THEORY OF TURBULENT COMBUSTION
OF A HOMOGENEOUS FUEL MIXTURE AT
HIGH REYNOLDS NUMBERS

V. L. Zimont

Model representations of the mechanies of combustion are used extensively in analyzing turbulent com-
bustion. Two limit cases of combustion corresponding to the characteristic scales of turbulence L, which is
much greater or much less compared to the thickness of the normal laminar combustion front in the fuel mix-
ture under consideration bp, are distinguished [1]. In the first case (L> bp) combustion occurs in thin fronts,
strongly curved because of the turbulent motion of the medium (surface mechanism of combustion). The com-
bustion surface is hence often represented as an ordinary laminar flame front being propagated at the velocity
up relative to the fuel mixture (from similarity considerations, its thickness is bp ~ @/up, in order of magni~
tude, where a is the molecular coefficient of thermal diffusivity). In the second case (L «bnp), the action of
turbulence reduces to just an increase in the transfer coefficients in the combustion zone (volume mechanism
of combustion). A qualitative investigation of combustion in this case reduces to the analysis of the laminar
front with the replacement of the molecular by turbulent transfer coefficients.

In the case of large turbulence Reynolds numbers Ret=u'L/ > 1 (u' is the root-mean-square value of the
velocity pulsations characterizing the turbulence energy, L is the characteristic size of the energy containing
vortexes, usually taken equal to the integral of the turbulence scale; andv isthekinematic coefficient of molec-~
ular viscosity), a continuous turbulence spectrum is characteristic, consequently, a developed turbulence micro-
structure with vorticesless than by canexistinthe flow for L by, which will exert substantial influence on the struc~
ture of the instantaneous combustion front and can intensify the transport processes. This results in a need to
examine an intermediate model conserving the features of both limit cases, in which a strongly curved flame
front exists in the combustion zone, which is thin in comparison to the average width of the heat liberation
zone (this front is considered as a random surface below). However, the thickness of such an instantaneous
combustion front and its propagation velocity relative to fresh mixtures are much greater than for the normal
laminar flame front [2].

Such a combustion model is examined below, the domain of the turbulence parameters where it is valid
is found, and the dependence of the turbulent combustion velocity ut on the turbulence parameters and physico-
chemical characteristics of the fuel mixture is determined. This analysis uses dimensional analysis consid-
erations contained in the known II_ theorem [3] in addition to results following from kinematic regularities of
the model taken.

Let us consider a one-dimensional combustion zone (the average parameters depend on one space
coordinate along which the combustion wave is propagated) which is developed after it has been set in contact
with a fresh cold mixture and hot combustion products after a certain initial time. Here the quantity ut is de-
fined as the mean volume of the fresh mixture which burns per unit time per unit surface of a plane perpendic-
ular to the direction of flame propagation. In the general case, because of nonstationarity of the average
width of such a one-dimensional combustion zone, ut does not agree with the propagation velocity of its leading
front, which is ordinarily determined in experiments.

Let us note that there exist adherents of the volume model for L>> by and Ret> 1. One of the arguments
is analyzed in the following expressions in [4]: "By returning to fine-scale turbulence, we recall the discussion
found in the literature which is transformed into a good example of sophistry when it is not accompanied by
quantitative estimates. The discussion is the following. Fine-scale turbulence, which is always present in
the spectrum of scales, extends the normal flame combustion zone. Coarser scales become small relative to
the expanded zone. By falling into the combustion zone, they extend it still more, etc. All the scales gradually
are drawn into the combustion zone. Hence, there is no sense in comparing turbulence scales to the width of
the normal combustion zone, which is not and cannot be in a turbulent flame.®
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The estimates in [4] and experiments do not confirm the possibility of the existence of a volume com~
bustion mechanism in real cases. Thus, a direct experimental investigation of the structure of a homogeneous
combustion zone for a gasoline—air mixture at 20-25-m/secvelocities for a 0.4-m-diameter burner by mea-
suring the instantaneous temperatures with a low-inertial thermometer showed that finite probabilities for
the temperature of the initial mixture and the temperature of the combustion products exist in the combustion
zone while the probability of intermediate temperatures is low, i.e., the surface combustion mechanism holds
[5]. Nevertheless, in a theoretical analysis the question of the physical reason for the absence of such a
sequential involvement of all the coarser vortices in the combustion front remains and the need arises for an
estimation of the limit thickness of the combustion front bp.t (by which the instantaneous zone separating the
fresh fuel mixture and the combustion products is to be understood) and its propagation velocity over the fuel
mixture u;, .

