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Abstract. Exact distributions of the numbers of failures, successes and suc-
cesses with indices no less than [ (1 < { < k — 1) until the first consecutive
k successes are obtained for some {0, 1}-valued random sequences such as a
sequence of independent and identically distributed (iid) trials, a homogeneous
Markov chain and a binary sequence of order k. The number of failures un-
til the first consecutive k successes follows the geometric distribution with an
appropriate parameter for each of the above three cases. When the {0,1}-
sequence is an iid sequence or a Markov chain, the distribution of the number
of successes with indices no less than [ is shown to be a shifted geometric dis-
tribution of order k—I. When the {0, 1}-sequence is a binary sequence of order
k, the corresponding number follows a shifted version of an extended geometric
distribution of order k& — .

Key words and phrases:  Geometric distribution, discrete distributions, Markov
chain, waiting time, geometric distribution of order k, iid sequence, binary se-
quence of order k, inverse sampling.

1. Introduction

Let X1, Xo,... be a sequence of {0, 1}-valued random variables. We often call
X, the n-th trial and we say success and failure for the outcomes “1” and “0”,
respectively. The distribution of the number of trials until the first consecutive k
successes is well known when the sequence is an iid sequence with success proba-
bility p (e.g. cf. Feller (1968)). The probability generating function (pgf) of it is
given by

pF(1 — pt)t*
[y
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where ¢ = 1 — p. Philippou et al. (1983) called it the geometric distribution
of order k and derived its exact probability function. Since then exact distri-
bution theory for so called discrete distributions of order k has been extensively
‘developed and some of the results were applied to problems on the reliability of
the consecutive-k-out-of-n:F system by many authors (cf. Aki et al. (1984), Aki
(1985, 1992), Charalambides (1986), Hirano (1986), Philippou (1986, 1988), Ling
(1988), Aki and Hirano (1989, 1993), Ebneshahrashoob and Sobel (1990), Sobel
and Ebneshahrashoob (1992) and references therein). Every distribution of order
1 is of course the usual corresponding discrete distribution. This is an explicit
relation between distributions of order k and that of order 1. However, as far
as we know, no other relations among distributions of different orders have been
studied.

In this paper, we find out a vector of random variables whose marginal distri-
butions follow the geometric or the extended geometric (cf. Aki (1985) or Section
3) distributions of order I (1 <1 < k —1). This leads us a new type of geneses
of the geometric distributions of order [. Surprisingly, this property only depends
on the conditional probability P(X,+; = 1 | X, = 1) and hence we can treat
homogeneous {0, 1}-valued Markov chain similarly as the iid sequence.

Throughout the paper let & and [ be fixed positive integers such that [ <
k — 1. We denote by Gi(p) the geometric distribution of order k, by G (p,a) the
shifted geometric distribution of order k so that its support begins with a, and by
Gy (p, a; z) the probability of Gx(p,a) at  (x = a,a+1,a+2,...). By definition,
Gr(p) = Gr(p,k) holds for every k > 1. Here the geometric distribution, to be
denoted by G(p), is defined as the distribution of the number of failures preceding
the first success. Note that G(p) = G1(p,0).

In Section 2, only an iid sequence is treated and our main idea is illustrated.
Exact distributions of the numbers of occurrences of “0”, “1” and “1” with in-
dices no less than [ until the first consecutive k successes are shown to be G(p*),
Gr-1(p, k) and Gr_;(p, k — I + 1), respectively. In Section 3, results given in Sec-
tion 2 are extended for dependent sequences such as the homogeneous Markov
chain and the binary sequences of order k. When the {0, 1}-sequence follows the
Markov chain, the distribution of the number of occurrences of “1” with indices
no less than [ until the first consecutive k successes becomes Gy_;(p11,k — [+ 1)
where p1; = P(X;41 = 1| X; =1) for i = 0,1,2,.... When the {0, 1}-sequence
is a binary sequence of order k with parameters py, ..., pg, the distribution of the
number of occurrences of “1” with indices no less than [ until the first consecutive
k successes is shown to be the shifted extended geometric distribution of order
k — | with parameters p;+1, ..., Pk Whose support begins with k — 1 + 1.

