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Abstract. In this paper a mixture model involving the inverse Gaussian dis-
tribution and its length biased version is studied from a Bayesian view-point.
Using proper priors, the Bayes estimates of the parameters of the model are
derived and the results are applied on the aircraft data of Proschan (1963,
Technometrics, 5, 375-383). The posterior distributions of the parameters are
expressed in terms of the confluent-hypergeometric function and the modified
Bessel function of the third kind. The integral involved in the expression of the
estimate of the mean is evaluated by numerical techniques.
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1. Introduction

The inverse Gaussian distribution (IG) is a positively skewed distribution that
provides an interesting and useful alternative in reliability studies, to the Weibull,
lognormal, gamma and other similar distributions. For various applications of the
IG, the reader is referred to a book by Chhikara and Folks (1989). Recently a
length biased inverse Gaussian distribution (LBIG) has been studied by Akman
and Gupta (1992) and Gupta and Akman (1995a). Applications of the length
biased distributions have been made in biomedical areas such as family history and
disease, early detection of disease, survival and intermediate events and latency
periods of AIDS due to blood transfusion. Some applications of length biased
sampling in life length studies are described in Bluementhal (1967) and Schaeffer
(1972). A review of length biased distributions and its applications is contained
in Gupta and Kirmani (1990).

This paper deals with a random variable X, whose distribution is a mixture
of IG and LBIG as follows.

Let the pdf of X, be

(1.1) fo@) = (1 -p)fx(x) +pfx(z), 0<p<l
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where

fx(z) = { (A/212%) Y2 exp{—A(z — p)?/2p%x}, = >0,A>0, u>0
0; otherwise
and
f;((x):fo(x)/Ma where 0<,UJ:E(X) < 00;

see Jorgensen et al. (1991).

The model (1.1) represents a rich family of distributions for different values
of p. Apart from the special cases, p = 0 and p = 1 the case p = % yields
Birnbaum and Saunder’s (1969) model which was derived from a model of fatigue
crack growth. We shall call it a mixture inverse Gaussian distribution (MIG). The
MIG has been investigated by Gupta and Akman (1995b) from the view point of
reliability. More specifically, they examined the nature of its failure rate and mean
residual life function. They also studied the maximum likelihood estimation of the
parameters and that of the reliability function.

Presently we consider the Bayes estimation of the parameters of the MIG. A
Bayesian analysis of the IG was presented by Banerjee and Bhattacharyya (1976,
1979) using both improper and proper priors for (¢, A) where v = 1/u. In their
approach it turned out that the posterior mean of 1/1 does not exist and, therefore,
the Bayes estimate of p could not be obtained. To overcome this difficulty, Betro
and Rotondi (1991) presented Bayesian results for the IG by considering proper
priors which enabled them to derive Bayes estimates for u. The Bayes estimation
of the reliability for the IG and Birnbaum-Saunder’s model has been studied by
Padgett (1981, 1982).

We reparameterize the model (1.1) by defining ¢ = A/u and derive the Bayes
estimates of all the three parameters p, ¢ and p, by taking proper priors, as has
been done by Betro and Rotandi (1991) for IG. The posterior distributions of the
parameters are expressed in terms of the confluent hypergeometric function and the
modified Bessel function of the third kind. The integral involved in the expression
of the estimate of y is evaluated using (i) Monte-Carlo integration and (ii) iteration
technique. In addition, another method, which uses Lindley’s approximation, of
obtaining Bayes estimates of u is presented. Finally, the aircraft data of Proschan
(1963) was used to evaluate the Bayes estimates of the parameters.

2. Bayes estimation

The model (1.1) can be written as

21 flz]uAp) = (\/212%) 2 exp{—A(z — p)? /2% }(1 — p+ pz/p),
x>0, A\, u>0.

It is convenient to rewrite (2.1) as

(22)  fo | mbp) = (%‘—)1/2 et ep{ -2 (L4 L)} a—p+ o/
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where ¢ = % Given a random sample € = {z1,...,z,} from (2.2), the likelihood
can be written as

(2.3) L(u,é,p | z) = (2m) ”/2H J2 ey "/2”"’exp{_;¢<§+m?>}

n

J10 =+ pai/u)

i=1

where 7 = ZZ 1Z; ~1. Assume that a prior information about 4, ¢ and p is sum-
marized in their joint densnty 7(p, ¢, p) = w(p | ¢)w(d)m(p) where the conditional
density of y given ¢ is given by an IG density

(24)  w(pl¢) = <n¢:> ¢“u‘3/2exp{—%w(%+%>}, n > 0.

