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Abstract. Let {Py,, 9 € ©, n € H} be a family of probability measures ad-
mitting a sufficient statistic for the nuisance parameter 7. The paper presents
conditions for consistency of (asymptotic) conditional maximum likelihood es-
timators for ¥. An application to the Rasch-model (a stochastic model for
psychological tests) yields a condition on the sequence of nuisance parameters
which is sufficient for strong consistency of conditional maximum likelihood
estimators, and necessary for the existence of any weakly consistent estimator-
sequence.
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1. Introduction

Let (X, A) be a measurable space and p | A a o-finite measure. For 9 € © (a
Hausdorff space) and n € Hlet Py ,, | A be a p (= probability)-measure, equivalent
to u, with p-density

(1'1) p($719’77) = Q(xaﬁ)pO(S(w)7ﬂan)v re X,

where S is a measurable function from X into some measurable space (Y, B).
q(-,¥) and po(-,7¥,n) are assumed to be measurable and positive.

Our problem is to estimate ¥ from observations x1,...,z, which are inde-
pendently distributed according to Py ., ..., Py p,, with the nuisance parameters
M, - .-, Ny Unknown.

If the representation (1.1) is suitably standardized (see (2.1)), q(-, %) may be
interpreted as conditional density of z, given S. It can, therefore, be used to define
a CML (= conditional maximum likelihood)-estimator for ¥ by > 7 logg(z,,9) =
max. The purpose of this paper is to give conditions for the consistency of CML-
estimators under mild conditions on the sequence of nuisance parameters 7,, v €
N. To account for the possibility that ©# might be identifiable from the conditional

distribution of z, given S(x) = y, only for certain values y, say fory € Y C Y, the
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definition of the CML-estimator is based only on observations x, with S(z,) € Yy,
i.e. on the condition Y7 1v,(S(z,)) log ¢(z,,¥) = max.

Theorem 2.1 in Section 2 gives conditions on the conditional distribution of
z, given S, which guarantee that such a sequence of restricted CML-estimators is
consistent under a mild condition on the sequence of nuisance parameters, namely
>0 Pog o, (S71Yp) = co. According to the Lemma of Borel-Cantelli this condition
is equivalent to the requirement that the sequence of observations z,, v € N, con-
tains with probability 1 infinitely many elements which are suitable for the compu-
tation of the restricted CML-estimator, i.e. elements z, fulfilling S(z,) € Yy. If the
nuisance parameters are independent realizations from a prior distribution over Y,
say M, this condition amounts to the requirement that [ Py ,(S™1Yy)M(dn) > 0.

Section 2 will be concluded by a discussion of these results in their relation to
earlier results by Andersen.

After conditions for strong consistency (= convergence with probability 1) of
restricted CML-estimators have been obtained in Section 2, Section 3 gives a con-
dition on the sequence of nuisance parameters which is necessary for the existence
of any weakly consistent (= stochastically convergent) estimator-sequence.

Section 4 is on the problem of obtaining consistent estimators for item difficul-
ties in the so-called Rasch-model for psychological tests. The results of Sections 2
and 3 yield a condition on the sequence of the unknown ability parameters which
(i) guarantees strong consistency of any sequence of restricted CML-estimators
and which is (ii) necessary for the existence of even weakly consistent estimator-
sequences,

Some more technical auxiliary results are collected in Section 5.

2. A consistency theorem

To define the CML-estimator we need the following canonical version of the
representation (1.1):

(2.1) p(z,9,n) = q(z,9)po(S(z),9,n) for ¥€0O, neH,

Wher((;) p(-,9,7m) is a density of Py, | A with respect to some o-finite measure
4 /(tl,)) po(+,¥,7m) is a density of Py ,oS | B with respect to some o-finite measure
! B(’c) the measures p1 | A and v | B are connected by a measure kernel M | Y x A,
le.

wANS™IB) = /1B(y)M(y,A)1/(dy) for A€ A, BeB.

If X is a complete separable metric space and A its Borel algebra, then the
existence of a representation (1.1) implies the existence of a canonical represen-
tation fulfilling (2.1). This can be seen as follows: W.l.g. we may assume that
is a p-measure. Then there exists (see, e.g., Ash (1972), p. 266) a Markov-kernel
M |'Y x A such that

w(ANS™'B) = /lB(y)M(y,A)V(dy) with v=puoS.
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From (1.1) we obtain (see Lemma. 5.3)
PonS(B) = [ oo, 9. m)1a(S(@)uldo)

-/ ( / q(azﬁ)M(y,dm)po<y,ﬁ,n>13<y>u<dy> for BeB.