1. Let us examine such turbulence parameters and physicochemical characteristics of the mixture for
which vortices with a size on the order of the thickness of the expanded combustion front bp.t and governing
the intensity of the process in the front are referred to the inertial interval of the turbulence spectrum;

L>b ,>n= g1l LRet?*, (L.1)

where 5 is the Kolmogorov scale,whichagrees, in order of magnitude, with the size of the minimal vortices
existing in the turbulent flow, £ is the rate of dissipation of turbulence energy governed by the energy content
of the vortices and equal to e~u'3/L from dimensional analysis ([6], for instance).

The pulsation energy spectrum in the doma.in of the inertial interval, which is independent of viscosity
and governs the rate of dissipation from dimensional considerations, will have the form [6]

E (k) ~ 82/3k_5f3.

Here k is the wave number, the corresponding vortex size equals 1/k in order of magnitude. The root-mean-
square magnitude of the velocity pulsations up ¢, whichis determined by vortices contained in a layer of thick-
ness by, ¢ and their integrated scale Ly ¢, are written in terms of the energy spectrum on the basis of ordinary

expressions:

0 o
um,v f E(B)dk ~ 32/3 2B, Lot~ j k"E(k)dk/ f E(R)dk~ by .. (1.2)
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from which the coefficient of turbulent thermal diffusivity in the front will be

’ 1/304/3
yp ~ thy 1Ly o ~ 22000 (1.3)

The expression (1.3) also follows directly from dimensional analysis since ap ¢ for the inertial interval should

be independent of the molecular viscosity and is defined by € and bp.t. Substituting the expression bn.t
following from (1.3) into the right side of the inequality (1.1), we obtain (a is the coefficient of molecular

thermal diffusivity)

aﬁ_’é‘ > va/A ~ a3/l;, (1.4)
i.e., the contribution of the molecular processes to the intensity of transfer in the combustion front is insig-
nificant,

The velocity of combustion front propagation and its thickness are functions of ap ¢ and the characteristic
time of chemical reaction in the front te, from which we obtain analogously to the case of laminar combustion

by using dimensional analysis considerations:

g™~ (au.t/:tc) 12, by~ (a4, t) 2, (1.5)
It follows from (1.3) and (1.5) that
ty o~ (IR b, ~L(L/8)Y2 ay  ~a, (E]4)?, (1.6)

where a;~u'Lis the coefficient of turbulent thermal diffusivity, and ty~ L/u! is the characteristic time of the
turbulent pulsations.

The relationships (1.5) are the actual conditions of the fact that in a coordinate system where the com-
bustion front is fixed, the heat fluxes in the front because of heat conduction and convection, and heat liberation

because of chemical reaction have one order of magnitude, i.e.,

Copy o AT /by ~ Coptiy AT ~Q-w-by ., (1.7
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where AT is the temperature increment in the front; w, the mean rate of reaction of the fuel; and @, the
thermal effect of the reaction. Indeed

QCONPCPAT, tCNCOIW!
where ¢, is the initial fuel concentration.