2. Independent trials

2.1 Number of failures until the first consecutive k successes

Let Xi,X2,... be a sequence of iid {0,1}-valued random variables with
P(X; = 1) = p (success probability). We denote by 7 the waiting time (the
number of trials) for the first consecutive k successes. Let v be the number of
occurrences of “0” (failure) among X;,X»,...,X,. For nonnegative integers m
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and N, let d(m,N) = P(v =m,7 = N). Then we have

d(m,N) = if0 <N <k,
d(07 k) :pkv
d(m,k) =0 if m#0,
(2.1) dim,N)=0 if N>Fkand m<1,
k—1
d(m,N) = Zplqd(m —-1L,N—-1-1).

=0

The last recurrence relation in (2.1) follows immediately if we consider all possi-
bilities of the first occurrence of “0”.
Let ¢(s,t) be the joint pgf of (v, 7), i.e.,

$(s,t) = > > d(m,N)s™t".
m=0 N=0
The relations (2.1) imply

PROPOSITION 2.1.  The pgf ¢(s,t) is given by

ktk

D
o(s,t) = — :
1 — Zf:ol plgsti+t

COROLLARY 2.1. The marginal distribution of v is the geometric distribution
with parameter p*, i.e., v ~ G(p*).

We denote by Iy and Ey a “1”-run of length k and a “0”-run of length r,
respectively. Let vy be the number of occurrences of Fs among X1, X»,..., X,.
Let pa(u) be the probability of the event that at the u-th trial the sooner event
between Fq and E5 occurs and the sooner event is Fy. We set

W) = pa(u)t”
and

di(m,N) = P(vyg =m,7 = N).
Then, we can obtain

di(m,N)=0 if0<N <k,
d1(0, k) = p*,
(2.2) di(m,k) =0 ifm#0,

N—k
di(m,N) = Z po(u)di(m — 1, N —u).

U=
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Let ¢1(s,t) be the joint pgf of (g, 7), i.e.,
oo o0
-3 S e
m=0 N=0
From the relations (2.2) we have

PROPOSITION 2.2.  The pgf ¢1(s,t) is given by

ZN odl )
1~ sw(t)

¢1(s,t) =

COROLLARY 2.2. The marginal distribution of vy is the geometric distribu-
tion with parameter 1 — (1), i.e.,

1-v1)

¢1(s,1) = 1—31/;( )
where
a ¢ '(1—p")
(2.3) (1) = I—(I—pr(1—g 1Y)

Remark. By definition, ¢(1) = P({E3 comes sooner}). Hence, the formula
(2.3) can be obtained anyway. But, one of the easiest way to find out it is to set
=0,y =1and¢=1in the generalized pgf (2.2) in Ebneshahrashoob and Sobel
(1990).

We can give an intuitive explanation why vy has the geometric distribution.
We cut the {0, 1}-sequence at the trial when the event E7 or E3 has just occurred.
Then every divided part of the sequence has the distribution of the waiting time
for the sooner event between F; and Ey. Hence, we have

P({vg =m}) = { P({E2 comes sooner})}™ P({E1 comes sooner}).

2.2 Number of successes until the first consecutive k successes

In this subsection we consider the distribution of the number of successes until
the first occurrence of consecutive k successes. We denote by v; the number of
occurrences of “1” among X1, Xs,..., X,. Set A(z) = P(1y = z).

