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Abstract. This paper is primarily concerned with the problem of character-
izing those functions of the form

Glz)=exp D a(z"-1)p,

0<k/1<m

where z = [z1,...,2,)’, which are probability generating functions. The cor-
responding distributions are called generalized multivariate Hermite distribu-
tions. Use is made of results of Cuppens (1975), with particular interest at-
taching to the possibility of some of the coefficients aj, being negative.

The paper goes on to discuss related results for point processes. The point
process analogue of the above characterization problem was raised by Milne
and Westcott (1972). This problem is not solved but relevant examples are
presented. Ammann and Thall (1977) and Waymire and Gupta (1983) have
established a related characterization result for certain infinitely divisible point
processes. Their results are considered from a probabilistic viewpoint.

Key words and phrases: Hermite distribution, generalized multivariate Her-
mite distribution, point process, probability generating function.

1. Introduction

Consider a probability generating function (p.g.fn) of the form
(1.1) G(z) = exp{P(z) — P(1)}
where P(z) is a polynomial in z € R, and 1 = [1,...,1}. When all the coeffi-
cients of P(z) are non-negative, G(z) is a p.g.fn; in fact it is the p.g.fn of a com-

pound Poisson distribution. (We employ here the terminology of Feller ((1968),
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p. 288 ff.); other authors, e.g. Kemp and Kemp (1965), call such distributions gen-
eralized Poisson. Both terminologies are widespread in the literature.) As such, it
is infinitely divisible i.e. [G(2)]}/" is a p.g.fn for each positive integer 7.

It is however possible for G(z) to be a p.g.fn, though not an infinitely divisible
p.g.fn, even when some of the coefficients in P(z) are negative. Lévy ((1937),
p. 236), quoted by Lukacs ((1970), p. 251) amongst others, has given an example
in which n = 1 and P is a quartic polynomial with negative coefficient for the
quadratic term. Cuppens ((1975), Appendix B), generalizing work of Lévy (1937)
for the case n = 1, gave necessary and sufficient conditions under which G(z) will

be a p.g.fn when
P(z) = Z a2z,
0<k<p
where z € R”, k,p € N™ with N = {0,1,2,...}, n is a positive integer, and

2k = zflz;“? -++zkn. (Usually our notation will follow, or be close to, that of
Cuppens.)

A primary concern of this paper is with p.g.fns of the form (1.1) when

(1.2) P(z)= > a2¥,

0<k/1<m

with m € N i.e. with p.g.fns of the form

(1.3) G(z)=expq Y a(z*-1)

0<k/1<m

Specifically, we are concerned with conditions under which some of the coefficients
ar may be negative yet G(z), given by (1.3), remains a p.g.fn. In this situation
we aim to reduce Cuppens’ conditions to a more concrete form.

A related problem, outside the scope of the present work, is to find conditions
on the coefficients ay which ensure that G(z) given by (1.3) is a p.g.fn in the case
m = 0o. This problem is analogous to the problem ostensibly tackled by Waymire
and Gupta (1983) for functionals of the form (2.2); see Section 2 and Section
6 of the present paper. In fact, Waymire and Gupta in effect assumed infinite
divisibility. Correspondingly, for functions of the form (1.3) with m = oo to be
infinitely divisible p.g.fns it is necessary and sufficient that the coefficients ay, be
non-negative. For some univariate results when negative a’s are permitted, see the
remarks following Theorem 3.1. We shall not attempt to study the multivariate
case further in this paper.

Notice that instead of considering G(z) given by (1.3) we can without loss of
generality focus on

(1.4) F(z) = exp{P(2)},

with P(z) given by (1.2), and seek conditions for non-negativity of all coefficients
in the power series expansion of F'(z) about z = 0. Observe that in either setting
we can take

(1.5) P(z) = Z apz®.

1<k/1<m
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We call the distribution corresponding to a p.g.fn G(z) of the form (1.3) a
generalized multivariate Hermite distribution or, more particularly, an m-th order
n-variate Hermite distribution. Any m-th order univariate Hermite distribution
will be referred to as a generalized Hermite distribution.