The relationships (1.5) follow directly from (1.7). Therefore, the expansion of the combustion front
and involvement of more and more coarse vortices occurs until equilibrium is established between the con-
vection, heat conduction, and chemical reaction processes, as occurs even in the case of laminar combustion
when [2]

a
b, ~ p b, ~ (at )v2, (1.8)

Let us henceforth assume that the chemical reaction time t; is identical for laminar and turbulent
combustion, then according to (1.6) and (1.8)

’ /2 ’ 8/2 4 2

~y (L e u a ~ “a 1.9

o~ (L ,ﬁ) ’ bn.t"’L('L‘tﬁ) v G~ (L uz) . (L.9)
n/ . n o]

Comparing (1.5) and (1.8) and taking account of {1.4) results in
Uy Dty by > by

It should be noted that the assumption of invariability of the reaction time to during laminar and turbu-
lent combustion, which holds, for instance, for an identical functional form of the temperature distribution
across the instantaneous combustion front and in the absence of noticeable temperature pulsations therein
for turbulent combustion 77°/0%«], is sufficiently strong in both cases (@ is the characteristic temperature
range of the chemical reaction). The fact is that in conformity with (1.2), the characteristic scale of the
vortices in the instantaneous combustion front is commensurate with its width, which can result in a high
pulsation level. An estimate of the temperature pulsation intensity requires the reliance on balance equations
for the temperature pulsations T'% in the coordinate system in which the instantaneous combustion front is
fixed. Equating the convective transfer, the generation associated with the mean temperature gradient, the
diffusion and dissipation T'z, which can be estimated respectively as

a’ . T dT\* AT
Bt ax Rlpy o0 “Miidy ) L
n,t
— -— =t
2 aly L, IT Ty
. N n.t 2 H4 ¥
ax todx . bn.t Ln.t

in order of magnitude, and using (1.2) and (1.6), we obtain 7*/(AT)2 ~ 1.

This estimate shows that the expanded combustion front differs in structure from the extended laminar
front zone which holds for L« by and more often corresponds to the microvolume combustion model [2], which
is characterized by a high level of temperature pulsations in the instantaneous combustion zone, resulting in
an increase in the relative width of the substantial heat liberation zone in the front as compared with the
laminar combustion case.

The condition for the existence of a strongly expanded combustion front {the right side of (1.1)) becomes
after (1.6} and (1.8} have been used

3/2
(EVRR) " ~ e el 1. .10

Using the expression for ¢ in terms of the turbulence microscale A:g=15vu'*/A? we obtain (u'/A)%2> (upa)’?
from (1.10), which is practically in agreement with the condition for the strong influence of turbulence on the
laminar flame front u'/A >ul/a, proposed in [7]. By using the expression for 1 in terms of ¢ from (1.1) the
inequality (1.10) is converted into the form 7' < a%uj,i.e., at least there should be 1< bp, Which agrees physi~
cally with the initial hypotheses of the model. Let us also note that (1.10) yields an upper bound on ARet, or '
Ret «(u'/up)®, for fixed u' and uy, which can be spoiled for too large L.

The left side of (1.1) becomes after (1.6) and (1.8) have been used
/

A 372 .
K{) ~ (e a1l )? < 1. (1.11)
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It follows from condition (1.11) that the residence time of the substance in the front tf~ by ¢/un.t (Which
also characterizes the buildup time of the stationary values of by ¢ and up.t) equal to tf~tg, according to
(1.9), should also be much less than the dissipation time fq~ u"/e~L/u’' ~ t;. This inequality as the condition
for the existence of a surface combustion mechanism is mentioned in [4].

2. The turbulent combustion velocity ut can be represented in the form

Uy =g, f(-éis—) (2.1)

Here 6S is the area of the combustion front surface element, 68, the area of the projection on this element on
a plane perpendicular to the direction of flame propagation, and the upper bar is the averaging symbol.