PROPOSITION 2.3.  The probabilities {A(x)}22., satisfy the relations

Alz) =0 if0<z <k,
(2.4) A(k) = p*,
Alz) = qA(z) + pgA(z — 1) + - -- +pF Az —k+ 1) ifx >k
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PrOOF. Note that {v; =k} =U320{0---01---1}. Then,
j k

A(k) =) @pF=p"".
=0

By considering all possibilities of the first occurrence of “0”, we easily obtain the
above recurrence relations. [

Let ¢1(t) be the pgf of vy, ie., ¢1(t) = Y or, A(z)t*. From (2.4) we immedi-
ately obtain

PROPOSITION 2.4. The pgf ¢1(t) is given by

oty = A= pt)t?
1 l—t—}—qpkﬁltk.

Remark. Proposition 2.4 shows that 11 follows the shifted geometric distri-
bution of order k — 1 so that the support begins with &, i.e., 11 ~ Gr_1(p, k).

Now, in order to derive a general result, we define the following “words” or
“sets of words” in {0, 1}-sequences as follows:
Let S = “17, F; = “0” and Fy; = {F;}. We define a set of words Fy =
U2{0---01} (= U2 {F1--- F1 S}). We say “Fy occurs” when one of words in
J J
JFy occurs in the {0, 1}-sequence. It is easy to see that any {0, 1}-sequence which

ends with “1---1” can be uniquely regarded as {S, F;}-sequence which ends with

k
“S--- 87, Next, we consider a set of words F3 = U2 {Fy- 3 S} in {S, Fy}-
k-1 j
sequences which ends with “S.--5”. We say “F3 occurs” when one of words
N——

k=1
in F3 occurs in the {S, F}-sequence. Then, any {0, 1}-sequence which ends with
“1.--1” can be uniquely regarded as {S, F }-sequence which ends with S--- S. By
S S

k k—2

repeating these considerations, we can define Fi,...,F; and Fi,..., Fy. Thus, for
i=1,2,...,k, {0,1}-random sequence which ends with “1-..1” can be regarded
N’
k

as the new binary {9, F;}-sequence which ends with “S---S”.
N——
k—i+1

PROPOSITION 2.5. Fori=1,... k, P(F;) = q, which does not depend on i.

PrOOF. For ¢ = 1, P(F1) = P({0}) = q. Assume that P(F;) = ¢ holds.
Then we have P(Fii1) = 2272, (P(F;)) P(S) = 3772, ¢/p = q. This completes
the proof by the induction. O
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Now, we denote by W, the waiting time for the first occurrence of “1---17.
1-1

Also Wi = 0. In a {0,1}-sequence, fix a success “1”. We say that the “1” is
a “1” (success) with indices m when there exists a “1”-run of length m — 1 just
before the “1”. As an example we give a {0, 1}-sequence “0,11,0, 11, 12,0, 11, 15, 13,
14,15,0,11”, where every subscript of “1” shows its indices. Fix an integer [ . Let
v; be the number of 1’s with indices no less than ! until the first consecutive k
successes. Note that

v; = the number of occurrences of “1” with indices no less than [
between W; and Wi1.

Remark. The number of “1’s” with indices no less than [ coincides with the
number of success runs of length [ by the overlapping way of counting (cf. Ling
(1988)).

THEOREM 2.1. The distribution of v; is the shifted geometric distribution of
order k —1, i.e., vy ~ Gr_1(p,k — L+ 1).

ProoF. Note that

Plyy=z)=)Y PWi=w)Py=c|W =uw).

For the {0,1}-sequence, regard the part just after W, as the binary {S,F;}-
sequence. Then, the number of occurrences of S until the first occurrence of a
S-run of length (k —1+1) is equal to v;. From Proposition 2.4, the distribution is
the shifted geometric distribution of order k£ — ! and does not depend on the value
w. Thus we have

Py, =2) = Gr_i(p,k— 1+ 1;z2).

This completes the proof. O
3. Dependent sequences

3.1 Markov chain

In this section we study the problems in the previous section based on two
typical dependent sequences. One is a two-state homogeneous Markov chain and
the other is a binary sequence of order k defined by Aki (1985).

