 @)
-1
{¢,} being any other orthonormal basis, then the following relation is obtained:
kzv: {aiy =ki1}tk2kil<bi>, Vv, (23)
-1 - -

where (@) denotes the time average. For all v more energy is stored in the first v eigenfunctions of
the POD than in any other eigenfunctions. That is the optimality condition of the Karhunen-Loéve
transformation.



Discrete functions The given data set u,(t) = u(x,, ) can be split into a mean part i1 and a second part
1 with zero-time average. Then the signals have the following properties:

u(t) = [ul(f)»--:un(f)]T:ﬁ+ﬂ(t)> u>ﬁsn‘€Rn> E(ll) =1, E{TI} :0’ (24)

thereby E{e} denotes the time average of its argument. As in the continuous case, a linear projection
P of n onto a subspace with orthonormal basis {{s,,...,\,} is given by

P= ) (bom)¥, (25)

where (e,e) denotes the inner or scalar product of two vectors. The data set can be expanded by the
series

u=1+ ) a,()y, (26)
i=1

For the time functions a,(¢) hold from (25)

a,= ) =y ="y (u—10). (27)

The data set can be written in matrix notation with a = [a,(¥),..., a,() ], ¥ = [{,,..., ] as

u(t)=u+WYa(t), YeR"*"a,uuecR" (28)

[t is the aim of the KL-transformation to find the basis vectors in such a way that the corresponding
time functions are uncorrelated. Assuming E{a} = 0 means all covariances of a vanish, and the
covariance matrix becomes diagonal:

C,=CL=E{(a—E{a})(a—E{a})"} =E{aa’} = diag{/,,...4,}. (29)

In order to determine a basis ‘¥, the second moment E{uu”} of the data u is calculated. Using (28),
(29) and E{a} = 0 this leads to

E{fuu'} =ua’" +¥C,_ V" (30)
Together with rules for calculating covariance matrices

C,.=E{uu'} —E{u}E{u"} =E{uu’} —ad"=¥YC ¥’ (31)
and the properties of orthonormal vectors

Y =6,~¥"¥ =E, (32)
we obtain an eigenvalue problem for the basis vectors \,

(C,—4ENW,=0, i=1,...,n, (33)

where E denotes the n x n identity matrix. Using the fact that the covariance matrix C_ of the data
set is real, symmetric and of order n, there exist exactly n real eigenvalues with n corresponding real
orthogonal eigenvectors \,. Sorting the eigenvalues in decreasing order, 4, > 1, > --- > 1, the
eigenfunction \, represents the most persistent spatial structure corresponding to a time function
a,(t) with greatest variance.

For dynamic systems, the phase space can be approximated by the first v eigenfunctions as the sum
iV =+ ) a\, (34)
i=1

We introduce the approximation error ¢ depending on the number v of used eigenfunctions,

T
eV =lim [lu—a"|,d (35)

T—co 0



For the choice of v, a practical condition is given with the error limit 6 by
v={y|e" < 8}. (36)

With formulation (34), the complex set of data can be understood in a simpler manner and, moreover,
due to v < n, it can be used for storing the set efficiently. For an approximation with K eigenvectors |
for M time steps and n space points, we use one average vector u of dimension #, v eigenvectors s, of
dimension n each, and v-M timefunctions a, For storing all time steps in all locations, we need n-M
storage places. For a very large number of time steps, the relation of the storing place is n/v.

Relationship between continuousand discrete eigenfunctions From the discretization of the inter-
val xeQ = [a,b] into a set of points x — x,i = 1,....,n, it follows, that the eigenvector { = [¢,,...,},]"€
R" describes the continuous eigenfunction i(x) only at the n points x;. Furthermore, by applying the
inner product, the orthogonality condition holds only for these points x;.

To bring the eigenvector and the continuous eigenfunction into line, the eigenvector ¥ must be
scaled, Fig. 11

U =x\. (37)

The linear scaling factor x can be obtained in the first approximation from the comparison of Egs. (18)
and (27), by applying rectangular rule x,,, or trapezoidal rule x,  for the integration

rect

Kroct = 1 trap
o e ]

Furthermore, there exists a great variety of algorithms for a quadrature of a function. Representing
the eigenfunction with polynomials

(38)

Y =[] -px) = Zax, (39)

the eigenfunction can be approximated by the scaled eigenfunction v

p(x)

R G
[[p*(x)dx

For many applications, no scaling of the eigenvectors will be necessary due to the linearity of the scaling.
It will be only used in cases when a continuous function is necessary, i.e. for projections from discrete
eigenvector.

(40)
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0.8 . L . L L L
0 1 2 3 4 5 6 Fig. 11. Continuous eigenfunction, eigenvector ys

x — and scaled eigenvector s
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Analysis of torsional vibrations by proper orthogonal decomposition
As announced in Sec. 2, the equation of motion (1) will be solved with regards to the boundary condi-
tions given in (2). The results are time series of the angles ¢, and angular velocities ¢, of the nodal
points x;, i = ,...,n. For applying the POD on the data set we must take into account that the values of
the angles are unbounded, and a decomposition would not work as introduced in Sec. 3. Therefore, we
analyze the system state in a co-rotating coordinate system as mentioned above. The loss of information
by means of a rotating frame can be accepted, because we are interested only in the torsional vibra-
tions and not in the mean motion of the system. In many technical systems, the mean motion is given or
desired, and only differences are of interest.