- Ezample 1. First order univariate: (univariate) Poisson distributions.

Ezample 2. First order n-variate: infinitely divisible n-variate Poisson dis-
tributions cf. Teicher (1954).

Example 3. Second order univariate: (univariate) Hermite distributions cf.
Kemp and Kemp (1965).

Example 4. Second order bivariate: these are the distributions Hj of Kemp
and Papageorgiou (1982). Here we write

G(z) = exp{aio(z1 — 1) + ago(2} — 1)
+ CLOl(ZQ - 1) + GOQ(Z% — 1) + CL11(2122 — 1)}

Example 5. Second order mn-variate: finite-dimensional distributions of
Gauss-Poisson processes cf. Milne and Westcott (1972) and Section 2 below.

Example 6. Fourth order bivariate: the distributions Hg of Kemp and
Papageorgiou (1982) are special cases of this form.

Ezample 7. m-th order univariate: Gupta and Jain (1974) have considered a
special type of m-th order univariate Hermite distribution (only a1 and a,,, in the
form (1.5), are non-zero). They used the term ‘generalized Hermite distribution’
for this type.

Several authors have discussed the formal derivation of the Hermite distribu-
tion as a mixture, that is as the distribution of X where the conditional distri-
bution of X given A is Poisson with parameter X, and A is Normally distributed
with mean u and variance 02 where u > ¢2. Multivariate analogues of this result
have been given for second order n-variate Hermite distributions; see for example
Steyn (1976), and Kemp and Papageorgion (1982). However, no higher order n-
variate Hermite distribution can be derived by mixture starting from independent
Poisson distributions. This is an easy consequence of a theorem of Marcinkiewicz
(cf. Lukacs (1970), p. 213).

Our interest in generalized (multivariate) Hermite distributions began in a
point process context, with Milne and Westcott (1972). Some background, re-
lated especially to this context, is presented in the following section. In Section
3 we address the characterization problem for p.g.fns of the form (1.3). Section
4 presents two examples of generalized multivariate Hermite distributions which
exhibit certain extremes of possible behaviour and which were considered origi-
nally for the light they throw on the corresponding point process characterization
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problem. This problem, as originally posed by Milne and Westcott (1972), is not
solved but relevant examples are given in Section 5. Finally, in Section 6, we dis-
cuss, from a probabilistic viewpoint, related characterization results obtained by
Ammann and Thall (1977) and Waymire and Gupta (1983) for certain infinitely
divisible point processes. The probabilistic significance of the conditions obtained
by these authors appeared to be obscured by their largely analytic treatment.

2. Background

Milne and Westcott ((1972), p. 169) posed the problem of characterizing the
possibly signed measures Hy(-) on R* k=1,2,..., such that the functional

m k
(2.1) G[g]:exp{zf H[&(t,—)—l]Hk(dtl...dtk)}
PSS e

is the probability generating functional (p.g.fl) of a point process on R. (For
unfamiliar concepts and notation refer to the cited paper. We continue to deal,
as there, with point processes on R although it is clear that the results hold for
point processes on more general phase spaces.)

Milne and Westcott had already solved this problem in the case m = 2. The
more general problem was ostensibly tackled by Ammann and Thall (1977, 1978)
and by Waymire and Gupta (1983); they considered the characterization problem
for functionals of the forms

oo k
(2.2) G[ﬂ=exp{2 / H[s(m—lJHk(dtl---dtk)}
k=1 B* ;=1

and
S k

(2.3) Gl€] = exp {Z/ {H &(ti) — 1} My (dty - dtk)} .
k=17 B [i=1

However, as we shall indicate in Section 6, they considered in effect only the
problem of when G[¢], given by (2.2) or (2.3), is an infinitely divisible p.g.fl. (A
p.gfl G¢] is infinitely divisible if (G[¢])!/" is a p.g.fl for each positive integer .)
The main point made in Waymire and Gupta was that Corollary 3.2 of Ammann
and Thall (1977) was incorrect and that a p.g.fl in the form (2.2) cannot necessarily
be re-expressed in the form (2.3) because this involves a not necessarily permissible
inversion of an infinite series.

