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Abstract. Let X = (Xij)nxn be a random matrix whose elements are inde-
pendent Bernoulli random variables, taking the values 0 and 1 with probability
gi; and pi; (ps; + gi; = 1) respectively. Upper and lower bounds for the prob-
abilities of m non-overlapping occurrences of a square submatrix with all its
elements being equal to 1, are obtained. Some Poisson convergence theorems
are established for n — oo. Numerical results indicate that the proposed
bounds perform very well, even for moderate and small values of n.

Key words and phrases: Random matrix, Bernoulli random variables, Poisson
approximation, patterns, consecutive-k-out-of-n: F’ system.

1. Introduction

Let X5, i =1,2,...,n, 7 = 1,2,...,n be a double sequence of independent
Bernoulli random variables with success (failure) probabilities p;; (g;;) and denote
by X = (Xij)nxn the respective random matrix. A success-block of size k (k
a positive integer) is a k X k square submatrix of X with all its elements being
equal to 1 (successes). The purpose of this paper is to study the distribution of
the number N, 1, of occurrences of non-overlapping success blocks of size k. The
term “non-overlapping” means that no two success submatrices have elements in
common (we count from scratch every time a success block occurs).

It is obvious that the distribution of N, 1 is a two-dimensional version of the
so-called Binomial distribution of order & which has been extensively studied (see
Feller (1968), Hirano (1986), Aki and Hirano (1989), Godbole (1991), Fu (1993),
Fu and Koutras (1994) and references therein).

The distribution of N, ;. is closely related to the reliability of a system which is
called 2-dimensional consecutive-k-out-of-n:F system. This model was introduced
by Salvia and Lasher (1990) as follows: A k%/n?:F system is a square grid of size

* This work is supported in part by the Natural Science and Engineering Research Council
of Canada under Grant NSERC A-9216.

179



180 JAMES C. FU AND MARKOS V. KOUTRAS

n (containing n? components). The system fails if and only if there is at least
one square grid of size k (2 < k < n — 1) that contains all failed components. As
Salvia and Lasher (1990) indicate, this model is useful in integrated-circuit design
and pattern detection. It is clear that the reliability of a k%/n%:F system is equal
to P[Ny r = 0]. Generalizing Salvia and Lasher’s model, we may introduce a 2-
dimensional m-consecutive-k-out-of-n:F system, assuming that the system fails if
and only if at least m non-overlapping failure square grids of size k have occurred
(m>1).

The present paper is organized as follows: In Section 2 we approximate the
probability P[N, = 0] by a lower and an upper bound which perform very
well, especially if the failure probabilities g;; are high (p;; are low). Numerical
comparisons to the “Chen-Stein method”-based bounds, given by Koutras et al.
(1993), are also provided and some limit theorems for large n are established. In
Section 3 we develop lower and upper bounds for the probabilities P[N, ; = z],
z > 1 in the iid case, and use them to obtain a Poisson convergence theorem.
Finally, in Section 4 we introduce some additional models and indicate how the
analysis conducted in Sections 2 and 3 can be properly modified to cover these
situations as well.

2. Probability of zero success block occurrences

The next theorem provides a lower and an upper bound for the probability of
no occurrence of success block of size k£, in an n x n matrix X = (X;;) consisting
of independent Bernoulli random variables with

PXyy=1=py, PXiyy=0=qy py+ae=1

THEOREM 2.1. Let v;; = v;(X), k <i < n, k < j < n be the following
binary random variables

i j
vi= ]] T x..

p=i—k-+1v=j—k+1

Then

n n

H [[{1 = Ply; =10} < P[Npg = 0]

i=k j=k

n n
< H H{l = Qi—k,j—k+1Gi,j—k Plvi; = 1]}.
i=k j=k

Convention. ¢;; = P[X;; = 0] = 1 if at least one of %, j is equal to zero.