The set of equations of motion (6) can be rewritten with respect to a co-rotating coordinate frame
which is fixed with the drive

i =A*u+f*(u), u(0)=mu, (41)

with A* and f* denoting the linear and nonlinear term, respectively. The flow of the new system
state is @* (u,). After solving the initial boundary value problem (41), we get a data set u of the torsional
vibrations with the following property:

u=1[0,(¢;— 9,),0,(¢;— @, )", i=2,....nm, ueR™ (42)

Due to the two zero rows u, =0 and u,, , =0, two zero rows and two zero columns occur in the
covariance matrix C . Therefore, the rank of the covariance matrix is

rank(C,,) = 2n —2, (43)

instead of full rank 2n. Additionally, in practice, the covariance matrix is often numerically nearly
singular. For calculating the eigenvectors and eigenvalues, we use singular value decomposition
(SVD), [5].

The drill string was discretized by # = 65 space points and 2n = 130 ODEs, respectively. Totally,
approx. 6000 time steps have been calculated. Applying the POD on the data set u, we obtain eigenvectors
,and time functions 4,(t), i = 1,....,2n. The first six eigenvectors are shown in Fig. 12 for co, = 10.1 rad/s
and a length of the drill string of 2000 m (they correspond to the phase plot Fig. 8). The first eigenvector
points in the direction of the velocity with the most persistence, the second in the direction of the most
persistent angle. From the shape of the sixth eigenvector, it follows that there exists more than one point
having the same sixth eigenmode, while the other eigenmodes are only concurrent in the point x = 0 at
the drive.

In comparison to other methods, like Galerkin expansion or Fourier series, it is obvious how powerful
POD is. Eigenvectors as well as eigenvalues (see below) were directly determined out of the correlation
of the flow of the system by means of a mathematical measure.

The PDE (1) is linear but the boundary conditions (2) are nonlinear. Due to the excitation lying not
nearby an eigenfrequency of the system, the following can be observed: the calculation of the eigen-
vectors and time functions for different values of the bifurcation parameter p (here it is the angular
velocity w, of the drive) yields the eigenvectors which are almost constant, while the time functions a{t)
change qualitatively with u, Fig. 13.

From (34) it follows that the data set u could be approximated by the first v eigenvectors. Figure 14
shows the attractor of the bit trajectory, the directions of the first two eigenvectors projected on the state
space of the bit, and the approximation of the attractor by the first four eigenvectors in a co-rotating
coordinate frame for a drive speed of w, = 10.1 rad/s. The good approximation by means of only a few
eigenvectors is obvious.

The eigenvalues A; of the eigenvectors ; decrease exponentially down to some limit (approximately
the machine unit) with the first 20 eigenvectors, and then remain nearly constant as depicted in Fig. 15.
It can be shown that the approximation error ¢ from (35) reveals a similar behavior to the eigenvalues.
That means that the approximation error decreases only slowly after a characteristic number of eigen-
modes. An approximation with more than v = 20 eigenvectors is not useful. An interesting point is that
the eigenvalues occur in pairs or triples several times.

As mentioned above, the dynamics can be represented in a subspace U", which is the span of the
first v eigenvectors

i =a+ > a()V, wYeUY =span{y,...,V,}. (44)
i=1
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Inserting (44) in the system Egs. (41) yields
ﬁ:A*[ﬁ-l— Za,.(t)\lz,]Jrf*[ﬁJr Zai(t)\ll,]. (45)
i=1 i=1

Multiplying (45) from the left-hand side with s, and applying the orthogonality condition (32) leads
to a set of v ODEs for the v time functions g,(f)

;=\ a+ _Zvlai‘l’jTA* v+ ‘I’J‘T f*|:ﬁ + ;ai(t) \Ilijl’ (46)

=c+ Zaibiﬁﬁ**(al,...,av), j=1Lov, (47)

i=1
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In order to solve the v ODEs given in (46), v initial conditions are necessary

a,(0) = \};jT(uo —@)=c;—¢ j=1.,0

50

(48)
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The dimension of the system 21 can be reduced by POD to the level of v. Looking at the distribution
of the eigenvalues, Fig. (15), typically v = 20 eigenvectors give a good approximation. The reduction
factor is p = 2n:v = 130:20 = 6.5:1, which is 15% of the system’s original dimension.

5

Conclusions

An analysis of the spatio-temporal dynamics of long torsional strings by means of proper orthogonal
decomposition has been presented for the first time. After introducing a string model, we have described
the mathematical model used in the subsequent sections. We have outlined the problems with rotating
coordinate frames, discussed the properties of the proper orthogonal decomposition in a readily
comprehensible way, and demonstrated how to analyze a mechanical system by means of it. The
advantages of efficient approximation and powerful system dimension reduction have been presented.
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