The case m = 2 yields the so-called Gauss-Poisson processes (cf. Newman
(1970)). For such a process, the joint p.g.fn Gi(z), of the counts in pairwise
disjoint bounded Borel sets Ay, ..., A,, has the form

(2.4) G1(z) = exp {Z Hi(A)(z —1)

i=1

+iZH2(Ai x Aj)(z — 1)(z; — 1)

i=1j=1
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In this case the necessary and sufficient conditions for (2.1) to be a p.g.fl (cf.
Theorem 1 of Milne and Westcott (1972)) imply that the resultant p.g.fl is infinitely
divisible, or equivalently that each p.g.fn G1(z) as at (2.4) is infinitely divisible.

Although (2.4) exhibits G1(z) as the exponential of a polynomial in z —1, we
can clearly (cf. Kemp and Papageorgiou (1982), in the case m = n = 2) express
G1(z) as the exponential of a polynomial of the form (1.2) in z. One advantage
of the expression in terms of z — 1 is that In G;(2) is then precisely the factorial
cumulant generating function. For establishing conditions under which G;(z) is
a p.g.fn in other than second order cases it appears to be more straightforward
to work with the ‘z form’. Similar comments can be made about corresponding
p.g.fl forms (2.1), (2.2) and (2.3); see Section 6.

A priori it does not seem obvious just what structure, if any, should be consid-
ered as ‘natural’ for the p.g.fn of a multivariate distribution all of whose univariate
marginals are generalized Hermite distributions. For instance, in the bivariate case
Kemp and Papageorgiou (1982) considered two models they called H; and Hg. We
choose to regard (1.3) as the basic or ‘natural’ form for such a p.g.fn. This seems
to us appropriate since the p.g.fns (2.4) for the counts of a Gauss-Poisson process
in pairwise disjoint bounded Borel sets Ai,...,A,, as well as the p.g.fns that
would arise correspondingly from (2.1) when this is a p.g.fl, have the structure
of (1.3). Our view is further supported in the second order case (m = 2) by the
observation that the corresponding distribution can be specified (uniquely) by its
means, variances and covariances.

In the second order bivariate case, our chosen form reduces to the model Hx of
Kemp and Papageorgiou (1982). These authors had already noted that model Hj is
‘easier to handle and simpler to interpret’ than model Hg, and also that model Hjy
is special because of the property that if Z = X + Y, where the joint distribution
of X and Y is that of model Hs, Z has a univariate Hermite distribution. An
analogous property differentiates between corresponding multivariate versions of
models H; and Hg. The essence of this difference can be described, in the context
of point processes with p.g.fls of the form (2.1), as the difference between finite-
dimensional distributions for counts in pairwise disjoint bounded Borel sets and
those for counts in arbitrary bounded Borel sets. While these two sets of finite-
dimensional distributions are mathematically equivalent, the former are arguably
more basic since the latter are easily constructed from them.

3. Characterizing generalized multivariate Hermite distributions
For the present we restrict attention to the case where all coefficients in P(z)
given by (1.5) are non-zero. When k = [ki,...,k,] we will often write az as

Gk, k-, Cf. Example 4. By direct methods we can establish the following result.

LemMA 3.1.  In order for G(z) giwen by (1.3) to be a p.g.fn, it is necessary
that

(3.1) aig..0 > 0,...,ag9...01 > 0,
(32) U —0..0 =~ 0,..., Qy...om—1 -~ 0,
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(3.3) Amo-.0 > 0,...,a0..0m >0
and
(3.4) 3100 ~ 0,... ) Qg...0tm=T > 0.