Hence po(y, %, 1) :== [ q(z,9)M (y,dz)po(y,?, n) is a v-density of Py, 0 S. Rewrit-
ing (1.1) as
q(z,9)

P00 = Tt oy, dg) P

yields the canonical representation.
Starting from the canonical representation (2.1), we define a measure Qy,, | A
by

(2.2) Qv.y(A) ::/IA(x)q(x,ﬁ)M(y,da:) for Ae A

Using (2.1) and the conditions (a), (¢) and (b) we obtain by Lemma 5.3

(2.3) Pyo(ANS'B) = / ( / 1A<x>q<az,ﬁ>M<y,dx>) 15(u)poly, 9, mv(dy)
_ /QM(A)lB(y)pﬁ,nOS(dy) for AcA BecB.

Applied for A = X this yields Qg ,(X) = 1 for Py, 0 S-aa. y €Y, ie. Qg is
a p-measure for Py, o S-a.a. y € Y. Moreover, y — Qg 4(A) is B-measurable for
every A € A. After modifying the definition of Qg , on the exceptional null set
to achieve Qg4 (X) = 1for ally € Y, (y, A) — Qp(A) is a Markov-kernel on
Y x A. Because of (2.3), this Markov-kernel is a (regular) conditional probability
of z, given S, under Py ,,.

By (2.2), ¢(-,7) is a density of @y, | A with respect to M(y, ) | A. Since
q(-, V) is positive for every ¥ € ©, q(-,9)/q(:,Jp) is a density of Qy, | A with
respect to Qg,,, | A. This implies

(2.4) Qo) ( ‘J("ﬁ)\) =1 forall ¥, €O andall y €Y,
Q('ﬂ?O)
hence
(2.5) Quoo.y | log <0 for $,9€0 and yeY,
i Q(ar&O)

with strict inequality unless Qg, ,{q(-,9) # q(-,¥0)} = 0.

(Here and in the following we write P(f) for [ fdP, if convenient.)

Even if ¥ is identifiable from Py, in the family {Py ,» : ¥/ € ©, ' € H}
(i.e. if Py y = Py, implies 9’ = ¢), it may occur that—for some y € S(X)—the
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parameter ¥ is not identifiable any more from Qg 4 in the family {Qy , : ¢/ € O}
(i.e. there are ¥ # ¥ with Qg y = Q). (This occurs, in particular, in the
Rasch-model considered in Section 4.)

DEerFINITION 1. y € Y is non-contracting if every ¥ € © is identifiable from
Qv,y in the family {Qy , : ¢ € O} (ie. if ¥ # @ implies Qv # Qu,y)-

Throughout the follewing, Yy denotes a nonempty set of non-contracting ele-
ments in Y.

To obtain an estimator which is simple enough to lend itself to a mathematical
treatment, we introduce the concept of a restricted CML-estimator which uses only
observations x, for which S(z,) € Ys.

DEFINITION 2. An estimator 9(" is restricted CML if

(2:6) Z Ly, (S(ey)) log g(z,, 9™ ()
= sup Z 1y, (S(zy))logg(z,,¥) forall xe X™
vEO

For consistency of such estimator-sequences the following (weaker) technical
condition suffices.

DEFINITION 3. An estimator-sequence 9, n € N, is restricted ACML (=
asymptotic CML) if

inlaco S, 1y, (5(2,)) logla(z,. 9 ()) /a(z,,9)]
@n ST 13 (5(@)

for all z € XN,
(We leave the left hand side of (2.7) undefined if >./'_, 1v,(S(z,)) = 0 for
all n € N, since this is an event of X2, Py, -probability zero under condition

(2.8).)

In this definition, ¥™ is considered as a map from X" into @, depending
on ¢ € XN through 1,...,z, only. Tt is natural to think of 9™ (z1,..., z,)
as an estimator depending only on those elements z,, v = 1,...,n, for which
S(z,) € Yy (i.e. the elements z, which really enter condition (2.7)). This is,
however, not required.

=0

Remark 1. A function 9™ fulfilling (2.7) obviously exists. If © is a Haus-
dorff space with countable base, 9™ can always be defined such that it becomes
measurable, provided ¥ — g(x,?) is lower semicontinuous for every =z € X.