The marginal density of ¢ is given by a Gamma density

a’
2.5 7(P) = ——¢" 1?4 >0, a>0,
(2.5 @)=t

and the marginal density of p is given by a Beta density

p* (1 -p)t
B(o,8)

Then the posterior distribution of (u, ¢, p) has the density function,

(2.7) m(p, ¢,p | z) = ¢———1u(n‘3)/2 exp {—gb (;j—; — U2+ V‘;’—”)}

(2.6) m(p) = a>0, 8>0.

mn

I =p+pzi/wpre(1 - pn-1
=1

where (' is the normalizing constant, v = n+2v, v; = nZ+wn, v = n+w—a and
v3 = nZ +w/n. Note that the domain of vy is all real numbers, while the domains
of v, v1 and v3 are all positive real numbers. The density function in, (2.7) can be
rewritten as

(2.8) m=n(u¢p| )

= ¢V 2exp {—¢ (% — vy + gt )} > uln kg,

k=0
X pna—n—}-k(l _p)nﬁ—k

where,

S():l, 51=ZX7;, 5’2:23:1-33]-, ng Z LiTjTRs »ons Sn:f[:l':z
4 i=1

i<j i<j<k
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Integrating (2.8) with respect to u,

/ﬂd'u = Z 2¢(V—1)/25kpna—n+k(1 _ p)nﬂ“k}e(f)UQ (1/1/1/3)(”‘1‘%)/4
k=0

- Kn—1)/2-k(9v/V113),

where vq,v3 > 0 and K denotes the modified Bessel function of the third kind
with index A. Similarly

(2.9) / / rdpds

— Z QSkpna—n—Hc(l _p)nﬁ—k(yl/ys)(n—l—Zk)/él
k=0
v+n V-
oo T (g —H) (g )
(Vs — 1) o (5 +1)
2
v+n n v —/V1V3 — 9
.F AL W . vhivs —
( 2 k,Q k,2+1, ,/1/11/3——1/2)’

where ”;1 > |”T_1 —k|;forall k =0,...,n, \/71v3 — vy > 0 and F(a, b;c; d) is the

confluent hypergeometric function, see Gradshteyn and Ryzhik (1980). Finally,

(2.10) % = /// wdudodp

n L 9 V1V3)(n—1)/2—k
_ 9 (n—1—2k)/4__(2y
kzzo \/7_1-5]6(”1/1/3) (\/17173 _ V2)(u+n)/2—k

F(V;"+k>r(ygn+k+1>

v
F(— 1)
2+
v+n n v —4/V1lV3 — 13
F L WA P e C B
( 2 2 ,2+’1/V1V3—V2>

‘Bna—n+k+1,n8—-k+1)
1
with a>1—-1— and 3>1——.
n n

Bayesian estimation of y, ¢ and p is easily achieved by evaluating the posterior
marginal of y, ¢ and p, namely

(211) 7n(p|z)=C" Z QSkpna—n+k(1 _ p)n6~k(yl/y3)(n—1—2k)/4
k=0

VT(2y/vrpg) D/ T (ern - k) r (

(VVivs — va)tm/2=k r (‘;‘ * 1)

vV—mn

+k+1)
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P v+n_k’2_k;z+1;—\/rvs—l/2 .
2 2 2 A/ V1V3 — V2