ProoF. To establish (3.1), (3.3), and (3.4) we can use an approach similar
that of Kemp and Kemp (1965) and Milne and Westcott (1972). Here G(z) is a
positive, entire function with Taylor series about z = 0 convergent for all z. Since
the coefficients in the expansion of G(z) are all non-negative, then both G(z) and
In G(z) are non-decreasing functions of each z; when these are non-negative. Thus
for i =1,2,...,n we must have

(3.5;) 9 InG(z) >0 (z>0).
(9zz-

To establish a1g...0 > 0 set all components of z except the first to zero in (3.51).
Now, again using (3.51), let the first component of z tend to infinity while keeping
the others fixed and deduce amo...0 > 0. To obtain a——3,,.., > 0 use (3.52) with
the first component of z tending to infinity and the remaining components zero.
The other inequalities of (3.1), (3.3), and (3.4) follow similarly.

Notice that the inequalities of (3.1) and (3.3) could have been derived after
passing first to appropriate univariate marginal p.g.fns. To establish the inequal-
ities (3.2) it is simplest to pass directly to such marginals and then to employ
a device due to Lévy (1937); see also Cuppens ((1975), p. 224). Consider the
marginal distribution of the first component and set G1(z) = G(z), Pi(z) = P(z),
where z = [2,0,...,0] € R™. Abbreviate the coefficients aig...0, .-, @mo...0 t0
ai,...,a, and suppose that a,,—1 is negative. Set p = e?™t/m_ Then p™ = 1 and
p™=1 2 1. Thus Py(z) — Pi(pz) varies like ap—1(1 —p™ 1)2™ ! as z — 4 oo and
so Re{P;(z) — Pi(pz)} — —oo as z — + oo. It follows that

e

G(2)

:IePl(pz)—Pl(z)|_> + 00

as z — 4+ o0o. This establishes a contradiction since |G(pz)| < |G(z)| for z non-
negative. Thus a@n,—; i.e. a;—1,..., must be positive. The remaining inequalities
of (3.2) can be established similarly. O

The inequalities (3.1)—(3.4) are by no means the only necessary conditions
that can be derived cf. Remark 4 following the main theorem. Nevertheless, as
we shall show, these conditions are also sufficient subject only to the additional
restriction that any negative coefficient be suitably small. To establish this result
we refine a result due to Cuppens (1975).

For fixed p = [p1,...,pn] € N™ set Q(z) = P(2P*,...,2P*), z € R and write
Q(z) = Y., biz!, where | runs through the possible values of k’'p for the given
p. Since so far as the definition of @ is concerned the order of the arguments
of P is immaterial, we can assume that p satisfies py > ps > --- > p,. Define
A ={l:b>0,l>j}and B; ={l: 5, >0,l < j}. Cuppens’ key conditions are:
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CoNDITION A. for any b; < 0, j € (Z)A] i.e. is a linear combination of
elements of A} with integer coefficients;

ConpITION B.  for any b; <0, j € (IV)B; i.e. is a linear combination of the
elements of B, with non-negative integer coefficients.

Cuppens gives in addition some conditions equivalent to these. The following
result is a restatement of a special case of Theorem B.3.2 of Cuppens (1975).

PROPOSITION 3.1. In order for G(z) given by (1.3) to be a p.g.fn it is nec-
essary and sufficient that the coefficients, by, of Q(z) satisfy Conditions A and B
for all p € N™ and that the moduli of any negative ay, are sufficiently small.

We now seek information on the effect of Conditions A and B in our situation.
Consider those ap with k'1 > 1 i.e. ap other than aig...q,...,a0..01. For given
p € N", form k'p. Now let K = {i € {1,2,...,n} : k; > 0} and define Sy as the
subset of those

(1,0,...,0]p,...,[0,...,0,1]p

having, for ¢ € K, a 1 as the i-th element of their first (row) vector. Then k'p is
a linear combination of elements of S with positive integer coefficients, and each
member of Sy, is less than k'p. Further, any b; with [ € Sy, will be positive if (3.1)
holds, provided only that any negative a are sufficiently small in modulus. Thus
we have k'p € (N)By,,, and this happens for any p € N™. So we have proved
the following result.

p’

LEMMA 3.2. If(3.1) holds, Condition B places no constraints on the signs of
any other coefficients ay, provided that the moduli of any negative ap are suitably
small.