This can be seen as follows. Let f : X x © — R be measurable in  and lower
semicontinuous in ¥, and let ©¢ = {9, : v € N} be a dense subset of ©. Let

U:= {(x,ﬁ) €EX x0O: f(z,0)>sup f(z,7) —s}.
TEO
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Since the section U, := {¢ € © : (z,9¥) € U} is nonempty and open for every
z € X, it contains elements of Oy. Let ¢(x) = ¥, if 9, € U, and ¢, € US (the
complement of U,) for v =1,...,n — 1. We have

[z, (@) > sup f(z,7) — ¢,
TEO

and
{reX o) =0}=U5 Nn---0nU; _ NUy, forevery neN.

Since © is a Hausdorff space with countable base, and ¢ — f(z,?) is lower
semicontinuous for every z € X, x — sup,.g f(,7) is measurable (see, e.g.,
Pfanzagl and Wefelmeyer (1985), p. 451, Lemma 13.1.1). Hence Uy € A for every
¥ € O, and measurability of ¢ follows.

From these considerations, applied with f(z,?) replaced by > 7 1y, (S(z,)) -
log g(z,,7) and € = (1/n) >_7 1y, (5(z,)), the existence of a sequence of measur-
able estimators 9™ fulfilling (2.7) follows easily.

The Consistency Theorem uses the following

ConDITION C. A measurable function 2 : X — R fulfills Condition C for
the family of p-measures {Q, | A:y € Y} if the following holds true.
(i) SUPycy Qy(h) <0,
(ii) sup,ey Qy(h1?) < oo for some 6 > 0,
(iii) h- is uniformly integrable, i.e. lim, o supyey Qy(h-1(c 00y 0 h-) = 0.
(As usual, h and h_ are the positive and the negative part of h, respectively.)

The uniformity in y, required in Condition C, is not unrealistic if the integrals
Qy(f) are continuous functions of y, and if Y is compact. Conditions similar
to Condition C have been used by Hoadley ((1971), p. 1981) for consistency of
ML-estimators in the case of known varying nuisance parameters.

Throughout the following we write sup f(B) := sup{f(¥) : ¥ € B}.

THEOREM 2.1. Let © be a Hausdorff space with countable base, ¥ — q(x,1)
for every x € X a lower semicontinuous function, and Yy € B a given subset of Y
containing non-contracting elements only.

Assume that the following conditions are fulfilled for some ¥¢ € ©.

(i) For every neighborhood U of ¥q there exists a cover of U by a finite
collection of sets B;, j € {1,...,J}, such that, for every j € {1,...,J}, the
Junction log[sup q(-, B;)/q(-,Y0)] fulfills Condition C for {Qs,,y : y € Yo}.

(ii) The sequence n, € H, v € N, fulfills

(2.8) > Pyyn, (S71Yp) = oo

v=1
Under these assumptions, any estimatlor-sequence fulfilling (2.7) is strongly

consistent at ¥y, i.e.

(2.9) lim 9™ (z) =d¢  for X Py, y,-0.a. © € XN
v=1 '

n—oe
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Remark 2. Condition (i) follows if it holds true for some compact neighbor-
hood of 9y, and if for every ¢ # ¥ there is an open neighborhood Vy such that

sup Qﬁo,y(log[sup Q('a Vﬁ)/Q(', 190)]) < 0.
y€Yy

PROOF. Let U be an arbitrary neighborhood of ¥y, and let £ ¢ XN be a
fixed element. If 9™ (z) € U infinitely often, there exists £ € {1,...,J} such
that Ny := {n € N : 9™ (z) € By} is infinite. This implies

log g(z,,9™ (x)) < logsupg(x,,B;) for veN, neN,,

hence also

Sn by (S() logla(wy, ) () /a(zs, 90)]
Yo v (S(2.))
T Ly, (S(2) loglsup g(wy, Be) /gy o)
. S b (S(2))

for n € Ny. Since Ny is infinite, this implies

> v 1y (S(20)) logla(zy, 9 (2)) /a(y, B0)]

lim

n—oo 25:1 ]-Yo (S(xV))
< Tm ZZ:I Ly, (S(z.))log[sup ¢(z,, Be)/q(x.,, 90)]
T oo 2ot lye (S(z0))
¢ max T 2v=t a(S(@)) loglsup g(zy, By)/a(zy, Jo)]

~ je(l,..,J} n—oo Sovei 1y (S(z))

By Lemma 5.2, applied with h(z) = log[supq(z, B;)/q(x,Y)] there exists a
X321 Py m,-null set N C X N such that the last expression is negative for = €
Ne¢. If the estimator-sequence 9™, n € N, fulfills (2.7), we obtain = € N if
9™ (x) € U for infinitely many n € N. The set N depends on U. Since © has a
countable base, the assertion follows. O