Proor. For the lower bound, note that

n n

PNy =0=P |[[]](2 =) =1

i=k j=k
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and make use of the following inequality which is valid for any sequence of associ-
ated Bernoulli variables Y., r =1,2,..., N (see Barlow and Proschan (1981))

(2.1) [[Pr.=1<P

To establish the upper bound we work as follows: For every given (i,7) with
k<i,j<nwedefiner=1+G—k)+(j—k)(n—k+1) (a 1-1 transformation
performing a column-by-column traversing of the matrix X') and denote by A, the
event {v;; = 1}. It is clear that

P[Npp=0] = [ﬂA’ N=(n—-k+1)?

(A! is the complementary event of A,) and employing the chain rule we deduce

(2.2) P[Nn,kzm=<1—P[A1D<1—P[A2rA'lb---(l—P ax| ) 4 )
=1

N
H (1—-a)

where

a1 = P[A1] = Pk = 1] = ¢o1qkoPlyer = 1],
r—1

4N A;} . r> 1L
=1

For given r > 1 (which corresponds to a specific (4, 7)), we introduce the index set

(2.3)

IT:{1,2,...,r—1}ﬂ{1—|—(i1~k)+(j1~k)(n—k+1) | (i1,71) € Jr}
where

Jr = {(i1, /1) | max[(i —k + 1), k] <i; <min[(i +k —1),n],
max[(j — k +1),k] < j1 < j}
and the event B, : Xi_kj k+1 = 0and X; ;_x = 0. Since

(i) BA(N[Z1 A7) = Be(NZ) 1er A = Cr,
(ii) A, and C, are independent

we conclude that

(2.4)
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o)

Now, it is quite intuitive, that the information that some of the variables associated
with A; (1 <1< r—1) are equal to 0 (i.e. the occurrence of the condition Nj_} A})
can only increase the probability of the event B, (or else leave the probability
unchanged if X;_ j_g41 and X; ;_ are not used in M;_. 1A;).

Hence, intuitively,

and therefore,

(2.5) ap > P

(2.6) > PIB,)

For a formal proof of this, we form the index set I which consists of all [ &
{1,2,...,r — 1} such that A; makes use of the variables Xikjkt1 O Xi .
Carrying out the same analysis as the one used in the proof of (2.4) we obtain

=1
-9
=1

r—1
=P |B.| [ 4

T

r—1
(14

=1
1¢1*

r—1
PN A;}
=1

which is obviously equivalent to (2.6). The upper bound of the theorem is now
immediately deduced from (2.2), (2.3), (2.5) and (2.6). O

Introducing the notation:

ai; = Ply; =1] = Elyy] = H H Pw  and

pu=i—k+1lv=j—k+1

bij = Qi—k,j—k+1Gi,j—k%ij

it follows that the lower and upper bounds given in Theorem 2.1 can be written
as

LB, =LB, ((sz nxn = H H 1 - a’b]
i=k j=k

UB, =UBx, ((pm nxn = H H(l - bU

i=k j=k
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It is clear that, when the failure probabilities g;; are high (i.e. the successes in the
double Bernoulli sequence are sparse), then U B,, is expected to be close to LB,;
thus, a good approximation to the reliability P[N,, = 0] is yielded.

Theorem 2.1 is directly applicable to a k?/n?:F system with independent but
not necessarily identical components. Denoting by p;; = P[X;; = 0] the failure
probability of component (4, j), we may state the following:

(i) P[Ny = 0] is the exact reliability R, of the system.

(ii) LB, is a lower bound developed from minimal cut sets, see Barlow and
Proschan (1981).

(iii) UB,, is an upper bound based on minimal cut sets too. The advantage
of UB,, over the so called minimal path set upper bound, Barlow and Proschan
(1981) (whose computation for this specific system is tedious), is that the former
performs very well with systems containing high reliability components, a fact that
is not valid in general for the latter.

(iv) When component reliabilities are close to 1, the lower and upper bounds
(LB, and UB,,) provide very good approximations for the system reliability R,.