We can draw a very similar conclusion regarding Condition A; this is shown
in the next lemma.

Lemma 3.3. If (3.2)-(3.4) hold, Condition A places no constraints on the
signs of any other coefficients ar, provided that the moduli of any negative a;, are
sustably small.

Proor. Consider any ax with maxi<;<nk; < m — 2. For any p € N, set
Jj = k'p; recall we assume p; > py > -+ > pp,.

Case k'l =m. Define M = max{i € {1,2,...,n} : k; > 0}, and assume for
the moment that p; > pas. Then

[m,0,...,0lp,[m—-1,1,...,0]p,...,[m—1,0,...,0,1,0,...,0|p,

where the 1 in the last row vector is in the M-th position, all belong to .A;», since
p1 > pu and (3.3)—(3.4) hold. So A’ contains mpy, (m—1)p1+pa,...,(m—1)p1+
P, at least. Now form

(3.6)  k2l(m —1)p1 +pa] + - + knrl(m — Vp1 + pu] — (m — ki — 1)[mp1),
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a linear combination of elements of A; with integer coefficients. Using k'1 = m,
it is easy to show that this combination equals k1p; + - - - + karpas, and hence j.
So j € (Z)A; for any such j, and hence for any such j with b; < 0, provided
p1 > pym. I pr = g .A; is empty since there is no b; with [ > j. But this does
not matter, since b; is positive if any negative ay, are sufficiently small. Thus the
conclusion holds for all p € N™.

Case k'l < m. We now have /m — 1,0,...,0]p = (m — 1)p; € A’ also.
Suppose k'l = m—d, d > 0. Add the term d[(m — 1)p;] to the linear combination
(3.6). Again, elementary algebra shows that the combination equals j, and hence
the same conclusion as above holds for all p € N™.

Collecting together the results of the proposition and the three lemmas, we
obtain our main result.

THEOREM 3.1. In order for G(z), given by (1.3) with ar # 0 for those k
satisfying k'l = 1 or maxi<i<, ki > m — 1, to be a p.g.fn it is necessary and
sufficient that these ay be positive, and that the moduli of any negative coefficients
among the remaining ay be suitably small.

Remark 1. In the general univariate case with
G(2) =explar(z — 1) +ag(2®2 — 1)+ -+ am_1 (2™ = 1) + ap (2™ - 1)}

where at least a1, @,,-1, and a,, are non-zero, it follows from Lemma 3.1 that
a; > 0, apm—1 > 0, and a,, > 0 are necessary conditions for G to be a p.g.fn.
Potentially, in view of Theorem 3.1, any of the remaining coefficients could be
negative provided only that they are suitably small (cf. Lévy (1937), p. 263).

Remark 2. To treat other cases where some of the a’s are zero is much more
complicated. For example, suppose a; # 0 and that a;.1 = -+ - = @ —1 = 0, where
t < m — 1. The approach used by Cuppens ((1975), p. 224) to prove necessity in
Theorem B.1.1, cf. our proof of (3.2) in Lemma 3.1, can be used to deduce that
a¢ > 0 provided ¢t and m are relatively prime; this makes use of Euclid’s algorithm.
Notice that Cuppens treats the (multivariate) case without the restriction that the
a’s be non-zero.

Remark 3. Lévy ((1937), p. 263) pointed out that the fourth order (univari-
ate) case is the simplest admitting a negative coefficient: for the function

(3.7) G(z) = exp{a(z — 1) = b(z2 — 1) + (2% — 1) + d(z* — 1)}

with a, b, ¢, d non-zero, to be a p.g.fn it is necessary that a > 0, ¢ > 0, and d > 0
and sufficient that these inequalities hold and b be suitably small. In this case
one can obtain four inequalities that constrain b in terms of the other coefficients
(cf. van Harn (1978), p. 84). In particular G(z) given by (3.7) is a p.g.fn when
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a=c=d=1and 0 <b < 1/4 (cf. Lukacs (1970), p. 251). If ¢ = O then b is
necessarily positive.