Let us consider that at each instant the surface of the front is a unique random function of the trans-
verse coordinate x=h(y, z), which is apparently admissible for qualitative estimates since the probability of
meeting a front ambiguity does not exceed 0.1-0.2 [5] according to experimental results (x is the coordinate
along which the reaction wave is propagated). Then

(58 ) (1 + (ax) + (Z_Z)ﬁ)i/z = (1 4| grad A %)z,

In the case of the combustion surface mechanism we are interested in (85/6S;) > 1

S ' P
(%)z [grad ] ~ ([grad A )" = =, (2.2)

where 32 =(x —x)% A is the microscale of the length of the random front surface inserted by analogy with the
case of a random function of one variable, in the form

A=3/| grad h|.
For the case of a random function of one variable &(#), &(f) =0 the usual definition of microscale has the form
- [TgEa
A= gzj(%) :

The coefficient of proportionality in (2.2), which equals one in order of magnitude, is calculated directly
in the case of a normal (Gaussian) law for the probability density of instantaneous values of lgrad hl

jgrad & __ lgradh? z 55
asu SVﬁ'ﬂlgrath xp[ 2grad i d(lgradh])] V IgradkP V-JI_T

Taking Z~ L for the estimate, it follows from (2.2) that A «<L for the surface combustion mechanism.
Let us examine the case when uy, ¢ <u'. If (1.6) and (1.8) are used, this condition takes the form

£ \1/2 1/2
LY p!t (f-) ~ (%--%) «l, (2.3)
* t U up

/
i.e., is stronger than the inequality (1.11). In this case, in the time range
Liw'=<t<Llug ¢ (2.4)

the combustion front can be considered to consist approximately of the same fluid particles (since the dis~
placement of the front relative to the medium is much less than L during this time), and 22 is subject to the
customary turbulent diffusion relationship

Y2~u’Lt. (2.5)

The value of A is a function of L, u', bp.t, Un.t, and t. On the basis of a dimensional analysis theorem,
this functional relation can be written in the following dimensionless_form

Alby =Gy (w't[by,, Wiy, Libye)-

Taking into account the relation between u'/uy, ; and L/by, ¢ that follows from (1. 6), and using the condi~
tion of stationarity of u; according to (2.1), we obtain for the validity of (2.5)

Al = (Wtfby ) *Ge(Libh ). (2.6)
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According to (2.3), the argument of the function G, is large. Let us present reasoning that hence G,=
const~ 1. Indeed, if this is so, then bn.t <« A «I upon compliance with (2.4). Hence, vortices of the size L
transfer perturbations on the order of A as a whole to the front and A cannot depend explicitly on L,

i.e., Gy=const. It follows from (2.2), (2.5), and (2.6) that

(8S/8S0)-~ (Liby ) V2. 2.7

The expressions (1.6), which are valid when the width of the extended combustion front corresponds to the
domain of the inertial interval of the energy spectrum, were used in obtaining (2.7). 1f this is not so, partic-
ularly for the existence of laminar combustion fronts, then (2.7) does not hold.

Let us emphasize that the stationarity of the combustion front area does not contradict the nonstationarity
of the width of the average combustion zone since the quantity Z is determined primarily by vortices in which
the order of the pulsations is u' and the size is L, while the area is determined by much fewer vortices in
which the pulsations are commensurate with the value of the front velocity uy ¢ (the dependence of (6S/6S;)
on L does not contradict this because of the existence of equilibrium between the turbulence macro~ and
microstructure). This results in static equilibrium between the increase in the surface area of the front
because of turbulent pulsations and its diminution because of displacement of the combustion front relative to
the medium, the buildup time of a constant value of area is hence much less than L/u'. The increase in
Z is associated with the fact that equilibrium between the expansion of the mean combustion zone because of
turbulent diffusion and its narrowing because of front displacement relative to the medium is not achieved at
the times (2.4). Such equilibrium can be achieved for t~ L/uy; ;.

Let us note that some considerations from dimensional analysis yield only

(857685) = H (Lby ). (2.8)
It follows from (2.7) and (2.8) that the function H does not tend to a constant as the argument increases.
Physically this is conceivable since the area of an infinitely thin material surface increases monotonically
with time in turbulent flows. Hence, as bp.t (and thereby up.{) tends to zero, the stationary magnitude of the
area can be arbitrarily large. The power-law dependence in (2.7) is actually a manifestation of self-similarity
of the second kind examined in [9, 10], however, it follows here from a qualitative analysis rather than from
the exact equations of the problem (which are not in the approach under consideration).