In applications it is usually difficult to verify conditions on a sequence of
unknown nuisance parameters. The intention of Theorem 2.1 is, therefore, to keep
these conditions as weak as possible. In fact, (2.8) is the only condition left for the
sequence of nuisance parameters. If it happens that no y € Y is contracting, one
is free to choose Yy =Y, in which case Py, ,, (Yp) = 1 for v € N. Then condition
(2.8) holds true for any sequence n,, v € N. There are, however, applications of
practical relevance where contracting values of S do occur. One such case will
be discussed in Section 4. Even if every y € Y is non-contracting, restricting
the computation of the estimator to observations x, with S(z,) in some subset
Yy C Y opens the possibility of excluding =, with S{z,) in a “nasty” part of Y. By
restriction to an appropriate subset Yy for which condition C is fulfilled, one may
obtain a consistent estimator-sequence in cases where the sequence of unrestricted
CML-estimators fails to be consistent.
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The following corollary refers to the situation where n,, v € N, is not just an
arbitrary sequence in HY, but a sequence of i.i.d.-realizations from a p-measure M
on (H,C). In the following, Py, ar | A is the p-measure defined by Py, ar(A) =
[ Py, (A)M(dn), A € A.

COROLLARY 2.1. Let now (H,C) be a measurable space, and (z,n) —
p(z,9,n) measurable for every ¥ € ©. Assume Condition (i) from Theorem 2.1,
and

(2.8) Py, 1 (S™'Y) > 0.
Then
(2.9" lim 9™ (z) =9y for Pf}é,M—a.a, e XV

ProoF. For any M-integrable function h : H — R we have

T ™S () = [ b))

v=1

for MN-a.a. (n,)yen € HY. Hence [ h(n)M(dn) > 0 implies lim,,—o0 > 0 h(m) =
oo for MN-a.a. (n,),en € HY. Applied for h(n) = Ps, ,(S7'Yp) this entails that
Condition (2.8') implies Condition (2.8) for MN-a.a. (1,),eny € HY. O

A number of consistency theorems for CML-estimators has been given by
Andersen ((1970), p. 286, Theorem 1, (1971), p. 44, Theorem 1, (1973a), p. 45,
Theorem 2.1, (1980), p. 80, Theorem 3.7) under varying conditions and with proofs
of varying force. All these theorems are restricted to the case that the likelihood
equation has a unique solution. Andersen’s conditions concerning the nuisance
parameter amount to something like continuity of n — Py, , ((log[supq(-, B)/
q(-,99)])?) < oo, and compactness of H.

3. A condition for non-existence of consistent estimator-sequences

The Consistency Theorem 2.1 is restricted to sequences of nuisance parameters
N, v € N, for which Condition (2.8) holds true. If this condition fails, this does
not necessarily exclude the existence of some consistent estimator-sequences—even
such ones fulfilling (2.7).

In Theorem 3.1 we give under (3.3) a condition which excludes the existence of
any (even weakly) consistent estimator-sequences. The usefulness of this condition
is obviously confined to families {Py, : ¥ € ©, n € H} with finite or countable
support. Even in this case it looks somewhat strange. Yet it suffices to answer the
question about the existence of consistent estimator-sequences for the particular
case considered in Section 4.

Let P <« @ denote absolute continuity of P with respect to Q.
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THEOREM 3.1. (i) If
oo x
(31) il Pﬁl,ny < Xl P’L90,77u7

then there is no estimator-sequence 19(”), n € N, which is weakly consistent at 9y
and Y1, i.e. which fulfills

(3.2) lim 9™ = 49; stochastically under x Py, n, for i=0,1
v=1

n—00

(il) Assume there exists a sequence &, € X, v € N, such that
o0

(3.3) > (1= Py pfiu}) <oco  for i=0,1.

v=1

Under this condition, Py, ,, < Py, n, for v € N implies (3.1).

Proor. (i) Relation (3.2) for 4 = 0 implies lim,_ o, 9™ = 9y stochastically
under x32, Py, .. To see this, consider an arbitrary subsequence N' C N. Since
9™, n € N, converges to 9y stochastically under x,; Py, ,, , there exists a
subsequence N’ C N’ such that 9™, n € N”, converges to ¥ xS, Py, . -a.e.
Because of (3.1), this implies convergence of (™, n € N, to 99 x5 Py, ,, -a.e.
Hence every subsequence of 19(")7 n € N, contains a subsequence converging to g
X% 1 Py, n -a.e. This implies stochastic convergence of 9™, n € N, to ¥y under
Xpz1 P F1,m0

(ii) Let

Xy := liminf{x € XNig, = Z,}

and
Xy ={zeXxN:z, =i, forv> A}
We have Xy C Xat1, and Xy = [J5_; X). Relation (3.3) implies (x3; Py, », )(Xo)

=1, hence

(3.4) lim < °x°1 Pﬁi,ny> (X)) = 1.