Remark 4. It is of course possible to write down many other necessary con-
ditions. To see this in the univariate case consider G(z) given in the form

G(z) =explai(z—1) +a(z = 1)*+ -+ am_1(z — D™ 4 (2~ )™},

where a,, # 0. The necessary conditions a; > 0, a;—1 > 0, and a,,, > 0 mentioned
in Remark 1 above are equivalent to

(3.8) a1 =20+ 4+ (=) tmay, >0, am_1 — may, >0,

and a,, > 0. However, a; must be positive, because it is the mean of a non-
degenerate distribution on IN; this particular condition does not follow directly
from (3.8).

Remark 5. Kemp and Papageorgiou ((1982), p. 273) ask whether their model
Hjs can have as < 0 (in their notation) or a1; < 0 (in our notation) and still be a
p.g.fn. We assert that this is possible; it can be established by methods similar to
those illustrated in Example 9 of the following section.

Remark 6. For the univariate case with m = oo but possibly negative a’s,
we note the following results.

(i) It is possible that liminf, . a, < 0, so that infinitely many negative a’s
are allowed. For example, if

P(Z):1+Z+"'+ZN‘1—bZN+ZN+1+"'+22N_1—bZ2N+22N+1+'-',

it can be shown, as in Lukacs ((1970) p. 251), that, if N > 3, there is a range of
positive b such that G(z) is a p.g.fn.

(ii) Clearly, all a’s negative from some point on is not permissible.

(iii) Condition B is still necessary.

(iv) Some of the equivalences for Condition A referred to just before the propo-
sition break down if m is infinite.

(v) If all the a’s from some point on are nonnegative, then for G(z) to be a
p-g.fn it is sufficient that, for some finite mg, Conditions A and B are satisfied for
the finite polynomial P, (2) = > 12, ax2z”. The necessity of Condition B follows
from (iii).

4. Further examples

Theorem 3.1 shows that a generalized multivariate Hermite distribution could
have a substantial proportion of its defining coefficients aj negative, provided of
course that these are small enough in modulus. Of particular interest for the
point process problem which motivated our enquiry is whether this constraint
becomes more constraining as n, the number of variates, increases; that is, does
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the possibility of negative a disappear as n — 007 The next example shows that
this behaviour is possible. A further example shows that this behaviour need not
always occur.

Example 8. Consider an m-th order (2n)-variate Hermite distribution with
m,n € N, m > 3 and a; = 1, except that

@110-..0 = G1010-.0 = * " = Gg...011 = —b (b > 0),
ar =0 forall k with max k=1 and %k'1>3.
1<i<2n

Theorem 3.1 guarantees that this specifies a p.g.fn provided b is sufficiently small.

Now consider the coefficient, 1 = 1,,(b) say, of 2122+ 20, in F(2) given by
(1.4). Clearly, the powers of P(z) which contribute to ¢ are those between n and
2n, and a straightforward combinatorial argument shows that the coefficient of
Z129 - o in [P(2)]2"77 (j=0,1,...,n) is

(e ()

¥n(b) = io (‘%l’)j (2n)! <2nj_ j)/(2n — 2,
and

(4.1) (26)2 ™4, ( ! ) = Z(—1)j(2b)2"-2jﬂ— = Hon(b),

80

2b? = J1(2n —25)!
where Ha, (b) denotes the (2n)-th Hermite polynomial (Szegé (1939), p. 101).
Since ¥, (0) = 1 and 1, (b) is continuous, we confirm the result, known from
Theorem 3.1, that ¢, (b) is positive for sufficiently small b. Now the zeros of Hap,(b)
are all real (Szegd (1939), p. 43); hence so are those of ¥, (), by (4.1), and they
are clearly positive. Thus, for fixed n, ¥,(b) > 0 if b € [0,3,] where 3, is the
smallest zero of 1, (b). Because the product of the zeros of 1, (b) is