The relationships (2.1), (2.7}, (1.6), and (1.8) yield the final result

1/4

uy = Aw Yl (ZL) 4’ (2.9)
4

which holds upon compliance with the inequalities (1.10), (2.3), and (2.4), where A is an empirical parameter

of the order of one.

Because of the smallness of the value of the exponent (tt/tc)l/ ‘~const~1(for instance, ty/t, ~ 10%(t/t )1/
~3 in (2.9) the approximate expression u;~u', relative to (2.9), follows, which agrees with the result obtamed
on the basis of simple geometric considerations in [4].

If (2.9) is rewritten in the form uy/u’ ~ (L/u'-u3/a)"’* and (2.3) is taken into account, we obtain that ug >u'.
An estimate for T in the time range (2.4) follows from (2.4) and (2.5), and can be considered as the char-
acteristic width of the turbulent combustion zone:

172
Vst g (w'/e. uifa)’® ~ kit> . (2.10)
c

Let us again emphasize that here we understand ut to be the mean volume combustion velocity which is
considered during the combustion time when the average width of the one-dimensional reaction wave increases
according to the law of turbulent diffusion. The velocity of its forward boundary, determined by instantaneous
ejections of the combustion products into the cold mixture, can exceed the quantity ug substantlally, where in
substance the propagation velocity of such single ejections is not related to us.

It can be represented that the width of the one-dimensional zone reaches stationary values for much
greater combustion times, and the values of the forward boundary velocity and of ut will be equal. In this case
ug will be determined by the propagation velocity over the cold mixture of incendiary foci being propagated
because of the relatively scarce, but significant, ejections of combustion products into the fresh mixture, and
the known "rapid" mechanism of combustion propagation will be realized. The instantaneous combustion sur-
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face will automatically be readjusted so that the relationship (2.1) would be satisfied for this value of the com-
bustion propagation velocity. The quantity u, ¢ and the mean spacing between such ejections will affect the
value of the stationary average width along the reaction.

3. Letus analyze the condition for compliance with (1.10) and (2.3) in experiments and the correlation
between the relationships (2.9) and (2.10) for ut and £ with experimental results. Let us examine the follow-
ing characteristic mode: the combustion of a stoichiometric mixture of hydrocarbon fuel at normal pressure
and a 300°K initial fuel mixture temperature in a 0,2-m-diameter pipe at the mean velocity 100 m/sec, a=
0.2 m?/sec, up =0.4 m/sec, u'=5 m/sec, L=1 cm, v=0.15 cm“/sec. Substitution of these values in the in-
equalities (1.4) and (2.3) yields 8> 1 (i.e., the Kolmogorov dimension is half the thickness of the normal com-
bustion front) and 0.3 «< 1, respectively. Because of the asymptotic nature of the combustion model developed,
it is admissible to consider the existence conditions for the models to be satisfied in tests.

Since uy grows with the rise in the initial mixture temperature (for T,=300°C we have up~ 1.5 m/sec
and up ~3 m/sec for Ty=600°C), a sufficiently high velocity pulsation level and sufficiently large turbulence
scales are needed to comply with conditions (1.10) and (2.3), which can be achieved in high-speed flows
in large-scale installations when using turbulizing gratings with large perforations. It follows from an analysis
of (1.10) and (2:3) that the results are made inapplicable to describe combustion in low-speed flows and for
a low pulsation intensity level ' ~up), as well as for too small integrated turbulence scales L (up.t~ut) or
for too high turbulence scales and intensities (it is apparently difficult to realize this latter case in practice).
Hence, the results obtained, particularly (2.9), are valid to describe the turbulence combustion process in
ramjet chambers and in large industrial installations. There is less foundation for their application in small
laboratory installations with low-flow speeds although, as often turns out in applications, such relationships
based on asymptotic estimates can turn out to be applicable to describe experiments and in a broader range
of parameters than was assumed in obtaining them.