Koutras et al. (1993) studied the k?/n?:F system using the Chen-Stein meth-
od. Since the Chen-Stein’s lower bound LB, was found to be, in most of the
cases, worse than the minimal cut bound LB, hence they proposed to use LB,
for approximating the reliability R, from below, and to use the Chen-Stein’s up-
per bound UB; for approximating the reliability R, from above. Our extensive
numerical experimentation indicated that UB,, is better than U B, in most cases.
Tables 1 and 2 (next page) present the values of LB, LB,,, UB,,, UB; for several
values of n and k, and component reliabilities

{0.70 if i + 5 odd 0-5 ifle—gl=<1
I. Qij =

0.75 ifitjeven, 1 9T 1-_

_ifi—g] > 1,
i — jl

respectively.
It is worth mentioning that Theorem 2.1 could also be stated for non square
matrices X and nonsquare success blocks. More specifically we have the next

THEOREM 2.2. Let X = (Xij)n,xn, be a random matriz of binary variables
Xi; with E[X;;] = pij = 1 — qij, and denote by N(n1,ne; k1, k) the number of
occurrences of success blocks of size k1 X ko. If

i J
Yij = 1 (X) = H H X k1 <i<ng, ky<j<ng
p=i—ki+lv=j—ko+1

then

ny 72
TT T - Pl = 11} < PIN(, s b, bz) = 0]
i=k1 j=ks
< H H {1- Qi—kl,j—kx-&-l%,jfbp[%j = 1]}

i=k1 j=ko
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Table 1. Lower and upper bounds for the reliability of a 2-dimensional system with

_'_{0.70 if i + j odd
%3 =\ 0.75 ifi+j even.

n k LB; LB, UB, UB;
3 2 0.9577 0.9777 0.9834 0.9978
5 2 0.8364 0.9137 0.9448 0.9915
5 3 0.9999 0.9999 0.9999 0.9999
5 4 1.0000 1.0000 1.0000 1.0000

10 2 0.3044 0.6332 0.7708 0.9637

10 3 0.9993 0.9994 0.9997 0.9996

10 4 1.0000 1.0000 1.0000 1.0000

20 2 —0.6514 0.1305 0.3292 0.9139

20 3 0.9965 0.9972 0.9984 0.9978

20 4 1.0000 1.0000 1.0000 1.0000

50 2 —0.9009 0.0000 0.0007 0.9009

50 3 0.9755 0.9801 0.9892 0.9848

50 4 1.0000 1.0000 1.0000 1.0000

50 5 1.0000 1.0000 1.0000 1.0000

Table 2. Lower and upper bounds for the reliability of a 2-dimensional system with

0.50 ifli—j] <1
&ij = 1—; if fi+7 > 1.
i — 5l

n k LB;s LB, UB, UB;s
3 2 0.1014 0.7725 0.8661 1.4562
5 2 —1.2723 0.4302 0.7156 2.1536
5 3 0.9718 0.9881 0.9942 1.0045
5 4 1.0000 1.0000 1.0000 1.0000
10 2 -2.6844 0.0872 0.4342 2.8706
10 3 0.9075 0.9611 0.9851 1.0147
10 4 0.9999 0.9999 1.0000 1.0000
20 2 —3.0461 0.0035 0.1570 3.0542
20 3 0.7841 0.9091 0.9672 1.0342
20 4 0.9996 0.9998 0.9999 0.9999
50 2 —3.0625 0.0000 0.0074 3.0625
50 3  0.4524 0.7695 0.9154 1.0868
50 4 0.9989 0.9993 0.9997 0.9997
50 5  1.0000 1.0000 1.0000 1.0000
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Convention. ¢q;; = P[X;; = 0] =1 if at least one of 4, j is equal to zero.

ProoF. It can be easily proved with exactly the same technique as the one
used in the proof of Theorem 2.1. O

Another interesting point in the proof of Theorem 2.1 is that the upper bound
UB,, depends on the traversing direction used when jumping from (i,7) to r.
Performing the numbering in a different fashion, it is not difficult to verify that
(for example) the following upper bounds for P[N,, ; = 0] could also be obtained

UBY) = H H{l = Qi+1,j-1G0,j-6P[vij = 1]},

=k =k
UB® =[] TI{1 - %.-sgi+1. Py = 11}
i=k j=k

(Convention: ¢;; = 1ifi =0, k+1or j =0, k+1). If g;; are changing in a
systematic fashion (for example, increase or decrease as i, j increase), a proper
choice of the upper bound may improve slightly the upper approximating value.