Thus the Bayes estimate of p can be obtained from (2.11) as

1
(2.12) ﬁ=ﬂm=APﬂM@®

n (n—1)/2—k
_ } : (n—1-2k)/k (2y/v1v3)
- Ck:o 2k /vs) (/r1vg — vg)(wHn)/2—k

v+n vV—n
r — k)T
( : ) ( - +k+1>
12
P(§+1>
.F<m_k,ﬁ_k;z+1j—__m—w>

2 2 2 A/ V1Vs — Vo
‘Bna—n+k+2,n8-k+1),

where & > 1—2/n and 8 > 1 — 1/n. Similarly,

(213) w(¢|x) = C//ﬂd,udp

=CY 202G (uy Jus) IR g 4 (6y/PrTs)
k=0

‘Bna—n+k+1,n8—k+1)
and

(214) §=E(¢)= / o6 | €)do

= CZ 28k (1 /v3) " 12/ AB(na —n+ k41,08 — k + 1)
k=0

v+n v—n
Ry P(T+1“’“>F< AR

(Vrivs — ) rm/ 21—k I ('I;‘ + 2)
.F(V+n+1_k7ﬁ_k;z+2;f—_\/yly3_y2 :
2 2 2 \/V1l3 — Uy

where VT% > ]"—;l —k|,k=0,1,...,n and /v1v3 — 15 > 0. In the same way

e
(2.15)  w(ul|z)=C

(v+1)/2
v i
(Q,U vaTls 2 >

. Zu("_3_2k)/2SkB(na -n+k+1,n8—-k+1),
k=0
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Wherea>1—%andﬁ>1—%. Thus

(2.16)  p=E(u)

n
1
= 02(u+1)/21p21“ (1/—2}— ) SiB(na—n+k+1,n8-k+1),
k=0

where

(2.17) T /oo p(m=1)/2=k+(v+1)/2
. -

d
V1 — Qg + vap2) D2

The integral I, is evaluated by (i) Monte-Carlo integration and (ii) iteration
technique descrlbed in the appendix. A comparison between the two computa-
tional techniques is also discussed in the Appendix.

Another method of obtaining a Bayes estimate of u, which uses Lindley’s
approximation, can be used as described below.

Let L(A) = In f(z1,22,...,%n | 0) = In[]_; €(z; | 6) denote the log of the
likelihood function and p(#) = ln g(6) denote the log of the prior density. Let u(6)
be an arbitrary function of . Then a Bayes estimate of () involves the ratio of
integrals of the form

fu(g)eL(9)+p(9)d9

(2.18) @y, z2,20) = T L0701 dg

Here 6 may be vector valued.
Lindley approzimation. Suppose n is sufficiently large so that L(#) defined
above concentrates around a unique maximum likelihood estimator g = é(:cl, Za2,
L, xy) for 0 = (6;), p x 1, 8 = (§;). Then I(-) defined in (2.18) is expressible
approximately as

(2.19) I(z1,2z2,...,%,)

e
6=0

ou(0) }A .
p=>0 {69k o=0 Umakl}

where 6;; denotes the (4,j) element of S = (64), for 571 = A = (\;) and

Aij = —gi)ffgg) lg—g- For details, see Lindley (1980) and Press (1989). In our case,

for computational convenience, we shall assume p = 0 and so § = (u, ¢), u(f) =

Il K BL(B)
{Ezzzzaeaeael

i=1 j=1k=1I=1
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and @ = (X, XV) where V = Z;”:l(g—g: - 1), Also

n 3 i
(2.20) L) = — 3 In27 — 3 In (H xl>
i=1
n n ng (T _
+§ln¢)+§1n,u+n¢—~—2-<;+ux)
and
_ 1y (rew ST N
(2.21) p(0)—21n<27r>+q5w 2lnu 5 (M+77>

+vlna—InT(y)+ (y—1)In¢ — ag.

These will yield

.0 ) o)
I(x:[,xz,...,acn):M+8_M_p(9)gn_|_ g(d))alz

183L(0) , 3O°L(O) . .
27 98 1T 2 ap2p4 11012

PLO) o+ Lo+ L72E0
8¢28u 019 2011022 5 83¢ 012022,

where the derivatives are evaluated by substituting the maximum likelihood esti-
mates for the parameters.

3. lllustration
Proschan (1963) gave the failure intervals for the air conditioning system of

13 different aircrafts of the same type. In the following we use his data on only
four aircraft numbers 7907, 7915, 7916, 8044. The data are as Table 1.

Table 1.
AIRCRAFT
#
7907 194 15 41 29 33 181
7915 359 9 12 270 603 3 104 2 438
7916 50 254 5 283 35 12

8044 487 18 100 7 97 5 8 91 43 230 3 130
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The Bayes estimates of the above data sets are presented-in Table 2.