A—00 \y=

For any set A € AV, AN &) = Ay x {(Zv)y>2}. The set Ay C X*, being a
section of the measurable set AN Xy, is in A*. We have

o0 A o0
83 (5 Pon )40 = (X Run) (40 (£ Pan ) (0
Because of (3.4), (X521 Pgy ., ) (&) > 0for A > Ao, say. Hence (x5, Py, )(A) =
0 implies (x3_; Pggn, )(Ax) = 0 for A > Xg. From Py, ,, < Py, for v e N, we
have (X)_; Ps, 5, )(Ax) =0 for A > Xg, hence, by (3.5),
( X Pﬁl,m> (ANX) =0 for A=A

Because of (3.4), this implies (x22; Py, n, )(A) = 0. This proves (3.1). O
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4. An application to the Rasch-model

In this section we apply the results of Sections 2 and 3 to a special case, the
so-called Rasch-model for psychological tests. (For the psychological background,
see, e.g., Lord and Novick ((1968), Chapter 17), contributed by A. Birnbaum.)

From the formal point of view we have for § = (61,...,6,,) € R™ and a € R
a discrete p-measure defined for x = (x¢,z1,...,2m) € {0, 1}}T™ by

exp[> iy (a — &)z
[Ti2o(1 + expla —&])

(4.1) Psolx) =

In this definition of Ps . read dp = 0. (For typographical reasons we write Ps ,(z)
instead of Pso({z}).)
The family {Ps, : @ € R} admits the sufficient statistic

S(xg, 1, ..., Tm) i= le-

which attains the values 0,1,...,1 + m.

For k € {0,1,...,1+m} let Ak(§) := > exp[— > i~ 6;z;], where the summa-
tion extends over all z € {0, 1}17™ with S(z) = k.

We have

(4.2) Ps o 0 S{k} = Ap(6) exp|ak] H(l + expla — 6;]).

Let Dy := S~1{k}. For k € {0,1,...,1 +m} and § € R™ we define a p-measure
Qr(-, 6) over {0,1}1T™ by

(4.3) Qr(z,8) == Ak1(6) exp l:— Zéixz} if ze Dy
i=1

and
Qr(z,6):=0 elsewhere.

With this notation, representation (2.1) can be written as

P&,Oé(x) = QS(:U) (xv 6)P6,oc © S{S(l’)}

In this representation, Qg(,)(z,d) corresponds to g(x,6), the density of the
conditional distribution of x, given S(z) = k, with respect to the measure ker-
nel M(k,z) = 133(S(z)). Moreover, u and v are the counting measures over
{0,1}1*™ and {0,1,...,1 4+ m}, respectively.

Among the values 0,1,...,1 + m attained by the sufficient statistic S, the
values 1,...,m are non-contracting. For the values ¥ = 0 and k = 1 + m the
p-measures Q(-,6) are identical for all § € R™, since Dy and Dj.,, consist of
a single (1 + m)-tuple only, (0,0,...,0) and (1,1,...,1), respectively. Hence
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log [(Qr(zv, 6™ (2)) /Qn(z,,8)] = 0 for k = 0 and k = 1 + m, so that CML-
estimators in the usual sense are in this case identical with restricted CML-
estimators fulfilling (2.6) with Y5 = {1,...,m}.

An estimator §(™ is restricted CML if (see (2.6))

(4.4) D 1l my (S(z)) log Qs(a, ) (20,6 ()
v=1

- 681;%1:) Z 1{1,‘..,m}(5($u))10g QS(xu)<xV76)
€ mu:l

for all z € ({0,1}}F™)N.
Sufficient for consistency is the following weaker restricted ACML-condition,
corresponding to (2.7),

n

b 30 1 my (S(20))108[@s(r,) (20,6 ())/ Qs ) (0, 6)
(4.5) lim =L D -
n—o00 2 L mp(5(2))

for all & € ({0,1}1Tm)N.

THEOREM 4.1. (i) For the family of p-measures given by (4.1), all estimator-
sequences fulfilling (4.5) are strongly consistent at each 6 € R™ if

(46) S expl—ou ] = oo

(ii) Condition (4.6) is necessary for the existence of weakly consistent esti-
mator-sequences.