The rest of the present paragraph is dedicated to the development of limit
theorems for the probability P[N, , = 0] as n — oo. To this purpose let us
assume that the success (failure) probabilities are functions of n (the dimension
of the matrix, or the number of system’s components in reliability terms) i.e.,
Pij = pij(n), dij = Gij (n).

Introducing the notations

J

ai)= [ I pw,

p=i—k+1v=j—k+1
bij(n) = Qi j—k+1(n)s -k (n)ai;(n)

we have the next theorem.

THEOREM 2.3. If

i 3 S = i 3

1=1 " i=k j=k =1~ i=k j=k

then
lim P[N,,=0]=¢ >

n—0o0

ProoF. Observe that both quantities

—log LB, = > [~log(l —a;(n))] = > % [as;(n)]’
k

n
i=k j= =1 i=k j=k
and
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0 1 T n
~logUByp =Y _ 7 > i)
I=1 ' i=k j=k
tend to A as n — oo. Therefore, in virtue of Theorem 2.1 we have
lim {log P[Np x = 0]} = —A
n—oo
and the proof is completed. O

In the iid case with g, = ¢;;(n), pn = pij(n), i < i,j < n, we obtain the
following upper and lower bounds

20 2 2 2
(2.7) LB, =(1 _pr )(n k+1) ’ UB, =(1— qipﬁ )( k+1)

and Theorem 2.3 yields the next corollary.

COROLLARY 2.1. Iflim,_, o nzpff = A, then lim,_ o P[Npyr = 0] = e .

Similar results are also valid when k = k,, depends on n. More specifically we
have the following corollary.

COROLLARY 2.2. Ifk, is unbounded and satisfies (a) lim,— .o (n —k,) = oo,

(b) limy,—e0(n — kn)pr;i =\, and (c) limy_ 00 gn = 1, then

lim P[N,;=0]=¢e "

n—oo

PrOOF. Note that (a), (b) and (¢) imply
2

lim (n —k, + 1)2pﬁ" = lim (n —k, + 1)2q721pf; =

n—oo n—oo

and apply Theorem 2.3 or make direct use of (2.7). O

There are many cases of p, and k,, (unbounded) which satisfy the conditions
(a), (b) and (c), for example k2 ~ logn/log(logn) and p, ~ [N/ (n — ky )2 /*n.

COROLLARY 2.3. If the sequence k, is bounded from above, and

(2.8) lim nQpTIii =A

then limy, oo P[Npx = 0] = e .

ProOF. It is not difficult to verify that when k,, is bounded, condition (2.8)
implies the validity of conditions (a), (b) and (c) of Corollary 2.2; hence, the result.
O

We mention that Corollaries 2.1 and 2.2 (under slightly different assumptions)
were also proved (in reliability terminology) by Koutras et al. (1993).
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3. Poisson convergence

Employing the bounds developed in the previous section, in this section we
are going to derive the limiting distribution of N, j for the iid case

Gn = i j(n), pn=piyn) foral 1<i,j<n.

The method to be used is an extension of Fu's (1993) technique in the 2-dimen-
sional space which needs no computation of moments of any order. It is worth
mentioning that for the approximation of P[N,; = m], m > 0 (in the non-
overlapping case) the Chen-Stein method (see Arratia et al. (1989), Barbour and
Holst (1989), Barbour et al. (1992)) is not applicable unless certain couplings are
employed. In this case, the establishment of bounds for the total variation distance
between the auxiliary variables is rather tedious.

For proving the main theorem of this section, the next two lemmas will be
needed.