First, we consider the problems based on the following Markov chain. Suppose
that the sequence Xo, X7, X, ... is a {0, 1}-valued Markov chain with P(X, =
0) =ps, P(Xo =1) =p1, and for i = 0,1,2,... P(X;21 = 0] X; = 0) = pog,
P(Xit1=1]X;=0)=por, P(Xi41 =0] X; =1)=pio and P(Xy41 =1] X; =
1) = p1;. For dependent sequences, we use the same notations as the iid case. The
distribution of the number of trials until the first consecutive k successes in the
Markov chain was obtained by Aki and Hirano (1993).
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THEOREM 3.1. Let v be the number of failures until the first consecutive k
successes in the Markov chain. Then the conditional distribution of v given that
Xo = 0 is the geometric distribution G(pglpll_l). The conditional distribution of
v giwen that Xo = 1 is the mizture distribution p¥; - + (1 —pu) G1(porp*Tt,1),
where 8y means the unit mass at the origin.

ProoF. First, we consider the case that Xo = (0. Define a word and a set
of words by § = “1-.-1” and F = UkZ é{“l -107}. We say “F occurs” when
\\,_/ J=
k j
a word in F occurs. If we regard the {0,1}-sequence until the first “1---1" as

k
the new binary {S, F'}-sequence, then the new sequence becomes a Markov chain.

Since we consider the {0, 1}-sequence only up to the first “1--- 17, the all possible

k

sequences we can observe are {F'F - -- I S}2° .. Then, from the Markov property of
J

the sequences and the assumption that Xy = 0, we have P(FF .- -F S) = {P(F |

—

J

F)}P(S | F). This probability law is the same as the iid trials with success
probability po1 p’fl" ! In the iid sequence, the number of occurrences of F until the
first S is equal to v, since every word in F has just one “0”. Thus the conditional
distribution given that X, = 0 is the geometric distribution G(pmp'fl_ ). Next, we
consider the case that Xy = 1. If a “0” occurs before the first “1---1”, then the

k
distribution of the sequence just after the first “0” is the same as the above case.
The probability that “0” does not occur until the first “1---1” is p¥,. Hence, we

have the desired result. O

THEOREM 3.2. Let vy be the number of successes until the first consecutive k

successes in the Markov chain. Then vy follows the shifted geometric distribution
of order k — 1, i.e., v1 ~ Gg_1(p11,k)-

PrOOF. Since the case that k = 1 is trivial, we assume that k > 1. Let W,
be the waiting time for the first “1” and let Wiy, be the waiting time for the first
“1..-1”. Note that Wy < W41 with probability one. Define a word and a set of

k
words by S = “1” and Fp = U2 1{“0 017}, We say that “F, occurs” when a

word in Fy occurs. We regard the {0, 1}—sequence just after W5 as the new binary
{S, Fz}-sequence. Noting that

o0
P(F;) =) puophopor =pro and  P(S) = puy,
=0

we see that the new {S, F;}-sequence is the iid trials with success probablity pi;.
The event that “1---1" occurs for the first time for the {0, 1}-sequence just after
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Wy, is equivalent to the event that “S---S” occurs for the first time in the new
N——
E—1
{S, Fy}-sequence. Since Wy < Wy holds with probability one, we see that
v1 = 1+ (the number of trials until the first consecutive k — 1 successes in iid trials
with success probability p11). This completes the proof. O

Remark. The iid sequence treated in Section 2 is the special case of the
Markov chain (p1 = p11 = po1 = p). So, corresponding results in Section 2 can be
regarded as corollaries of those in this section.

From the proof of Theorem 3.2, the {0, 1}-sequence just after the first “1” can
be regarded as Bernoulli trials with success probability p1;. Then Theorem 2.1
immediately implies

THEOREM 3.3. Forl=1,...,k—1, let v; be the number of successes with
indices no less than | in the Markov chain. Then the distribution of vy is the shifted
geometric distribution of order k — 1, i.e., v; ~ Gp—(p11,k — 1+ 1).