., coefficient of b°

(—1) =[1-3---(2n—1)]*

coeflicient of b

we find
(4.2) Bn <[1-3---(2n—1)]7Y/™

By Stirling’s formula the right-hand side of (4.2) varies like e/2n as n — oc.
Thus the range of b for which ,(b) > 0 becomes degenerate as n — oo and
so, ultimately all the negative coefficients in P(z) become arbitrarily small.
Note that, provided the relevant ap with maxi<;<n ki > 2 are positive, the
actual magnitudes of these coeflicients do not affect the example.
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Ezxample 9. Consider a 3rd order n-variate Hermite distribution with n > 3
and ar = 1 except that ay19..0 = —b where b > 0. Again, Theorem 3.1 says that
for b sufficiently small this specifies a p.g.fn. However, as opposed to the previous
example, the permissible range of b does not vary with n.

To show this we use the approach of Lukacs ((1970), p. 251). It is routine to
check that all coefficients in [P(z)]? are positive provided b < 1. With thought it is
clear that in [P(z)]3 there are really only a fixed number of constraints on b which
are completely determined by the case n = 3; higher values of n just reproduce
the n = 3 constraints because we have chosen the ay’s equal if k # [1,1,0,...,0]".
Thus there is a range of positive values of b such that [P(2)]® has all coefficients
positive for any n > 3. Some tedious algebra shows that the permissible range
for b is again the interval (0,1). Hence, for b in this range, [P(2)}’ has positive
coefficients for all j > 2 and all n > 3. It only remains to check the coefficient of
2122 in G(z). This is easily seen to be 2 — b and is positive when b < 1.

Thus provided 0 < b < 1, we have obtained a P(z) with one negative coeffi-
cient and such that G(z) given by (1.3) is a p.g.n for all n > 3.

Though they exhibit two interesting extremes of possible behaviour, these
examples do not of themselves allow us to draw any simple conclusions regarding
the point process problem. This is considered, again through examples, in the
following section.

5. Point process examples

Suppose first that we allow point processes on an arbitrary (complete separable
metric) phase space. Take the phase space to be any single point set. The p.g.fl
of such a point process is simply an ordinary (univariate) p.g.fn. Thus the Lévy
example, of Remark 3 in Section 3 above, provides an example of a point process,
though admittedly a rather trivial one, for which not all the measures Hy(-) of
(2.1) need be nonnegative. The Lévy example viewed as a special point process
was referred to by Matthes et al. ((1978), p. 79) in connection with a problem
about factorization of distributions.

A more satisfying point process example can be constructed as follows. Con-
sider a Poisson process on R with mean measure Apu(-), where p(-) is a totally
finite measure with y(R) = w < oo and A is a discrete random variable whose
p.g.fn is the Lévy example with P(z) as in Remark 3 of Section 3. The p.g.fl of
this process is easily seen to be G[€], where

51 o6l =P (e { [ 60 - tutan}) - )

WE
| =

(a — 26 + 3Fc + 4%d)

£
Il

1

k
[ [ THEw) = tntdn) - )

i=1
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(5.2) Z

/ /[Hg —1} (dt1) - - pldty).

Now choose a, b, ¢, d so that a — 2%b + 3¥c + 4%d is non-negative for every k €
{1,2,...}. Notice that the previously mentioned choice a = c=d =1, b = 1/4
is adequate. Then comparison of (5.1) with (2.2) reveals that in this case all the
Hy(-) are non-negative measures.

On the other hand, for this same choice of a, b, ¢, d and for k = 2w, we find
that the terms involving w in (5.2) become

b —2w _|_3kce——3w +4kd6—4w)

??‘];_n

1
™1 |(e%)” — ;(4e%)” + (9e)” + 167

For sufficiently large w this expression is negative since 4e? is the largest number
being raised to the power w. Hence, it is possible to choose w so that, for at least
one k, the corresponding measure M(-) in (5.2) is always negative.