LEMMA 3.1. Let S be any subset of {1,2,...,n} x {1,2,...,n} and denote
by Np x(S) the number of occurrences of a success block of size k within S. Then

PN k() =0 > (1= p5)
where |S| denotes the cardinality of S.
Proor. If A= {(4,j): k <i<n,k <j<n}itis obvious that
P[Nnx(S) =01 > Plyg =0 forall (i,j) e SNA| =P | [] (1-m)=1
(i,7)€SNA

and by virtue of (2.1) we conclude that

PIN.k($) =012 J[ (=Phuy=1)=00-p)5M > 1 -p)sl g
(i,j)eSNA

LEMMA 3.2. Let N(n*,n; k), n* <n be the number of occurrences of a suc-
cess block of size k < n in a binary random matriz X = (Xij)n+*xn. Then

PIN(n*,n; k) = 0] < (1~ g2pk" ) ~k=D(n—k+1)
foralln*=1,2,...,n.
Proor. If n* > k, the result is a direct consequence of Theorem 2.1. For

n* < k the inequality becomes trivial since its LHS equals 1, while the RHS is
greater than or equal to 1. O
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The next theorem states that, roughly speaking, if the success probabilities
Pr, are small, then the random variable N, ; follows asymptotically (n — oo) the

Poisson distribution. More specifically, we have the following

THEOREM 3.1. If the success probabilities p, satisfy the condition

(3.1) n2pﬁ2 — A, a8 n— o
then

)\m

(3.2) lim P[Npy=m]=e*—

n—oo m.

for everym =10,1,2,....

PrOOF. The special case m = 0 has already been treated in Corollary 2.1.
Let m > 1 and assume that n > m(k + 1). For every pair (¢,7), k +1<14,57<n
we introduce the index set
(3.3) Ly ={(mv)i—k<p<ij—k<v<j)
and the binary variable

i = Yig(1 = Xijr) (1 = Xip ) (1 = Xs—p k)

Also, for every §j = (J1,72: -+ Jm) With k+1 < j. <n,r =1,2,...,m and every

i = (i1,12,-..,1m,) satisfying the constraints
(34) hw>k+1, 4—d_1>k+1 r=2,...,m
we define

L(4,7)=1{12,...,n} x{1,2,...,n} — 6 L, ;.
r=1
and denote by A,(,7) the event
{6i. 5. =1forallr=1,2,...,m and Ny, ;(1.(¢,7)) = 0}.
The definition of A.(%,7) implies that
A(2,7) C{Npr =m} for every 1,7,

and since A.(-,-) are disjoint, we conclude that

(3.5) PlNnj =m] = P || JUAu(09)| =323 PlAG.4))
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On the other hand, employing Lemma 3.1, we obtain

(3.6) PlA(,5)] = Plbs, 5, =1,r =1,2,...,m|P[Np x(I.(¢,5)) = 0]
> (o go)™ (1 =gy ),

n

Employing (3.5), (3.6) and taking into account the fact that the number of possible

. . —mk
selections of the vector j is (n — k)™ and of the vector ¢ is <n m ) (because

m
of constraints (3.4)), we deduce

n — mk 2 SN )

In order to obtain an upper bound for the probability P[N,, ; = 0] we proceed as
follows. Let

Li={(mv)i-k+1<pu<ij—k+1<v<j}, k<i,j<n
and denote by ¢ = (i1,42,...,%m,) an m-tuple of integers such that k < 4; <
ig < --- < iy < n. For every choice of i, we select j = (J1,72,...,jm) so that
kE<j.<nand
(3.8) ID . NIf . =¢ foral s=1,2,...,r—1, r=2,3,...,m.

Trydr LEPVE

Notice that, no matter what ¢ is, there always exist proper choices of j; for exam-
ple, jr =rk, r = 1,2, ..., m, always provides a valid selection.
Introducing

I"(i,5) = {1,2,...,n} x {1,2,...,n} — UI;J-T
r=1

and the event
A*(4,5) ={v,4, =1forallr =1,2,...,m and N, ,(I*(i,7)) = 0}

we may state that

PINpp=m] <) )" P[A*(4,5)],
(3.9) i
P[A*(i,5)] = (pE )™ P[N, 1 (I* (i, §)) = 0].

Next, observe that the set

e ={12,...,ny = Jlir —k+1,... i}
r=1
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can be expressed as a union of disjoint sets of consecutive integers, i.e.