Table 2.
AIRCRAFT n P i
# ITERATION MONTE-CARLO
7907 6 (i) .18 .98 74.92 67.41
() .34 .71 81.43 70.09
7915 9 @) .79 .01 29.77 17.32
(i) .60 .00 39.69 21.49
7916 6 () 68 .21 54.99 59.81
(i) .45 .19 71.13 90.94
8044 12 () .54 .02 36.40 29.32
(i) .66 .02 25.71 14.17

The above results are corresponding to

(1) a=l,vy=2,w=5n=5a=1 =1,

(i) a=1,y=2,w=5n=5a=2, =2
In order to obtain Bayes estimates using Lindley’s approximation, we assumed
p known for computational convenience. The maximum likelihood estimators
(MLE’s) of p and ¢, needed in the Lindley’s approximation have been given in
Gupta and Akman (1995b). Using these MLE’s, the Bayes estimates of p are given
in Table 3.

Table 3.
AIRCRAFT p=20 p=1/2 p=1
#
7907 83.80 (82.17) 59.60 (54.17) 37.98 (35.71)
7915 107.52 (200)  49.08 (41.45) 11.37  (8.59)
7916 106.57 (106.5) 52.44 (43.40) 23.31 (17.68)
8044 107.52 (108)  44.31 (39.95) 19.74 (14.78)

The above results have been obtained by using the parameters of the priors

asa=1,v=2,w=>5,n=0>5. The MLE’s are given in parenthesis.
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Appendix

A.1 Monte-Carlo integration

The integral (2.17) is taken first by using the substitution y = _ +1, dy =
—y?dz to convert the limits of integration to (0,1). Then the integral is computed
at 1000 uniform random variates over (0,1). See Ross {(1990), p. 38) for details
of the Monte-Carlo simulation technique.

A.2  Iteration technique
When + is an integer, then v is an integer too and I, can be expressed in an
iterative way.

Indeed,
I ” il d
= t
('77 V) /0 (V1t2 _ 2V2t + I/3)<V+1)/2
1
(v — 1)1/('/ /2 ( )
and
v—1
A O _ _ _
= 1){1/1 (v, v) = 2vl(y — Lv) + vsl(y — 2,v)}
21y —1,0) i y>1
41

by which the iteration follows:

vov—2y+1 vs(y—1) )
Al I(yw)=2""T Tty 1,0+ 2Ly —2,0) i 4>,
(A1) I(v,v) PR — (y ) =) (v ) v
d
" I(1,0) = ! 0,
= vi(v — 1)y e ( V)

In case d = v1v3 — v # 0, I(0,v) is obtained by iteration in v as follows:

/0 (nt? — 21/2t1+ INGRIE dt
_ -V%{I(o, v —2) —nI(2,0) + 20,I(1,0))
and by (A.1)
10.0) = o L 01 =210, =2+ )it v

while by direct integration
T{g— arctan(ls)} if d>0

I{0,1) =

1 2+/|d

———log 1——4 if d<0
2v/1d| va +v/|d|

and
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1} 12 1o
I(O, 2) = E vy 1—/2
3
If d =0, then
Sv=1/2
I0,v) = 2—no
v(=va)”

where the negative sign takes into account the fact that d = 0 is possible only for
strictly negative values of vs.

A.3  Comparisons between the two methods and some comments

1. The difference between two computation methods occurs because the
Monte-Carlo method provides approximate results whereas exact results are ob-
tained by the iteration methods.

2. Iteration method requires more computation time (and repeated calcula-
tions by the computer) while Monte-Carlo method simply evaluates the function
at (sufficiently many) uniform random numbers which is quite routine.

3. ITteration method is more accurate since M-C method is an approximation
and its accuracy depends on the number of uniform random numbers at which the
integral is evaluated.

4. When p # 0, the model differs substantially from the p = 0 (IG) case,
since £ f(x) vanishes when p = 0. In case p # 0, Lindley’s approximation will
have several more derivatives than in the case p = 0 since, for p # 0, the model
becomes (1 — p)f(z) + p& f(x) which causes the difference in the approximation.
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