3.2 Binary sequence of order k

A binary sequence of order k is defined and studied by Aki (1985, 1992).
This is an extension of iid trials and determined by & parameters p1,...,pr. The
definition is as follows:

DEFINITION. A sequence {X;}2°, of {0,1}-valued random variables is said
to be a binary sequence of order k if there exist a positive integer k£ and k real
numbers 0 < p1,p2,...,Pr < 1 such that

(1) Xo =0 almost surely, and

(2) PXp=1]|Xo=w0,X1=21,...,Xn-1 = Tn—1) = p; is satisfied for
any positive integer n, where j = — [(r — 1)/k] - k, and r is the smallest positive
integer which satisfies z,,—, = 0.

The distribution of the number of trials until the first occurrence of consecutive
k successes is the extended geometric distribution of order %k, whose pgf is given
by
p1 - pit

k P}
L= P Pim1git?

where ¢; = 1 — p; (cf. Aki (1985)). We denote by EGk(ps,...,pk,a) the shifted
extended geometric distribution of order & so that its suport begins with a.

THEOREM 3.4. Let vy be the number of failures until the first occurrence of
consecutive k successes in the binary sequence of order k. Then, v follows the
geometric distribution G(p1 -+ pg).

Proor. If we define S and F' samely as in the proof of Theorem 3.1, then the
{S, F'}-sequence obtained from the {0, 1}-sequence becomes iid trials with success
probability p; - - - pr. Since every F includes just one “0”, the number v coincides
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with the number of occurrences of F until the first S. Hence the distribution of
Vg is the geometric distribution, G(p; - - - px). O

THEOREM 3.5. Let vy be the number of successes until the first consecutive
k successes in the binary sequence of order k. Then vy follows the shifted extended
geometric distribution of order k — 1, i.e., v1 ~ EGr_1(pa,... Dk, k).

PRrROOF. Since the case that k = 1 is trivial, we assume that £ > 1. Let W,
be the waiting time for the first “1” and let Wi41 be the waiting time for the
first “1--.17. Note that Wy < Wy41 with probability one. Define a word and a

k
set of words by S = “1”7 and Fp = U2,{“0---01"}. We say that “F, occurs”

J
when a word in F» occurs. We regard the {0, 1}-sequence just after Wy as the new
binary {S, F»}-sequence. Then the {9, F;}-sequence becomes the binary sequence
of order k — 1 with parameters ps,...,pg. Since both S and every word 5 € F,
include just one “1”, we see that 11 = 1 + (the number of trials until the first
occurrence of a S-run of length & — 1 in the binary sequence of order k¥ — 1). This
completes the proof. O

THEOREM 3.6. Forl =1,... .k — 1, let v be the number of successes with
indices no less than [ in the binary sequence of order k. Then the distribulion
of v is the shifted extended geometric distribution of order k — 1, i.e., v ~
EGr—1(Pr41s- - pr, b~ 1+ 1).

ProOOF. When [ = 1, the statement is reduced to Theorem 3.5. So, we fix
an integer ! (2 < I < k). Define Wy,..., Wy and Wy, similarly as in Section
2. Then, we can see that the number 1; is equal to the number of occurrences of
“1” with indices no less than [ between W; and Wy,;. If we regard the {0, 1}-
sequence just after W as {5, F}-sequence, then the sequence becomes the binary
sequence of order (k—{+1) with parameters p;, ..., px. Noting that the number of
occurrences of “1” with indices no less than [ between W; and Wy coincides with
the number of occurrences of S in the {S, F;}-sequence until the first occurrence
of a S-run of length (k — !+ 1). Then, Theorem 3.5 implies that the distribution
of vy is EGy—i(pi+1,---,pk, k — L+ 1). This completes the proof. O
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