Condition (4.6) is certainly fulfilled if sup, ¢y |ay| < oo, but it establishes
consistency of restricted ACML-estimators also for certain sequences a,, v € N,
with lim, . |a,| = co. It fails to guide our intuition if we think of e, v € N,
as a sequence with |a,|, v € N, increasing: The distinction between a, = logv
(which implies strong consistency of restricted ACML-estimator-sequences) and
a, = 2logr (which excludes the existence of any weakly consistent estimator-
sequence) is not very clear from the intuitive point of view. A reassuring aspect of
Condition (4.6) is that it guarantees consistency as long as there are enough small
values |a, |, not withstanding the occurrence of many large values |a,,|.

For the particular model (4.1) Andersen ((1973a), p. 159, Theorem 5.1) asserts
consistency under the condition that—in our notations—the nuisance parameters
o, are restricted to a compact set, in Andersen ((19735), p. 127, Theorem 2 and
(1980), p. 247, Theorem 6.2) under conditions equivalent to
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(together with the redundant condition 6; # 6; # 0 for ¢ # j # 0).

Andersen’s assertion is presumably to be understood in the sense that the
sequence of CML-estimators converges to ¢ for x2; Ps , -a.a. ¢ € ({0, 1}1F7™)N
for which (4.7) holds true. Since this condition refers to an infinite sequence of
observations, it appears to be meaningless. We may, however, interpret Andersen’s
result as a consistency theorem if conditions on the sequence a,,, ¥ € N, make sure
that (4.7) holds for x4 Ps o, -a.a. ¢ € ({0, 1}1*™)N, This is the case iff condition
(4.6) holds true.

The consistency results of Andersen are, again, based on the assumption that
the CML-estimator is unique. In Andersen ((1980), p. 248, Theorem 6.3) Andersen
states that the CML-estimator is unique if 0 < >, z,; <n fori=0,1,...,m.
As remarked by Fischer ((1981), p. 60) this is not true. (Andersen’s use of his
Theorem 3.2 is not justified.) If (3.4) holds true, the (necessary and sufficient) con-
dition for existence and uniqueness of the CML-estimator discovered by Fischer
((1981), pp. 66-69, Theorems 3 and 4) is fulfilled for eventually all n € N for
x| Pso,-a.a. x € ({0,1}17™)N. Hence scholars who are willing to accept An-
dersen’s consistency-proof for solutions of the likelihood equation might arrive at
the conclusion that the consistency result stated in Theorem 4.1(i) is not entirely
new. The first mathematically satisfying proof was obtained in the diploma-thesis
of Hillgruber ((1990), p. 35, Satz 2.3.36). Our proof of Theorem 4.1 uses ideas
from this thesis.

PrROOF OF THEOREM 4.1. (i) Let N" ;= {j e N:a; > 0} and N™ := {j ¢
N :a; <0}. We need the following relations.

Z Pso, (S7H{m}) <oco  implies,

jeNt
(4.8") Z exp[—|a; || < oo implies,
jeENT
Z P&,aj(S‘l{k}) <oo forall ke {0,...,m}.
JjeNt

Y P, (STH1}) <oo  implies,
JENT
(4.8") Z exp[—|o;|] < oo implies,
JENT
> Pro,(STHE} <00 forall ke{l,...,m+1}.
JENT
We shall prove (4.8"). The proof for (4.8") runs similarly.

Since o — exp[(m + 1)a]/ [[;~,(1 4+ expla — §;]) is continuous and positive on
R, and

0 < lim exp[(m -+ 1)a] H(l + expla — §;]) < oo,
i=0
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there exist 0 < ¢1(6) < ¢2(6) < oo such that

c1(8) < exp[(m + 1) H 1+expla—&]) <ea(d) for a€[0,00),

c1(6) exp[—|a|] < exp[ma] H(l + expla — 6;])

< eq(6) exp[—]aH for o €]0,00).

Hence (4.8') follows from (4.2).
(ii) That consistent estimator-sequences do not exist if (4.6) fails, follows from
Theorem 3.1. To see this, let 2; € {0,1}7™ be defined by

~ (O,,O) lfO[JSO
1 ,...,1) ifa; >0

Since -1y, )
v P, (STHL ... ,om+1}) ifa; <0
1- Pé,oz] (xj) - {Pg a] 1{0 m}) if a; > 0,

Z;‘;l exp[—|ay]] < oo implies (3.3), i.e. 3272, (1 —~ Pso,(d5)) < 00, by means of
(4.8).

The sufficiency-part (i) of Theorem 4.1 follows from Theorem 2.1, applied with
YO - {1,...,777,}.