Let us present some comparisons between the deductions obtained and experimental results for which a
systematic survey can be found, e.g., in [2, 10, 11], The exponenet in the relationship between the turbulent
combustion velocity and the mixture velocity pulsations, equal to 0.7-0.8, which corresponds to (2.9), is pre-
sented in [2]. The relation to the pressure can be obtained if the pressure dependence for u, and @ is taken
into account. Since a~p~!, and up~p~ (0.2-0.3) for propane, we find ug ~ p®10=-3 from (2.9), which corresponds
to test results [12], where ug~ p’-2. Analogous relationships are also obtained in [13]. There are several
different dependences of the turbulent combustion velocity on the pressure presented in [2], but the turbulence
parameters varied with the change in pressure in these papers, in contrast to [12] in which turbulizing grat-
ings conserving a constant value of u' were selected every time as the pressure changed.

An empirical formula for the turbulent combustion vélocity ug ~ L%18 which is quite similar to (2.9), is
presented in [14]. Analogously, since un~T§, ar~ T%, the relation between the turbulent combustion velocity
and the initial temperature has the form ut~ TJ*5, which is close to the experimental dependence u~ T§*4 [15].

The effective coefficient of thermal diffusivity @ in the dimensional relationships of the theory of a
laminar flame front must be known to determine the influence of the fuel mixture composition. Analysis of the
experimental data and some theoretical considerations about the influence of "diffusion stratification™ pre-
sented in [16] showed that the effective coefficient of thermal diffusivity can depend significantly on the mix-
ture composition. Analysis of a series of experimental results on the influence of the pressure of an air—
gasoline fuel mixture (in the p=0.2-4.5 bar range), the temperature (393-793°K), the stream velocity (u=30-
100 m/sec), the excess oxidizer factor (@=0.6-1.4) in a square channel of 50 X 50-mm section on the turbulent
combustion velocity (determined along the forward front), which has been obtained in [17] with the dependence
for a according to [16] taken into account, showed that the numerical values for A in (2.9) lie in the 0.6-1.2
range.

Expansion of the average combustion zone, which corresponds approximately to expansion of the turbu-
1ent mixing zone for the same stream turbulence parameters, is observed in tests upon withdrawing from the
site of ignition. The turbulent combustion velocity along the combustion zone is hence approximately constant
[2, 10]. In the one-dimensional nonstationary combustion zone, this corresponds to its expansion in time with
the conservation of the quantity ug.

The order of the ratio £/ L can be £/ L~ 1-10 because of inequality (2.10). Taking into account that the
combustion zone width is actually bt~ (4~6)Z, this estimate explainsthatthelimit values of the average heat
liberation zone width are notdetermined successfully for the organization of combustion in channels (where
L/D~0.1 and D is the diameter), and combustion takes place in the expanding tongues.
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Numerical values of the exponents in the expressions for up. ¢, bp.t, ap t» and ug in (1.9) and (2.9) are
obtained without relying on any empirical numerical values and follow from qualitative considerations, on
whose basis the governing parameters of the problem are selected. Hence, not only dimensional analysis con-
siderations are drawn upon, but also a representation of the instantaneous combustion front as a random
surface, which resulted in an estimate for the area (2.2) which cannot be obtained on the basis of dimensional
analysis. Using some similarity reasoning can result in limited results, and particularly, does not permit
determination of the numerical values of the exponent or making deductions about the width of the combus~
tion zone {17]. The proposed analogous power-law dependences for ut (e.g., see [10}]) actually contain empiri-
cal parameters.

Let us note that exactly the same expression for u; was obtained in [19], after the present research had
been performed (the results of whichare contained in [18]), by starting from completely different representation
of the stationary width of the average zone and the laminar instantaneous fronts on the basis of a qualitative
analysis without relying upon empirical constants and the equations for the combined probability density dis-
tributions of the temperature and velocity.

In conclusion, the author is grateful to V. A. Sabel'nikov, with whose attention the present analysis was
performed and who improved the content of the paper by critical remarks and proposals, as well as to G. 1.
Barenblatt and V. R. Kuznetsov for useful discussions.
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