It is pleasing that Lévy’s example, the first and simplest instance of the general
phenomenon we are studying, can be used to generate an interesting point process
example. A rather similar use of the Lévy example is in Kallenberg ((1975),
Exercise 8.6); he used it to exhibit a mixed Poisson distribution which is infinitely
divisible even though the mixing distribution is not. More complicated mixing
distributions leading to the same result can be found in Shanbhag and Westcott
(1977).

In one respect the mixed Poisson process example considered above is not
entirely satisfactory, as any point process so constructed will be a.s. finite. As an
obvious extension we might try the same construction using a o-finite pu(-) such
as Lebesgue measure. In this case the construction does work and the log p.g.fl
can be expressed in the form (5.1). However, rearrangement into the form (5.2) is
not possible. This provides a nice contrast to an example in Waymire and Gupta
(1983) where it is the form (2.3), corresponding to (5.2) above, that cannot always
be rearranged in the form (2.2) corresponding to (5.1) above.

6. Remarks on point process characterizations

Recall that it was the problem of characterizing p.g.fls of the form (2.1) which
motivated this research. In Section 2, we noted the attempts on this problem,
via (2.2) and (2.3), by Ammann and Thall (1977, 1978) and Waymire and Gupta
(1983). Because they concentrated on the rather special subclass of regular in-
finitely divisible point processes, there is a simple direct probabilistic route to
their results.

The key observation is that any regular infinitely divisible point process is
a Poisson cluster process with almost surely finite clusters. This result was first
proved in the stationary case by Kerstan and Matthes (1964); see also Daley
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and Vere-Jones ((1988), Proposition 8.4. VIII(ii)). The p.g.fl of such a process
therefore has a well-known form, dating back at least to Moyal (1958) (see also
Moyal (1962)), namely

(6.1) g G = | {Gulé | 2] ~ 1}(ds).

Here, p(-) is a Borel measure and G[¢ | z] is the p.g.fl of the (almost surely finite)
subsidiary process generated by the cluster centre at z. It follows readily that
log G[£] can be expressed in the form (2.3) where each Mj(-) is non-negative; see
Daley and Vere-Jones ((1988), Proposition 8.3. III).

We must of course ensure that the cluster process is well-defined, in the sense
of having an almost surely finite number of points in any bounded set. This is
equivalent (Matthes (1963); see also Westcott (1971)) to

(6.2) /RW(x;A),u(dx) < 00

for all bounded Borel sets A, where W (z; A) is the probability of obtaining at least
one subsidiary point in A from the cluster centred at z. In terms of the My(-),
(6.2) can be expressed as either

oo k
(6.3) ZZ( )Mk (47 x (R\A)* ) < o0

k=1j=1

or

o K A k . ‘
(6.4) DO (-1t (;) Mi(A7 x R¥77) < o0
k=1 j=1

for all bounded Borel sets A; (6.3) comes from expressing the event ‘at least one
point in A’ in terms of the mutually exclusive events ‘k points in the cluster and j
of them in A’ (k,j > 1), while (6.4) comes from using inclusion-exclusion formulae
on the same event. Condition (6.3) is (4.13) of Waymire and Gupta (1983) (cf.
(8.3.24) of Daley and Vere-Jones (1988)) and (6.4) is, essentially, (C3) of Ammann
and Thall (1977).

We believe this approach has the advantage that the analytical conditions
Mg(-) > 0 and (6.3), (6.4) emerge naturally from the probability structure. It
also emphasizes that (2.3) rather than (2.2) is the more natural form to consider
when the restriction of infinite divisibility is imposed. This was pointed out by
Waymire and Gupta (1983). However, for finite sum exponents, such as in (2.1),
we prefer (2.1) to the equivalent of (2.3) because of the interpretation of the Hy(-)
as factorial cumulant measures.

Beyond the class of regular infinitely divisible point processes, the original
characterization problem for (2.1), with m > 2, is still open. The main example of
Section 5 does not really elucidate the more subtle aspects of the problem. Even
the next simplest case, m = 3, seems intractable. Is (2.1) then always infinitely
divisible, as is true for m = 2, or are signed measures allowed, as suggested by
Example 97
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