(iii) To begin with we remark that relations (4.8) imply the equivalence be-
tween (2.8) and (4.6). This establishes condition (ii) of Theorem 2.1.

Now we establish condition (i) of Theorem 2.1. Let k € {1,...,m} be fixed.
At first we shall show that for every neighborhood U of §; € R™ there is a cover
of U¢ by a finite collection of sets B;, j = 1,...,J, fulfilling

(4.9) Z Qr(z, o) log[sup Qr(x, B;)/Qr(x,60)] <0

z€Dy

(iv) Following the suggestion of Remark 2 we first show that this holds true
for the compact set

(4.10) Up(r) :={(61,-..,6m) e R |6 <rfori=1,...,m},

provided r is sufficiently large.
For j € {1,...,m} let

B (r):={(b1,...,6m) €R™:6; >}
and
B-—(T') = {(51, ,(5m) e R™: 5j < —7’}.

J
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We have

¢ C U(B;-L(r) U B (r)).

Now we shall show that (4.9) holds for B; = B;'(r) and B; = B (r), provided
r is sufficiently large.
The following relation holds for arbitrary z,y € Dy and arbitrary § € R™

(4.11) Qu(z,6) = Ak(é Zm] < exp —Z@(:ﬁj

For any k € {1,...,m} there is ;2 € Dy with ;2{ = 0, and jxj = 1. Let

y € R™™ be defined by yo = 1, y; =0, and y; = ;z; elsewhere. Since y € Dy, we
obtain from (4.11) that

Qr(j2™,8) < exp[-§,],
hence
log sup Qx (27", BY (1)) < —r.

(The proof for B/ (r) uses ;z~ € Dy with ;x5 =1 and jz; =0.)
Since log sup Qg (x, B (r)) < 0 for every x € Dy, we have for every r > 0

Y Qxlz,60)logsup Qx(x, B} (r))

zEDy

< Qr(j27, 60) logsup Qx (27, Bf (1)) < —rQi (52T, 60).

Since Qr(x,8¢) > 0 for every x € Dy, we have

—rQr(5a™,80) < Y Qu(x,80)log Qk(z, 60)

zEDy

if r is sufficiently large. Hence (4.9) follows with B;-r (r) in place of B;.
(v) sup Qr(z,R™) < 1 for every z € {0, 1}}*™, implies

> Qu(w,60)loglsup Qi(w, R™)/Qx(x, 60)]

z€Dy

<= Qulx,60)log Qrlz, &) < 0

zeDy,

(since Q(xz,80) > 0 for x € Dy).
Since k € {1,...,m} is non-contracting, relation (2.5) implies

> Qul, 6) log[Qk(z, 8) /Qu(x, 60)] < 0

zeDy,
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for every § # &y. Since § — Qr(x,8) is continuous, there exists (see Pfanzagl
(1990), p. 90, Lemma L.7) an open neighborhood Vs of § such that

Z Qx(z,60) loglsup Qr(z, V5)/Qr(x, b0)] < 0

zED

Let Uy denote the compact neighborhood of 6y determined in (iv). If U is an
arbitrary neighborhood of &g, {Vs : 6 € Uy NU*} is an open cover of the compact
set Uy N U¢ and contains, therefore, a finite subcover. Together with the sets
B;-“(r), B7(r), j=1,...,m determined in (iv) this provides a finite cover of U*
fulfilling condition (4.9).

(vi) Since Qk(z,6p) = 0 for x & Dy, relation (4.9) may be rewritten as

(4.12) Z Qr(z, 60) log[sup g(z, B;)/q(x,60)] < 0

ze{0,1}1+m

with ¢(z,0) := Qg (z)(7,0).

To stress that the cover of U by B;, j =1,...,J, still depends on k we now
write By ;, j = 1,...,Ji. Condition C requires a finite cover of /¢ which fulfills
(i), (ii) and (iii) simultaneously for all k € {1,...,m}. Such one is given by

{ﬂBk,jk:jkE{1,...,Jk}forl<::1,...,m}.

k=1

Condition C(i) now follows from (4.12). Conditions C(ii) and C(iii) follow from
the fact that 0 < sup g(z, B;) < 1 and 0 < g(z,8y) < 1 for every z € {0,1}1™, so
that

z — log[sup q(z, B;)/q(z, bo)]

is bounded on {0,1}'*™. O
5. Auxiliary results
In this section we collect technical lemmas which are used in Section 2.