4
= J{i, i+ 1, i el — 1,

where
!
(3.10) Yonizn-mk, 1<I<m+1.
s=1
Defining
I={i,a+1...,0+n -1} x{1,2,...,n}
we obtain

{
P[Npk(I*(3,5)) = 0] < [ [ P[Nn e (I*) = 0]

which, by using Lemma 3.2 and (3.10), yields
(3.11) PNy o(I*(3,9)) = 0] < (1= gpp}y ) - FHhinmmCE=b) k],

Finally, (3.9) and (3.11) give the following upper bound for the probability
P[Np =m].

(3.12) P[Np =m)] <

) =

m

<m+"‘k>(n—k+1)m

'p:.?kz(l qnp )(n k+1)[n—m(2k—1)— k+1}

Under the condition (3.1), the limiting expression (3.2) is now an immediate con-
sequence of the lower and upper bounds given by equations (3.7) and (3.12) re-
spectively. O

The next corollary describes the limiting (n — oo) behaviour of a 2-dimen-
sional m-consecutive-k-out-of-n system with iid components.

COROLLARY 3.1. Let R, be the reliability of a 2—dz’mensiona2l m-conseculive-
k-out-of-n system with component reliabilities g, = 1—pp. Ifn?pf — X asn — oo
then

m~—1 AT
lim R, = Z e M

n-—ro0

PRroOOF. Due to the definition of the system, we have

R, = P|N, nk<m:mZ = z]

and employing Theorem 3.1, we get the result immediately. O
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4. Additional models

In this paragraph we introduce some additional models, closely related to the
one studied so far, and indicate how the analysis conducted in paragraphs 2 and
3 could be adapted to the new cases.

(a) Assume that besides the success blocks of size k obtained through k x k
submatrices of X, we are also interested in success blocks over subsets of the form

W ii—k+1<u<iv=n—-k+5+1,...,n,1,...,7
i
k<i<n, 1<j5<k.

In other words, this means that the rows of X are wrapped around so that the
first column of X becomes next to the last one. This formulation would be useful
for the study of a two-dimensional consecutive-k-out-of-n reliability system whose
components are placed on the side surface of a cylinder. Let N7, denote the
number of success blocks (regular and extended). Introducing the notation

Xij = Xin—js  DPi—j =Pin—j»  G—7 = Ti,n—j»
1<i<nand 0<j<k

we can extend the definition of the binary variables v;; overallk <i <n,1 <j <n
and employing the same reasoning as in Theorem 2.1 we can prove that

n n

TLI]{t - Pl = 11} < PING, = 0]

i=kj=1

< TTII{t = dimkgmirr g Pl = 10}

i=k j=1

With this in mind, it is not difficult to state and prove results similar to the ones
given in Theorems 2.2, 2.3 and Corollaries 2.1, 2.2, 2.3.

(b) Assume that the “wrapping” procedure described in (a) is performed in
both rows and columns of the matrix X and consider the total number of success
blocks. In reliability context this setup fits to a 2-dimensional consecutive-k-out-
of-n system whose components are placed on the surface of a sphere.

The extension of Theorems 2.1, 2.2, 2.3 is rather straightforward (all summa-
tions and products with respect to ¢ and j are now performed over 1,2,...,n in-
stead of k, k+1,...,n). Corollaries 2.1 and 2.3 remain unchanged while conditions

(a), (b) and (c) of Corollary 2.2 become (i) lim,—, o0 nQpZi = A, (i) limy 00 gn = 1.

(c) Consider a 3-dimensional random matrix X = (X;jr)nxnxn Whose entries
X;;r are Bernoulli variables with success (failure) probabilities p; ;- (¢i;r). Let Ny
denote the number of success cubes of size k (3-dimensional k x k x k submatrices of
X with all its elements equal to 1). The probability P[N,, , = 0] is closely related
to a 3-dimensional consecutive-k-out-of-n system which, as mentioned by Salvia
and Lasher (1990), is applicable in medical diagnostics. Again, the adaptation of
the results of the previous paragraphs to this setup is rather straightforward.
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