LEMMA 5.1.  If h fulfills Condition C for {Q, : y € Y}, then the following
holds true for every sequence y, €Y, v € N:

T o N
nlinéon ! zzlh(x,,) <0 for Xx72,Qy, -0.0. € X,

ProOOF. By Condition C(i), @y(h) < —2s for some s > 0. By Condition
C(iil) there is ¢ > 0 such that Qy(h_lcsy0h ) < sfory € Y. With h, :=
h_1(o,q © h— we obtain Qy(hy) — Qy(he) < —s for y € Y. Therefore,

n

w7y hlw) Sn7t Yy (A (w) = he(a)))

v=1
n

<Y (ha(zy) — Qy, (he) "12 — Qy, (he)) — 5.

v=1
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From a suitable version of the strong law of large numbers we obtain for X7, @, -
aa. xc XV

n

Jim 07y (b () = Quy () = 0
v=1

and
n

lim o7t Z:l(hc(x,,) — Qy, (he)) = 0.
(For the first equation use, e.g., Loeve ((1977), Section 17.4, p. 253) with b, = n
and r, = 1+ §.) Hence the assertion follows. O

LEMMA 5.2. Forv € N let P, | A be a p-measure. Assume there exists a
measurable function S : X — Y and a conditional distribution of x, given S, i.e.
a Markov-kernel Qy | A, y €Y, such that

(51) P, (ANS7'B) Z/Qy(A)lB(y)PVOS(dy) for Ac A BeB.

Assume that the function h : X — R fulfills Condition C for {Q, 'y € Yo}
for some set Yy € B.
If 250:1 P, (571Y5) = oo, then

T Zn:1 1Yo(5<xz/))h(5%) o0 N
5.2 lim == <0 for x P,-a.a ze€X".
B2 e @) g

ProoOF. Let )y denote the set of all sequences y, € Y, v € N, such that
{v e N:y, € Yy} is infinite. Let y € )y be fixed. From Lemma 5.1, applied with
Y5 in place of Y, and with Ny := {v € N : y,, € Yy} in place of N, we obtain that
there exists a X,en, @y, -null set Ny C XNo guch that

(5.3) T vzt 1% () Alzy)

= <0 for (z,)yen, € NE.
n—oo 3 Iy () o

Let N, denote the cylinder in XN with base N,. We have (x32, @, )(N,) = 0,
and relation (5.3) (with the left hand side viewed as a function of z € X N) holds
for all x & Ny.

- > (y)h(z)
—_— n_ 1y Y h Ty }
C =<z eXVN: lim &=x=L"20 <0¢,
w) { n—oo > 1 1y (y)

relation (5.3) may be rewritten as

(5.4 (% 0u)cwn=1 for ey ye
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We remark that the left hand side of (5.4), considered as a function of y, is BV-
measurable by Lemma 5.3 (applied with 14, (z) in place of f(x,y)) and that Y €
BY (since y — 1y, (y,) is BN-measurable and Yy = {y € YV : S Iw(y) =

00})

If 372, P,(S71Yy) = oo, we obtain from the Lemma. of Borel-Cantelli that

(5 R) e e X (Stmlen e ) =1

Together with (5.4) this implies that

v=1

(5.5) <Vo£1 Qs(%)> (C((S(ajy))ye;\;)) =1 for <;<o P,aa x € XN

Using Lemma 5.3 we obtain that

/1O<<S<zu>>,eN>(m) < X Pu) (de)

v=1
= [ (% Qs ) (S @D (£ B ) 0 =1,
ie. & € C((S(xy))ven) for x32; Py-a.a. & € XV, This is the same as (5.2). O
LEMMA 5.3. Let u and v be o-finite measures on measurable spaces (X, .A)

and (Y, B), respectively. Let S: X — Y be a measurable function and M | Y x A
a measure kernel such that

(AN S™iB) = /lB(y)M(y,A)z/(dy) for Ac A, BeB.

Let f: X xY — R be an A x B-measurable function such that x — f(z,S(z))
is p-integrable. Then [ f(z,y)M(y,dz) exists for v-a.a. y €Y,

(5.6) Yy — /f(:v,y)M(y,da:) is B-measurable
and
6:7) [ 16 st@nutan) = [ ( [ st ) vta).

PROOF. Since f is approximable by A x B-measurable elementary functions,
it suffices to prove the assertion for f = 1o, with C € A x B. Let S denote the
class of all sets C' € A x B such that (5.6) and (5.7) hold true for f = 1¢. The
class S contains A x B for A € A and B € B, because [ laxp(z,y)M(y,dz) =
1p(y)M(y,A). Since S is a Dynkin-system, this implies S = A x B (see Ash
(1972), p. 169, Theorem 4.1.2). O
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